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Preface 


This book is designed for use either as a supplement to all current standard textbooks 
or as a textbook for a formal course in abstract algebra. It aims, above all, at an organic unity 
of the axiomatic structure of elementary abstract algebra at the sophomore, junior and pos- 
sibly senior level, which will lead toward more advanced studies in this and related fields. It 
treats, therefore, only “basic concepts” of abstract algebra such that some, but certainly not 
all, fundamental results in classic and modern algebras will find their due place here. Matrices, 
for instance, makes only a brief appearance here as a fundamental concept, viz. as an example 
of noncommutative rings, and its further development is left to an independent work, Linear 
Algebra, which will be published as a sequence to the present volume. 


Some early authors in this field attempted, perhaps not always successfully, to illustrate 
new abstract concepts in terms of as many familiar examples as possible from the classic the- 
ory of numbers and equations. Given a limited space, however, they could not but be circum- 
spect in the choice of the most fitting topics. For, after all, abstract algebra is no substitute for 
the theory of numbers and equations in entirety, a full treatment of which should be carried 
out separately. However, some substantial parts of these topics do appear in this text. 


A renewed emphasis should be put on the self-evident, but often neglected, dictum that 
the abstract is vacuous without the concrete. “But abstract theorems are empty words”, wrote 
Professor C. C. MacDuffee two decades ago, “to those who are not familiar with the concrete 
facts which they generalize. One of the major problems in teaching abstract algebra is to give to 
the student a selected body of facts from number theory, group theory, etc., so that he will have 
the background to understand and appreciate the generalized results. Without this background, 
the game of playing with postulates becomes absurd.” This is even more true today, especially 
at the sophomore and junior levels. The beginner should be properly warned against “biting off 
more than he can chew”. 


In this spirit the present book does try to bring in as many small but “chewy” topics as 
possible within the scope of its self-imposed limitation. As such, it is divided into five parts: 
Algebra of Logic, Algebra of Sets, Algebra of Groups, Algebra of Rings, Algebra of Fields. 
Each part may be studied independently, although the parts are all interdependent as an organic 
whole; this latter feature is manifest in an almost excessive use of cross-reference throughout 
the work. 


Logical sequence is the guiding principle in every part of this book. Integers, for instance, 
get proper attention at a later stage, contrary to the traditional works, because they are consid- 
ered here within the frame of integral domains, which in turn appear only after the introduction 
of commutative rings. Since the improving freshman courses in the last decade have absorbed 
much material once taught at the start of abstract algebra, a certain amount of knowledge on 
the domain of integers and the familiar number fields in terms of algebraic systems is taken for 
granted from the very beginning. This book certainly does not pretend to build up the whole 
structure of modern algebra from the most primitive concepts — a task comparable to that of 
creating something out of nothing. 


Not, however, that this book is not “self-contained”. As a matter of fact, every theorem 
within its reach is introduced here, at times with secondary proofs, except for a few rather 
difficult theorems which need elaborate lemmata and unproportionately many pages, such as 
an essentially algebraic proof of the so-called fundamental theorem of algebra and Abel’s proof 
on the algebraic insolubility of quintic equations. The student who uses this book will seldom 
be in need of consulting other sources for basic theorems. 


Every problem, except supplementary problems, is proved or solved on the strength of the 
theorems which are proved here. The student who consults this book only to find proofs or 
solutions for his specific problems is warned at the start that he should be quite clearly aware 
of the pitfalls he may encounter. For, first of all, symbols may represent different algebraic 
concepts, and the context in which the proofs or solutions are carrried out here may be differ- 
ent from that of the textbook he uses in class. In such cases some modifications will be called 
for, which will be left to the student. The task of modifications, or acclimatization in general, 
should be well within the student’s scope, since he is assumed here, as a sophomore at least, 
to have mastered College Algebra and some earlier parts of elementary Calculus with Analytic 
Geometry. The Table of Symbols, which follows the Introduction, will be of some help to the 
student, particularly in the period of initiation. 


Thanks are due my teachers and friends for their generous interest in my work: Mr. H. 
Simpson, formerly Dean of Yale University Graduate School; Professor W. Kalinowski of 
St. John’s University; Professors T. Chorbajian, J. O. Distad, F. D. Parker, D. R. Simpson, and 
D. Coonfield of University of Alaska; and Professor E. W. Hellmich of Northern Illinois Uni- 
versity. Particular thanks are extended to the staff of the Schaum Publishing Company for their 
valuable suggestions and most helpful cooperation. 


J. FANG 


Northern Ilinois University 
March, 1963 
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Introduction 


The student is advised to make use of the cross-references in every part of the book, and 
of the Table of Symbols following this Introduction and of the Index at the end of the book. 
The cross-references are usually given in the form “cf. Th.2.2.2.16”, for example, meaning 
“refer to the theorem, numbered 16, in Part 2, Chapter 2, Section 2”. “Df.”, “Prob.”, and “MTh.” 
denote a “definition”, a “solved problem”, and a “metatheorem” (i.e. theorem of theorems, 
which is not to be proved in terms of ordinary definitions and theorems) respectively. Such 
cross-references shoud be consulted as often and carefully as possible, since they indicate the 
reasoning or justification behind the steps of proofs or solutions. 


Starred definitions, theorems and problems are optional; they may be skipped in the first 
reading, although they may still be referred to in the subsequent sections. All metatheorems are 
starred in principle, since they cannot be proved properly within the frame of the main text, 
although they are quite freely adapted here. 


Boldface letters and Greek letters are used very sparingly, indeed only when absolutely 
necessary. Script letters and Hebrew letters are not employed in the text for an elementary rea- 
son: there are too few letters, in whichever form or language, to permit every algebraic concept 
or system monopolize a certain type of letters. There are, and will be, too many novel ideas in 
mathematics to be exhaustively and mutually exclusively classified by a few types of letters. 


The student, then, must learn as early as possible to decipher the meaning of what few 
letters he has within a certain context. The context, and not merely the type of letters, is to 
yield a coherent and consistent meaning of the text. “R”, for instance, may designate “ἃ ring” 
here and “the rational number field” there, but it will not at all confuse the student if he thinks 
of the context before everything else. 


In the same spirit such terms as “module” or “complex” are used quite freely, taking the 
risk of incurring the purist’s wrath. The liberalism with respect to symbols and terms may be 
considered a part of mathematical training, however, since the student must face similar situa- 
tions sooner or later. The student at the sophomore or junior level may be, or rather should 
be, expected to be able to distinguish the “7” representing “δὴ identity mapping” from the “7” 
denoting “the domain of integers” in two different contexts. Such a training may be considered 
quite pertinent or even essential, in abtsract algebra in particular. For, after all, abstract algebra 
was born through the awareness of a unifying theory under the existence of parallel theories 
in many branches of classic algebra. The student should be encouraged to learn such charac- 
teristics in mathematical reasoning as soon as he is ready to pursue the fascinating enterprise. 


Reasoning in general may transcend a certain logic, but mathematical reasoning cannot; 
it is, in its written form at least, confined within the frame of mathematical logic. Hence the 
study begins with Algebra of Logic. Because of the severely limited scope of the book, however, 
it barely scratches the surface of the profound subject, allowing the student only a bird’s-eye 
view. The interested student may pursue the subject in the following readily available book: 


Langer, S. K., An Introduction to Symbolic Logic, 2nd Ed., Dover, 1953 


Algebra of Logic is followed by Part 2, Algebra of Sets, without which no modern mathe- 
matics can begin. Again, because of the limited scope and space, only an elementary theory of 
sets is presented, leaving a supplementary and more advanced study to the following books: 


Birkhoff, G., Lattice Theory, 2nd Ed., A.M.S. Colloquium, vol. 25, 1948 
Chevalley, C., Fundamental Concepts of Algebra, Academic, 1957 

Dieudonné, J., Foundations of Modern Analysis, esp. Chap. 1, Academic, 1960 
Hamilton, N. T., and Landon, J., Set Theory, Allyn and Bacon, 1961 

Hohn, F., Applied Boolean Algebra, Macmillan, 1960 

Kamke, E., Theory of Sets, Dover, 1950 


It must be noted that the new terms “injective”, “surjective”, and “bijective” with respect to 
mappings in §2.2.2 closely follow Dieudonneé’s work. 


Part 3, Algebra of Groups, is an elementary presentation of the theory of finite groups. 
This is a well-explored field, which as such is abundant in literature. The following list, then, 
is merely a representative one for the beginner: 


Alexandroff, P. S., An Introduction to the Theory of Groups, Hafner, 1959 
Hall, M., The Theory of Groups, Macmillan, 1959 

Kurosh, A., Theory of Groups, 2 vols., Chelsea 

Ledermann, W., The Theory of Finite Groups, Interscience, 1953 
Zassenhaus, H., The Theory of Groups, 2nd Ed., Chelsea, 1956 


Part 4, Algebra of Rings, and Part 5, Algebra of Fields, are so closely related at this 
elementary level that they may share the following bibliography in common: 


Albert, A. A., Fundamental Concepts of Higher Algebra, U. of Chicago, 1956 
Borofsky, S., Elementary Theory of Equations, Macmillan, 1950 

Jacobson, N., Structure of Rings, AMS., 1956 | 

McCoy, N. H., Rings and Ideals, M.A.A., 1948 

Pollard, H., The Theory of Algebraic Numbers, M.A.A., 1950 

Uspensky, J. V., Theory of Equations, McGraw-Hill, 1948 

Van der Waerden, B., Modern Algebra, 2 vols., Unger, 1949-50 

Weisner, L., Introduction to the Theory of Equations, Macmillan, 1938 

Weyl, H., Algebraic Theory of Numbers, Princeton, 1940 


At the end of each part there appears a collection of supplementary problems, most of 
which are to sharpen the student’s skill in solving problems, possibly providing additional detail 
about the material covered in the main text. The student who wishes to master the subject 
should solve a good many of these by his own efforts, although he should not be disheartened 
if he cannot solve all of them by himself. Some of these, the starred ones in particular, are 
rather difficult, and the student should better leave them alone, for the time being at least, 
until he masters the ways of reasoning in the solved problems. For the ambitious, however, 
“the sky is the limit,” and the student is invited to be as ambitious as possible. 
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MTh. 
Prob. 
Hyp. 


p*q (or pg, prq) 
pV q 


PY 

P|q 

pla 

p7q 

pq (or } 4) 

(E'x)(...) 

(x)(...) or {5} ...} 
or {v: ...} 

° (or *) 

A,B,C, ete. 

G1, G2, ete. 

ΡΙΡΩ,... ΡΒ 

L1,L2,...,L4 

01, 02, ...,04 

B1,B2,..., B6 

Ri, R2,...,R8 

B1, B2,..., B9 


D1,D2,...,D11 
N1, N2,...,N4 
Fi, F2,...,F11 
V1, V2, ..., V8 


Table of Symbols 


Definition. 

Theorem. 

Metatheorem. 

Problem (solved). 
Hypothesis. 

Hence. 

Since. 

That is. 

Namely. 

If and only if. 

Yields p (assertion). 

Not p. 

p and gq. 

p or q. 

p or q but not both. 

Not p or not q (or: not both p and q). 
Neither p nor q. 

If p, then q (or, p implies q; or, p only if 4). 
p iff gq. 

There exists x such that ... 
For all x such that ... 


An operator in a postulational algebraic system, with x°y (or x *y) as an element of 
the system. 


The boldface italic capital letters denote classes, i.e. collections of sets, which should 
be distinguished from the sets in themselves. 


The boldface Roman capital letters with numbers are to number the postulates for a 
certain algebraic system; ΑἹ, then, denotes the first postulate to characterize the 
concept of groups, and G2’, for instance, designates the second postulate of the second 
alternative set of postulates for groups. Likewise, G4’’ denotes the fourth postulate 
of the third alternative set of axioms for groups. Further examples are: 


Five tautologies of the Principia Mathematica. 
Four axioms which characterize a lattice. 

Four axioms of ordering. 

Six postulates for a Boolean algebra. 

Eight postulates for a ring. 

Nine postulates for a Boolean ring. 

Eleven postulates for an integral domain. 
Four axioms for the set N of natural numbers. 
Eleven postulates for a field. 


Eight postulates for a vector space. 


In (or I/{m}, 


or I/(m)) 
J 


vo Ow ΘΒ Ζ δ 


by 
+ 


R (or R*) 
Rt 
Sn 


V (or V(&), etc.) 


Vs 


α, β,Ύ, ... 


a, ὃ, 6, roy hy, ΚΜ, 6 


{a,b,...} 
acA 
agA 

A’ 

A-B 
ΑΧΡ 


TABLE OF SYMBOLS 


Light faced italic capital letters denote sets in most cases; otherwise, specifications will 
be explicitly given in the context. Of these capital letters, some will almost always 
designate certain sets in particular, although they are by no means monopolized by 
some specific sets on all occasions (cf. Introduction). Typical cases are: 


A total matric algebra. 

A Boolean algebra. 

The complex number field. 
An integral domain. 


A complex (non-empty subset) of D containing only positive, or more generally, non- 
negative elements. 


An ordered integral domain. 


A complex of F' containing only non-negative elements. 


An ordered field. 


A sfield (or division ring). 

A group. | 

The field of all Gaussian numbers. 

The algebraic number field of all Gaussian integers. 
The integral domain of integers (or rational integers). 
A complex of J containing only non-negative elements. 
I regarded as a group under addition. 


The integral domain of all algebraic integers. 
The residue classes of integers modulo m. 


The same as 1, replacing J now and then, when I denotes an identity mapping, and in 
particular when the feature of Df. 4.1.2.3.5 with respect to J is stressed. 


A lattice. 

The set of natural numbers. 

The null (or vacuous or empty) set. 

A permutation group of order n. 

A quotient field. 

The sfield of quaternions. 

The rational number field (or a ring in general), 

A complex of F containing only non-negative elements. 
The real number field. 

A complex of R containing only non-negative elements. 
A symmetric group of order n. 

A vector space (over R, etc.). 


Klein’s (or “four”) group, i.e. the so-called “Vierergruppe”. 


Vectors. 

Small letters generally denote the elements of a set. 
a,b, ... as listed elements. 

The element a belonging to the set A. 

The element a not belonging to the set A. 

The complement of A. 

The complement of B in A. 

The Cartesian (or direct) product of A and B. 


χ =a (mod m) 


g.c.d. 
l.c.m. 
(a, δ) 
(a, ὃ] 
a|b 

afb 


a(x), d(x), ..., 
f(x), σ(α), ... 


Ε]αἹ 


deg f(x) 

Ια] 

(aij) (or [ai;]) 
At 
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AX is a (proper) subset of Y. 

X is a subset of Y. 

The join (or logical sum or union) of X and Y. 

The meet (or logical product or intersection) of X and Y. 

The set of all elements which belong to S for some a of A. 

The set of all elements which belong to S for any a of A. 

The join (meet) of the sets Xi, 7=1,2,...,n, where each XiCC for a class C. 
x is less than y. 

x is greater than y. 

Greatest lower bound. 


Least upper bound. 


Sum of terms, one for each positive integer from 1 to ἢ. 


Product of n terms, one for each positive integer from 1 to 7. 


α 15 congruent to a modulo m. 
Great common divisor, 

Least common multiple. 

The g.c.d. of a and ὃ. 

The lem. of ἃ and ὃ. 

a divides ὃ. 

a does not divide ὃ. 


Polynomials in «x. 


A set of polynomials in x with coefficients in a ring (as in §4.1.2.5, or the rational 
number field as in §5.2.1-3) R. Καὶ may be replaced by C,D,F, I, R, ete.; viz. Cla], D\x], 
F(a], 15], Κα], denoting the set of polynomials in x with coefficients in C,D,¥F,1,R, 
respectively. 


The degree of f(x). 

The determinant whose element in the ith row and the jth column is ay. 

The matrix whose element in the ith row and the jth column is aij. 

The transpose of a matrix A. 

The adjoint of a matrix A. 

The cofactor of aij in A = (ai;). 

An (n—1) by (n—1) submatrix of an 1 by n matrix A = (aij), 1.6. a minor of A. 
The real part of a complex number z. 

The imaginary part of z. 


The conjugate of z (a complex number, or a Gaussian number, or a Gaussian integer, 
or an algebraic integer). 


A (simple) algebraic extension of Ε΄. 
A multiple algebraic extension of F. 
The norm of g. 


The trace of g. 


Part 1—Algebra of Logic 


Chapter 1.1 


Mathematical Logic 
§1.1.1 Tautologies 


Df.1.1.1.1 Logic is analysis of language, which consists of signs. 


Since signs do not always represent a language, the signs at issue are only some 
particular signs conventionally coordinated to some significant objects, concrete or 
abstract. Of such signs, the most fundamental and purposeful signs are propositions. 


Df.1.1.1.2 <A proposition is an assertive statement (or sentence), which is composed of 
several words and has a truth value, i.e. it can be true or false. 


Example: 
“This is white” is a proposition while ‘‘May God bless you!” or “Who are you?” is not. 


A proposition, then, is not merely a sentence or statement, much less a definitely 
exclamatory or interrogative (or generally emotional or volitional) statement; it is, 
as a matter of fact, a cognitive statement which must be verifiable as true or false. 


MTh.1.1.1.3 (Principle of the Identity of Indiscernibles). Two propositions are of the 
same meaning if they cannot be discerned differently for all possible verifications. 


Example: 


“This is white’, “Dies ist weiss’ (in German), and “Ceci est blanc” (in French) are all of the 
same meaning despite their symbolic differences; so are also the following two propositions in the 
same language: “Men are two-footed animals” and “Men are bipeds’. 


This first metatheorem (i.e. theorem of theorems) is one of the most fundamental 
of all logical principles, explicitly formulated by Leibniz and called ‘‘principium iden- 
titatis indiscernibilium” (which is in fact a modification of the so-called Occam’s 
razor: entities should not be multiplied unless necessary). The principle is indeed 
the core of nominalism which is the backbone of modern mathematics. 


Df. 1.1.1.4 Given some already approved propositions, the process of obtaining new 
propositions solely by virtue of the form and not the content of the original proposi- 
tions is called logical (or deductive) inference. 


Such logical inferences may be symbolized, as in mathematics and mathematical 
logic, but at the very beginning a great emphasis should be put on the fact, which 
may be inferred from Gédel’s theorem (which lies beyond the scope and purpose of 
this book), that a single system of formal logic cannot embrace all forms of reason- 
ing which are correct. Stated otherwise, mathematical reasoning or mathematics 
in general is but one system of formal logic which as such must suffer from limita- 
tions imposed on itself by itself; one of such limitations is, for instance, “implication”’ 
(cf. Df.1.1.1.6,i below). 


2 PART 1 — ALGEBRA OF LOGIC (CHAP. 1.1 


Df.1.1.1.5 Propositions may be composite, i.e. made up of subpropositions by the following 
connectives (or logical constants): negation, disjunction, and conjunction, of which ne- 
gation is called a unary connective and disjunction or conjunction a binary connective. 


(i) Negation, defined by the adjoining table where » denotes a 

proposition and 1 and 0 represent “true” and “false” respectively, ΒΑ 
which in turn define ἢ which reads ‘“‘not-p” and denotes ἃ propo- ἢ 0 
sition which is not p. Hence, as the table shows, ὃ is false if } is 
true, and true if p is false. 


Note. If p is negated more than two or three times, the bars above 
p may be set in front of p; e.g. ---p instead of p (cf. Problem 15, iv). 


(ii) Disjunction, defined by the table at right, where 1 and 0 
denote as above, p and q designate two propositions, and pv q 
reads “‘p or q (or both)” and means Ὁ or (in the sense of and/or) 4. 
Hence the disjunction as such is the so-called inclusive disjunc- 
tion in contrast with the exclusive (or complete) disjunction, 
denoted by pvq (cf. Problem 1). 


(111) Conjunction, defined by the table at right p,q,1,0 denoting 
as above and p:q reading “Ὁ and q” and designating the same. 
The dot may be replaced by an upside-down wedge « or may dis- 
appear completely, viz. pq, just as for multiplication in elemen- 
tary algebra. In the latter case the function of parentheses also 
will be the same as in elementary algebra; e.g. p(qv r) = p+ (qv 7) 
and paqvr =(p-q)v r. This practice will be adopted throughout 
Part 1. 


These three may be considered the primary connectives in the sense that, on the 
strength of them, two secondary connectives may be obtained as follows. 


Df. 1.1.1.6 


(i) (Material) implication, defined by the table at right, again 
p,qg,1,0 denoting the same as above, and p> ᾳ reading “if p, 
then gq” (or “p implies q” or “p only if q’’). This connective is 
redundant, since it can be proved (cf. Problem 9) to be identical 
with, and may be replaced by, either jvq or pq. 


(ii) (Logical) equivalence, defined by the table at right, p,q,1,0 
designating the same as above, and pq (or Ὁ Ξ 4) reading “Ὁ if 
and only if q” [or “Ῥ is (materially or logically) equivalent to q’’}. 
This connective is also redundant, since it can be proved 
(cf. Problem 10) to be indiscernible from, hence may be replaced 


by, (p τ α)(ᾳ = P), i.e. (p Vv α)( v p) or (pq)(Qp). 


It must be emphasized that the “if-then” defined by (material) implication is 
somewhat different from what is meant by “if” and “then” in everyday language, 
mainly because the ordinary “if-then’”’ often designates causal relations, which are 
more physical than logical. The implication in mathematical logic is to mean neither 
more nor less than “not-p or q’”’ or “it is not the case that p and not-q’’. 


Example: 


Pf Soe Po 


p” and “q” representing ‘‘two lines are parallel” and “two lines do not intersect” (in Euclidean 
space) respectively, “p — q” denotes “if two lines are parallel, then the two lines do not intersect”, 
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whose meaning in mathematical logic is identical with “it is not the case that two lines are parallel 
and it is not the case that the two lines do not inersect”, i.e. “it is false that two lines are parallel 
and they intersect’. 


6¢ 93 


Likewise, “p” and “q” representing “two triangles 7; and Τὰ are similar” and “the corresponding 
sides of T, and T. are proportional” respectively, “Ὁ <q’ denotes “if Ti: and T2 are similar, then the 
corresponding sides of JT; and T2 are proportional, and if the corresponding sides of 7; and 7. are 
proportional, then Τὶ and T2 are similar” or “if T; and T2 are similar, then the corresponding sides 
of Τί and T2 are proportional, and conversely” or ‘“T; and Τὴ are similar if and only if the 
corresponding sides of Τὶ and 75 are proportional” or “the corresponding sides of 71 and 72 are 
proportional if and only if 7: and 7:2 are similar”. 


Notice the difference in the meaning of “if and only if” exemplified above and 
“if and only if” in everyday language. If this example is to be interpreted in every- 
day language, it becomes immediately false or at best inadequate, since “7; and Te 
are similar” holds also when ‘‘the corresponding angles of 7; and Te are equal’. 
Mathematical language is, to repeat, not identical with everyday language. 


Note. “if and only if” will be abbreviated as “iff” throughout this book. 


Df.1.1.1.7 <A tautology is a proposition which is true for all truth-values of its sub- 
propositions. 


Example: 


The proposition: p>q=fvq (or p>q=pq or PVYq= pq) is a tautology, since its truth- 
value as a whole is always 1 for every possible choice of truth-values for p and q. (Cf. Prob. 10.) 


Df.1.1.1.8 Any negated tautology, which therefore must always be false, is called a 
contradiction. 


Example: 
The negation of a tautology: p> p (cf. Prob.15,i below) is p> p, and p>p=pHvp since 
p>p=pvp by Df.1.1.1.6,i. Hence, by breaking negation lines (cf. Prob. 12, below), p>p= 


PVP =Pb= pp (.. p =p, cf. Prob. 4 below), and pp, which reads “Ὁ and not p” (at the same time) 
is certainly a contradiction in every sense of the word. 


To carry out logical inferences the following principles must be first taken for 
granted. 


MTh.1.1.1.9 (Principle of Substitution). Proper substitutions do not affect the truth- 
value of tautologies. 


Proper substitutions consist of either substitutions on variables, i.e. the symbols 
which denote propositions, or definitional substitutions. E.g. if p>q=fvq is a 
tautology, it remains a tautology through the substitution of new variables, say, 
ἃ and ὃ in the place of p and gq respectively; 1.6. ἃ - ὃ ξ ἄν is a tautology just as 
its counterpart in terms of p and q is a tautology and as long as the substitution is 
carried out completely and consistently. (Hence 4>b=fvq, for instance, is not 
ipso facto a tautology unless, of course, there are some additional stipulations.) 


Likewise a definition itself may serve as a substitution if one definition is logically 
equivalent to the other; e.g. ρᾷν fq may be replaced by py gq whenever and wherever 
it is convenient to do so once the former is defined for, in this particular case 
(cf. Prob. 1), proved] to be the same as the latter. 


The fundamental] principle of substitution is followed by a group of metatheorems 
(which may be classified in many ways, depending on the taste of authors). 
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MTh.1.1.1.10 If a proposition q is deductible by MTh. 1.1.1.9 from p, which may be a 
tautologous proposition or a set of tautologous propositions, then “p > Ω᾽ is a tautology. 


Example: 


The well-known five tautologies of the Principia Mathematica by Whitehead-Russell constitute 
such a set, which runs as follows: 


P1: Principle of Tautology. αν α -» a. 

P2: Principle of Addition. a>ravbd. 

P3: Principle of Permutation. avb- Ova. 

P4: Principle of Summation. (6>c) > (avb-ave). 
P5: Principle of Association. av(bve) > bv (ave). 


Note. Such tautologies, called the primitives (or postulates or axioms), must be consistent and 
complete, as P1-5 are, but may not be independent, as P1-5 are not; e.g. P5 is deducible from the rest. 
(ef. Prob. 17 below). 


MTh.1.1.1.11 If “pq” is true and “p” is true, then “g’’ is true. 


Example: 


CT eed 


p” and “q” representing “an infinite series converges” and “the general term of the given series 
approaches zero” respectively, the logical inference of this metatheorem takes the following form: 


(i) “pq” is true: “if an infinite series converges, then the general term of the given series 
approaches zero” (which is a true theorem of the Calculus). 
(ii) “p” is true: “an infinite series converges”. 
“q” is true: “the general term of the given series approaches zero” [which is true if (i) 


and (ii) are true]. 


This rule is often called the Principle of Inference or modus ponens, a name 
inherited from medieval logic. 


MTh.1.1.1.12 If “p->q’ is true and “gq” is false, then “py” is false. 


Example: 
“yp” and “q” representing “a function f(x) is differentiable at «= 20” and “f(x) is continuous at 
x= οὐ respectively, this metatheorem is the logical inference of the following form: 


(i) “pq” is true: “if a function f(x) is differentiable at x = xo, then f(x) is continuous at x = 20” 
(which is a true theorem of the Calculus). 


(ii) “‘q” is false: “f(x) is continuous at x= 4%” is false, 1.6, “f(x) is discontinuous at x = x0” 
is true. 
᾿ς “py” is false: “f(x) is differentiable at « =o” is false, i.e. “f(a) cannot be differentiated at 


x =o is true {which is true if (i) and (ii) hold]. 


Stated otherwise: if “p—>q’ is true and “gq” is true, then “p”’ is also true; or, stated more 
differently: if “py —q” is true, then “g > j” is also true (ef. Prob. 13). 


This rule also has a medieval name, modus tollens, or it is called the Principle of 
Negative Inference (or Contraposition). 


MTh.1.1.1.13 If “p->q’ is true and “q-> γ᾽ is true, then “p> γ᾽ is true. 


Example: 

“py” rag and “r” designating “a function f(a) is differentiable at x = 20”, “*F (a) is continuous at 
x=x0’, and “f(x) is integrable at «= 20” respectively, the logical pattern of this metatheorem runs 
as follows: 
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(i) “pq” is true: “if a function f(x) is differentiable at «=o, then f(x) is continuous at 
a =a” is true (which is in fact true). 
(ii) “ᾳ -Ὁ γ᾽ is true: ‘Gf f(x) is continuous at «=o, then f(x) is integrable at x= 2%” is true 


(which is also proved to be true). 


εὖ, “p> Yr” is true: ‘Gf f(x) is differentiable at x =o, then f(x) is integrable at x=” is true 
(which is logically true). 


Generalized, this metatheorem has the following form: 
“Dy a5 p2’’, “De ω»» D3, use and “Dy =4 .» Dn imply “M1 => Dn’. 


In this sense it has a descriptive name: Chain Rule (or Syllogism Principle, as 
it is called in the Principia Mathematica). 


MTh. 1.1.1.14 If “py” is true and “gq” is true, then “pq” is true. 


Example: 
“»” and “q” denoting “a number ἢ is an integer” and “n ig positive’ (in the same context) 
respectively, this metatheorem has the following scheme: 


(i) “p” is true: “a number Ἢ is an integer” is true. 
(ii) “q” is true: “n is positive” is true (in the same context). 
", “pq” is true: “a number Ἢ is an integer and it is positive” is true, i.e. “Ἢ is a positive integer” 


is true (in the given context). 


This rule is called the Principle of Adjunction. 


MTh. 1.1.1.15 There exist two rules of disjunctive inference: 
(i) Modus tollendo ponens: if “pv q” is true and “p” is false, then “qa” is true. 
(ii) Modus ponendo tollens: if “pv q” is true and “p” is true, then “q’’ is false. 


The validity of this metatheorem can be readily exemplified by letting, for in- 
stance, “p” and “q” represent “a number «x is an integer” and “x is a real number”’ 
respectively for (i) and “a number n is odd” and “n is even” respectively for (ii). 


MTh. 1.1.1.16 There exists an equivalence inference: if “p= 4 is true and “p” is true, 
then “4᾽ is true. 
Example: 
“py” and “q” representing “two triangles T, and Το are similar” and “71 and Τὰ are congruent” 


respectively, it is evident that “7: and T. are congruent” is true if “two triangles Τὶ and Το are 
similar iff ΤΊ and Ts are congruent” is true and “7; and Τὴ are similar’ is true. 


Solved Problems 


1. Analyse the concept of exclusive (or complete) disjunction in terms of connectives, 
then verify it by a truth table. 


PROOF: 

(i) Since the exclusive disjunction is defined by “Ὁ or ᾳ but not both”, it can be true when and only 
when one and only one of p or q is true. Stated otherwise: “py or ᾳ but not both” must be identical 
with “p and not-q or not-p and q” or “p or q and it is not the case that both p and q hold”; ie. if “ν᾽ 
is to denote the exclusive “or”, then it must be proved to be a tautology that 


PYG=Ppaviq or pvq= (py ghd) 
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(ii) The tautologies are demonstrated as follows: 


The truth-table above is numbered to show that the demonstration consists of six steps. 
Step 1 is justified by the fact, as in Df. 1.1.1.5-6, that there cannot be other alternatives (i.e. in the 
two-value logic of “true” and “false”) for two propositions p and q. Step 2 follows from Step 1, by 
Df. 1.1.1.5,i. Step 3 is obtained by Step 2 and Df. 1.1.1.5,iii. Step 4 follows from Step 3 and 
Df. 1.1.1.5, ii. Step 5 is the result of the original analysis of the concept itself. Finally, Step 6 is 
obtained from Steps 4,5 and Df. 1.1.1.6,ii. Since Step 6 shows that the proposition is true on all 
occasions, i.e. a tautology, the proof is complete. 


PY qd = (Pv q)(pq) can be proved likewise. 


Note. “py q’ is sometimes considered an exclusive and complete disjunction — exclusive, because 
at most one term of the disjunction is true, and complete, because at least one of the terms is true, 
i.e. the disjunction is true. 


Show that “p|q’’, which reads “p and q are not both true’, 
symbolized by the stroke “|”, called the alternative denial 
and defined by the truth-table at right, makes all the primary 
connectives of Df.1.1.1.5 deducible from itself. 


PROOF: 


The three primary connectives may be expressed in terms of 
strokes, defined as above, as follows: 


(i) D=plp, (ii) pvq=(plp)|@la), (iii) ρᾳ = (P| | (vl) 


each of which is a tautology, as can be readily verified by a truth-table, e.g. with respect to (ii): 


(p |p) | (ᾳ @) PV aq = (p|p) (ᾳΪ 4) 
1 
1 
1 
0 


Prove that “p|q”’, which reads “neither Ὁ nor q is true” 
(1.6. p and q are both false), symbolized by the dagger “4, 
called the joint denial and defined by the truth table at 
right, works exactly the same way as the alternative denial 
with respect to the primary connectives of Df.1.1.1.5; i.e. 
they may be replaced by the joint denial. 


(i) and (iii) can be proved likewise. 


PROOF: 
The three primary connectives may be expressed in terms of daggers, defined as above, as follows: 


(i) D=plp, (ii) pv q = (plq) 4 (pl q), (iii) pq = (pl p) ἐ (qt ῳ) 


each of which is a tautology, as can be verified by a truth-table as in Prob. 2. 
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Prove that double negation is affirmation; i. Ὁ =p is a tautology. 


PROOF: It is proved by a truth table at right: 


The same conclusion may be drawn, however, 
by a simple comparison of the truth tables of p and 


» which are exactly the same. 


Prove the following rules of identity: (i) p=p, (ii) pyvp=p, (iil) pp =D. 
PROOF: 
Proofs will be readily provided by truth-tables. 


It should be noted, however, that the rules of identity, in particular (i), are not the same as the 
most fundamental principle of reasoning: “principium identitatis” in traditional logic, without which 
logic cannot take a single initial step. For, it is obvious, the connectives cannot be defined in the first 
place unless it is understood, if only implicitly, that whatever 15. is itself (cf. MTh. 2.1.1a). 


Prove the following tautologies: (i) pp, (ii) pvp, (ili) (p> Dp) = BD. 


PROOF: 
Proofs by truth-tables are trivial, e.g., 


which proves (iii). Others can be proved likewise. 


Note. (i) is the symbolized version of the traditional “principium contradictionis”, but certainly 
not the metaphysical principle itself, which cannot be deduced, while (i) is deduced on the strength of 
truth tables. In this sense (i) is called the rule (and not the metaphysical principle) of contradiction. 
In the same sense (ii) is the rule of excluding middle (and not the metaphysical “principium exclusi 
tertii”); (iii) is the symbolized version of the familiar pattern of inference: “reductio ad absurdum” 
(cf. MTh. 1.2.10). 


The following propositions are tautologies: 

(i) Associativity. (ia) pv (avr) =(pvq)vr,_ (ib) par) = (pa)r. 
(ii) Commutativity. (iia) pvq=aqvop, (110) pg = qp. 

(iiia) Distribution under disjunction. pv (qr) = (pv q)(pv 7). 
(1110) Distribution under conjunction. p(qvr) = Ῥᾷν pr. 


PROOF: 
Since the six proofs are all similar, only (1110) is proved: 


ΠΕ ΕΙΣ ee ae ee 
Ὁ ee | 1 1 1 1 1 1 1 
1.1.1. 1 1 0 1 1 1 
1/0; 1 1 0 1 1 1 1 
1000 0 0 0 0 0 1 
0; 1 1 1 0 0 0 0 1 
0θ[110 1 0 0 0 0 1 
0; 07; 1 1 0 0 0 0 1 
0 | 0 | 0 0 0 0 0 0 1 
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Note. The truth-table above begins with three columns for three initial subpropositions, consti- 
tuting a ternary matrix of propositions in contrast with the preceding unary (or monary) matrices 
(cf. Df. 1.1.1.5, i; Prob. 4,6) and binary matrices (ef. Df. 1.1.1.5, ii, iii; Prob. 1, οἵδ). In this sense there 
exist quaternary matrices of propositions (cf. Prob. 8 below) or quinary or, in general, n-ary matrices 
of propositions, depending on the number of initial subpropositions. The number of the rows of truth- 
tables, then, will grow with the number of initial subpropositions; e.g. a septenary matrix of proposi- 
tions has 27 = 128 rows and, in general, a n-ary matrix has 2" rows, which may be so many as to 
incapacitate manual truth-table computations. 


Prove that implications may merge as follows: 


Gi) (p> a)v(prr) = praqvr (iv) (p> η)(4.-57) = ρνᾳ 9 5 
(li) (p> α)(ρ - Υ) = par (v) (p> aQ)(r>s)> (pr qs) 

Qii) (p> r)v(q>7) = pqr>r (vi) (p> aQ\(r>s) > (pvr->qvs) 
PROOF: 


Since the six propositions have similar proofs, (i) and (vi) are considered their-representatives. 


(p> qv (p>7r) (p> αᾳιν (prr)=p-avr 
1 


SCO CO FR FP HM 
COCO KF KB COO eye μι 
oH OF, OC Oo fm 
ae et ie OOH He 
bt eh ht Oh ῷ μα 
Cor eR ῶμ μι μὰ 
μι σι μ μὰ 
eee μ με 

μα μὰ 


ee ΩΣ ed 


1 


q(r>s) > (pvr > qvs) 


Darien 
1 1 1 


on > mm > μμ μ μ μὰ 
CC CSC OF KF KF KH αὶ, COO μ μὲ μ μὴ 
Coo FF OOF KY OO KF eH OO μ᾿ Ee 
OF OF SFY OFM OF OO et OF OHM 
ee el oe μ μι ee ee = => > ὥ μ μι μ᾿ μ 
ae ee co ee ee Ομ μῶμ μ μι φ 
ΞΦΞ Φμ ee Ὁ μμ μι μιμι μι μι μι μ 
OF Oo Se πρῶ OH ὦ μ᾿ Se μὰ μ 
μι μι δϑριμιι μομ OC OC Ομ FO 
μι» μιιμμ μῷῶμ ὦ μ μι μη μὰ μι 
μι μι μι μι μὶ' μι μω μὶ μι μ᾿ μι μι Ί᾿͵ιμ μὼ 
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9. Implications may be dissolved as follows: (i) D> q = Pv4@, (ii) p> q = pq. 
PROOF: 


(i) 


(ii) can be proved likewise. 


10. p=q iff (p> φ)ίᾳ -» Ὁ); ie. (Ρ Ξε 4) ξξ (p> a)(q>>p) is a tautology, and so is (p=4q) = 
(Ρ ν αγ(ῷ ν »)») or (Ρ Ξ 4) = (pg)(QD). 
PROOF: 


Problem 9 has already proved that p> q=fvq and p>q=p@ and that, likewise, q7> p= 
GV p and gq>p=qs. Hence the proof is complete if a truth-table justifies the first part of the 


problem, viz.: 
ἘΣΣΊΓΙΣΣ ΝΕΣΣ ἘΣΙΕΠΕΣΓ [ores orders 


0 
0 : 
0 1 


11. Both implications and equivalences are transitive, i.e., 


(i) (p> αγ(ᾳ -" 7) > (p> 1), (ii) (p=a)(q=7) > D=7) 


PROOF: 
Since both proofs are similar, only (ii) is proved: 


τ Raa ee Ee w= aa=n > =n 
ΤῊ 


Φῷ  Φ OR KE μ᾿ = 
Φομμ ο)ο μὰ 
oO fk CO KH Φ» & 
MmPmoowodccrrH 
μι OOF KF CO ὦ = 
μι Soe © DOD KF & 
» Or © COrF O&O KF 
μη ee ee » μ 
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12. Negation lines may be broken as follows: 


PROOF: 
Because of similarity, the proof of (iii) alone is shown: 


3 
4 
: 
Ὧι 


(} ΞΞ 4) = (p=) 


Fe OOOO Fw pw 
μα μι μὰ 


SCorFPrF RHO Oo 
SOF KF HB rE OO 


μι oO Se Oe 


CoO Oo KF BY Bw KH OO 


And, by Prob. 10, p=q = (p=4Q); hence p=q = (p=Qq) = (p=). 


(Or, by observation, all three have exactly the same truth values, justifying the conclusion.) 


I3.q>p iff p>q; ie p>q = G-D is a tautology. 
PROOF: 


Note. > is called the contrapositive (or opposite converse) of p> q. 


14. An arbitrary term or factor or implication itself may be added to implications as 
follows: 


(i) p> pvg, (ii) (p> Q) > (p>avn), (ili) (p> 4) > (pr>q), 
(iv) p> (4 -""), (v) p> (p>4@Q) 


On the other hand, a term or factor in implications may be dropped as follows: 
(vi) (pvr > 4) Ὁ (p>4Q), (vii) (p> 47) > (p>q) 
and any term or factor proved to be always true or false may be dropped as follows: 
(viii) γίαν 4) Ξ», (ix) ρναηᾷξρ 


ΡΕΟΟΕ: 
All nine propositions are tautologies whose proofs are quite readily verifiable by simple truth tables. 
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15. Deduce the following propositions solely by MTh. 1.1.1.9-16: 


(i) pop, (ii) pvp, (1) 


(ii) pp 


Ἀν) B>---p 
(ἢ > ---p) > [(pv B) > (BV ---}}} 


(pv Ὁ) > (pv ---p) 
pV p 

pV ---p 

(pv ---p) > (---PV Dp) 
---pV p 

pp 


-- 
- 


p>p, (iv) 9} 


by MTh. 1.1.1.10, P2 
by MTh. 1.1.1.10, Pl 


by MTh. 1.1.1.13 


by (i) above 
Df. by MTh. 1.1.1.9 
by MTh. 1.1.1.10, P3 


by MTh. 1.1.1.11 


by (ii) and MTh. 1.1.1.9 
Df. (p> q = DY gq) by MTH. 1.1.1.9 


by (ili) above 
MTh., 1.1.1.10, P4 
MTh. 1.1.1.11 
by (11) above 
MTh. 1.1.1.11 
MTh. 1.1.1.10, P38 
MTh, 1.1.1.11 


Df., as in (iii), by MTh. 1.1.1.9 


16. Deduce, as in Prob. 15, the following propositions: 


(i) p>pp, (ii) pap, 


PROOF: 
(i) (vd)? B 
B> (BVP) 


(ii) p> PY 
Ἔν ᾷ -» 


(iii) (¢>q) > [BV 4) > (ὃν 4)} 
ᾳ-5» 
BYQ>?PYQ 
νηῶν 
PYQ>aVB 
(p> q) > (> BD) 


(ili) (p> a) > (@> D) 


MTh. 1.1.1.10, P1 
MTh. 1.1.1.12 
Prob. 15, ili 
MTh. 1.1.1.18 


Df. (pq = py ἃ, cf. Prob. 12,1) by MTh. 1.1.1.9 


MTh. 1.1.1.10, P2 
MTh. 1.1.1.12 
Prob. 15, iv 
MTh. 1.1.1.13 


Df. [cf. (i) above] by MTh. 1.1.1.9 


MTh. 1.1.1.10, P4 
Prob. 15, iii 
MTh. 1.1.1.11 
MTh. 1.1.1.10, P38 
MTh. 1.1.1.18 


Df. (pv ᾳ = pq) by MTh. 1.1.1.9 
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17. Prove the redundancy of P5 in MTh. 1.10 by deducing it from P1-4. 


PROOF: 
TOrTVD P2 
TrVpP>pVvr P3 
r-pvr MTh. 1.1.1.13 
(r> pvr) > favr>qv (pv γ)} P4 
qvr->qv (pvr) MTh. 1.1.1.11 
lavr>av(pyr)] > {pv (avr) > py [qv (pv 7}}} P4 
PY (avr) > py [qv (pv 7) MTh. 1.1.1.11 
pv [av (pv r)] > [av (pv nv Ὁ P3 
pv{avr) > lavipvr)|v p MTh. 1.1.1.13 
pvr > (pvr\)vq P2 
(pyr)vq > qv(pvr) P3 
pvr>aqvi(pvr) MTh, 1.1.1.13 
p>pvr P2 


lp>av (pvr) > {lav (pv r|vp > {lav (py r)lv [av (pv r)]}} Ρά 


lav@vynivp > {lav (py τὴ] ν lav py r)\} MTh. 1.1.1.11 

lav (ρν 7)] ν lav (pyr) > [av (pv r)] ΡῚ 

αν (ρν )]ν » > av (pvr) MTh. 1.1.1.13 
Hence it follows from the last step and the ninth that 

ρν (avr) > qv (pv r) MTh. 1.1.1.13 


18. Does “p> 83”? follow from four hypotheses: “ps”, “p>qvr’, “s> f 5. “ep? 
PROOF: 


(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(18) 


It does, since 


ps 
p>avr 
85} 
q>p 
qvr 


Hyp 
Hyp: 
Hyps 
Hypa, 
(1), (2), 
(1), (3), 
(5), (6), 
(4), (7), 
(1), (8), 
(1)-(9), 


and MTh. 1.1.1.11 
and MTh. 1.1.1.11 
and MTh. 1.1.1.15,i 
and MTh. 1.1.1.11 
and MTh. 1.1.1.14 
and MTh. 1.1.1.13 


(10), and MTh. 1.1.1.12 
(9), (11), and MTh. 1.1.1.11 
(12), and Df. (ab = ἂν ὃ and a>b = ἂν b) by MTh.1.1.1.9 
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*$1.1.2 Quantifications 


Df. 1.1.2.1 A sign which represents a proposition is called a (propositional) variable, in 
contrast with which all connectives, defined by Df.1.1.1.5-6, are called constants. 


Example: 
p,q,7, etc. throughout 81.1.1 are all variables, where each variable preserves a recognizable 
identity in various occurrences for a definite context. 


Df. 1.1.2.2 Any combination of concepts which involves one or more variables is a (propo- 
sitional) function, which becomes a proposition whenever its variables take values 
and become specified. 


Example: 


“» is a real number” is a combination of concepts which contains a variable x and as such is a 
propositional function, being neither true nor false; it takes value and becomes a proposition iff it is 
specified, e.g. x2 = V2. Note that a proposition like “pv q” or “p->q” is actually a propositional 
function as long as no specified values are assigned to both p and q. 


Df. 1.1.2.3 <A propositional function f of one variable x, denoted by f(x), may be satisfied 
by all values of x or some value or values of x or no values of x. The first case is 
denoted by (x)f(x), which reads “for all values of x, f(x) is true”, and (x) is called a 
universal quantifier. The second case is denoted by (E2x)f(x), which reads “there 
exists a value of x such that f(x) is true’, and (Ex) is called an existential quantifier. 
The proposition (x)f(x) in entirety is called a universal proposition, and the proposi- 
tion (E'x)f(x) an existential proposition. 


Example: 


“ἐς igs an equilateral triangle”, which may be denoted by L(x), is a propositional function; so is 
“s ig an equiangular triangle’, denoted by A(x), but their compound “if x is an equilateral triangle, 
then x is an equiangular triangle” is a universal proposition, since the proposition is valid for any x 
in this specific context. Hence (x)[L(x)— A(x)], which reads “for any x, if x is an equilateral triangle, 
then x is an equiangular triangle”. 


Note. Different notations are also available for quantified propositions; e.g. (x)f: 
or Vef(x) or {x: f(x)} (or {x|f(x)}) instead of (x)f(x), and (Hx)f(~) or Azfz instead of 
(Ex)f(xz). In particular, the form {x: } or {z| } will sometimes be used in Part 2. 


Df.1.1.2.4 A propositional function is said to lie within the scope of the quantifier (x) 
or (Ex) either if it lies directly to the right of the quantifier or if it is a component 
of some compound propositional function in parentheses (or brackets or braces) 
immediately to the right of the quantifier. The variable of the propositional function 
within the scope is called a bound variable and, if otherwise, a free variable. 


Example: 
In the example above: (x)(L{z)> A(x)], 2 of both L(x) and A(x) is bound, while x of C(x) in a 
context (Hx)[A(x) v B(x)] ~ C(x) is free. 


MTh. 1.1.2.5 The negation of quantifications is defined as follows: 


ὦ (x)f(x) = (Ex)f(a) (ii) (Ba)f(x) = (αὐ) 
and, as it immediately follows, 
ΔΊ (x) f(a) = (E2)f (a) ( (Ex) f(a) = (x)f(2) 


The so-called square of opposition from classical logic illustrates the relation 
among them: 
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contraries 


(26) F 20) ee (2°) f (2) 


superaltern superaltern 
Ξ Ε 
3 ΣΝ 
c ct 
δι ra) 
Ξ Ξ 
Ξ et 
a 5 
subaltern _._—s«- Subbaltern 
(2)  (α) ee (Ex) f(x) 
subcontraries 
Fig. 1.1.2a 


In traditional logic (4) (1) and (Hx)f(z) are represented by A and J (from affirmo) 
respectively; likewise (x)f(x) and (Ex)f(x) by E and O (from nego) respectively. If 
S and P represent subject and predicate respectively, then, again in classical logic, 
SAP designates “all S is P”’, 1.6. (x)f(z); SEP “No S is P”, i.e. (x) f(x); SIP “some S 
is P”, ie. (Σ᾽) (5); and SOP “some S is not P”, ie. (Ex)f(x). 

Note that the third case of Df.1.1.3.1, i.e. a propositional function satisfied by 
no values of a, is now represented by SEP, i.e. (H'x)f(x) = (x)f(z). 


Furthermore, the so-called four categorical propositions of A,E£,J,O have pic- 
torial representations, called Venn diagrams, by drawing two intersecting circles as 
follows: 


Ε: SP =O 


O: SP #0 


Fig. 1.1.26 


Although the diagrams look self-explanatory, their exact interpretation presup- 
poses a certain amount of knowledge on classes or sets; further explanations, there- 
fore, will be given in Chapter 2.3. 


To carry out inferences through quantified propositions, a few new metatheorems 
must be added to MTh. 1.1.2.5 and the metatheorems of 81.1.1, which are justifiably 
presumed to remain valid even after going through quantifications. (A detailed, 
and rather delicate, examination of this presumption lies again beyond the scope of 
this book.) 
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MTh. 1.1.2.6 (Principle of Generalization). 
(i) U.G. (Universal Generalization): (x)f(x) is true if f(x) is satisfied by any arbitrary 
(but: significant) values of «. 


(ii) E.G. (Existential Generalization): (Hx)f(x) is true if there exists at least one 
instance a such that f(a) is true. : 


Example: 


The procedure in geometry of starting with “Let ABC be any triangle”, proving that ABC has 
a certain property, and ending it with a conclusion that all triangles have the property is a typical 
case of U.G. On the other hand, solving algebraic or elementary transcendental equations is a 
familiar case of E.G.: e.g. there exist two roots, real or imaginary, for the equation ax’ + be te = 0 
where a,b,c are real and a#0; or, from trigonometry, there exists a certain set of values which 
satisfy x in sina+cosz = 1; or, from logarithms, there exists a value of x which satisfies the 
equation 107 = 8. 


MTh. 1.1.2.7. (Principle of Specialization). 
(i) U.S. (Universal Specialization): f(a) is true for any significant value a for x if 
(x)f(x) is true. 


(ii) E.S. (Existential Specialization): there exists at least one significant value a for 
x such that f(a) is true if (Hx)f(x) is true. 


Example: 


The time-honored syllogism: “All men are mortal; Socrates is a man; therefore Socrates is 
mortal” is a case of U.S. On the other hand, e.g., “there exist some real numbers which are not 
rational” justifies “\/2 is an irrational number”, exemplifying E.S. 

It must be made quite clear at this juncture that, in the process of inference, a 
free variable (sometimes called a flagged variable) in a hypothesis or in any line of 
inference may introduce fallacies with respect to MTh. 1.1.2.6-7 unless closely watched. 


Example: 
An arithmetic theorem asserts that there is no largest integer, 1.e., 


(x)(By)(% < y) (1) 
from which it may follow, by applying U.S., 
(Εν) < y) (2) 
from which in turn, by applying E.S., there follows 
a<a (3) 
such that, by applying E.G., 
(Ex)(a < x) (4) 


which is of course false. The trouble started obviously in (2), where x is free. First of all, the 
variable should have been flagged and “(2)” should have been replaced by “x, (2)” which explicitly 
shows that x is flagged in (2); likewise “x, (8) and “a, (4)” instead of plain “(3)” and “(4)”, since 
they depend on (2). 


To eliminate fallacies caused by MTh.1.1.2.6-7, then, the following rule should 
be obeyed: 


(i) U.G. in deriving (x)f(x) from f(x) is valid iff x is not flagged in f(%). 


This rule alone is not enough, however, to safeguard an inference against fallacies. 
As is evident in the above example, there is another false step in (3), where an am- 
biguous term is carelessly introduced. Hence the second rule is: 
(ii) Any term introduced by E.S. must have subscripts to indicate all the free variables 
of the premises at issue. 
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In (3), for instance, “ὦ <a’ should have been written as “a<a,” 
“(Ex)(% <az)” in (4) to be correct. 


Certain ramifications may take place with respect to such rules of inference for 
a full and rigorous treatment, some of which may appear in a form of notes in the 
following problems, but it is certainly not the task of the present text to cover all 


of them. 


(i) 
(ii) 


(x) f(x) v g(x) 
(Y)A(y) 


(iii) (Ez) F(z) > G(z) 


Solution: 


(i) 


Prove: 


x of g(x) is free, 
(tii) z of G(z) is free. 


PROOF: 


(i) 


(ii) 


Symbolize the following inference, then justify each step of the inference: “All mam- 
mals are animals; some mammals are biped; therefore, some animals are biped.” 


(x)[P(x) > Q(x)] 


(Hx) | P(x)Q(x)] 


PROOF: 


follows: 


(7) 
(2) 
(3) 
(4) 
(5) 
(6) 


(x)[M(x) > A(x)] 
(B'x)(M(x)B(x)| 
M(a)B(a) 

M(a) > A(a) 

A (a)B(a) 

(Hx) [A (x) B(a)| 


(i) (2) [P(x) > Q(@)] 


ho 1] 


Iho Uk 


Solved Problems 


Find free variables in the following propositional functions: 


(iv) (%)A(x)B(y) 


(v)  (%)[P(x) > Q(x) v Φ()) 


(vi) A(x) > (x)B(a) 


(iv) y of B(y) is free. 
(vi) «x of A(x) is free. 


—_—— . 


Ι 


(Hx)|P(x) > Φ(.)} 
(E2x)[P(x) v Q(z)| 


(Ex)[P(x)Q(a) 
(=)[P@)Q(@)] 
(x)[P(a) v Q@y] 


i 


(x)[P(x) > Q(x)] 


Hyp: 
Hype 


E.S. twice in (2) 


U.S. in (1) 


(Ex) |P(x)Q(x)], 


(vit) (Ax)F(x) = G(x) 


(viii) (z)(By)|A(z)B(z)] > C(z, y) 


(vii) 2x of G(x) is free. 


(viii) x,y of C(x, y) are free. 


(ii) (Ex)[P(x)Q(a)] = (x)[P(x) > Q(a)]. 


MTh. 1.1.2.5 
§1.1.1, Prob. 9 
81.1.1, Prob. 12, i 


MTh, 1.1.2.5 
§1.1.1, Prob. 12, ii 
§1.1.1, Prob. 9, i 


Let M, A, and B represent the predicates of being mammal, animal, and biped respectively, and 
“Hyp” below, as everywhere else, will denote a hypothesis; then the symbolized inference runs as 


(3), (4) and MTh. 1.1.1.11, 14 


E.G. in (5) 
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Deduce, symbolically and justifiably, “Some periodic functions are continuous” from 
“All trigonometric functions are periodic functions” and “Some trigonometric func- 
tions are continuous”. 


PROOF: 


Let T, P, and C designate the attributes of trigonometric functions, periodic functions, and con- 
tinuous functions respectively; then 


(4) (Τα) > P(x)] Hyp: 


(2) (Bx)[T(x)C(x)] Hyp 

(3) T(a)C(a) E.S. in (2) 

(4) Ta) > Pa) U.S. in (1) 

(5) P(a)C(a) (3), (4), and MTh. 1.1.1.11, 14 
(6) (Bx)/P(x)C(x)| E.G. in (5) 


Given two premises: “All irrational numbers are real numbers” and “All real num- 
bers are complex numbers”, draw a conclusion through a symbolic procedure of 
inference. 


Solution: 
If I, R, and C designate the predicates of being an irrational number, a real number, and a 
complex number, then 


(4) (x)[Z(%) > R(@)| Hyp: 


(2) (x)[R(x) > C(z)] Hyp: 

(3) 7(α) > R(a) U.S. in (1) 

(4) Ra) > Cla) U.S. in (2) 

(5) I(a) > C(a) (3), (4), and MTh. 1.1.1.13 
(6) (ὙΠ) > Καὶ] U.G. in (5) 


Note. U.G. in (5) is allowed only because the inference began with (x) and went through onto 
(5) without free ~. 


Symbolize, then justify, the following reasoning: ‘No rational being is willing to 
destroy the world; no maniac is unwilling to destroy the world; every sane person is 
a rational being; therefore, no sane person is a maniac.” 


PROOF: 


Let R, W, M, and S represent “rational being”, “willing to destroy the world”, “maniac”, “sane 
person”; then 


(1) («)[R(x) > W(x)| Hyp: 

(2) (x)[M(x) > W(x)| Hype 

(9) (x)[S(z) > R(x)] Hyps 

(4) R(a) > Wa) U.S. in (2) 

(5) M(a) > W(a) U.S. in (2) 

(6) S(a)> R(a) U.S. in (3) 

(7) S(a) > Wa) (6), (4), and MTh. 1.1.1.18 

(8) W(a) > M(a) (5) and MTh. 1.1.1.12 

(9) S(a) > M(a) (7), (8), and MTh. 1.1.1.13 
(10) (αὐ 5) > M(2)] U.G. in (9) 
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Find fallacious steps in the following reasoning where O predicates an odd number: 


ree 


(1) (Bx)(O(z)| Hyp: 

(2) O(a) E.S. in (2) 

(4) O(z) Hype 

(4) O(a)O(x) (2), (3), and MTh. 1.1.1.14 
(5) (Ex)[O(x)O(z)) E.G. in (4) 

PROOF: 


The concluded fallacy that there exists a number x such that it is odd and not odd was first 
introduced in (8), where x should have been flagged, then in (4), where x should have been flagged 
again, Since it depends on (3); finally, (4) should never have been existentially generalized, since a and 
free x occur together in (4) (ef. MTh. 1.1.2.7, ii). 


Justify, formally, the following reasoning: “All integers are rational numbers; there- 
fore, all negative integers are negative rational numbers.” 


PROOF: 
Let 1, Κα, and N predicate integers, rational numbers, and negative respectively; then 
(1) (x)[Z(x) > R(2x)] Hyp: 
(2) (Ey)[I(y)N(xy)| x, Hype 
(3) I{az)N(xaz) x, E.S. in (2) 
(4) I(az) > R(az) U.S. in (2) 
(ἢ R(az)N(xaz) x,(3),(4), and MTh. 1.1.1.11 
(6) (Ey)|R(y)N(xy)] x, E.G. in (5) 
(7) (Ey)[T(y)N(xy)} > (By)| R(y)N(xy)| (2)-(6), and MTh. 1.1.1.13 
(8) (x)(Ey)[T(yN(xy)| > (Ey) [R(y)N(xy)] U.G. in (7) 


Symbolize, then justify, the following inference: “None of the primes are integrally 
divisible by an even integer greater than 2; any of the primes is integrally divisible 
by the unity; there exist some primes; therefore, the unity is not integrally divisible 
by an even integer greater than 2.” 


PROOF: 


Let P, D, I, and U denote “primes”, “is integrally divisible by”, “even integers greater than 2”, 
and “the unity” respectively; then 


(1) («)[P(x)| > ψ) 1) > D(xy)| Hyp: 

(2) (%)[P(x)] > (By)[U(y)D(xy)| Hyp» 

(3) (Ex) [P(x)] Hyps 

(4) P(a) E.S. in (3) 

(5) Pla) > (y)[I(y) > D(ay)| U.S. in (1) 

(6) P(a) > (Ey)[U(y)D(ay)| USS. in (2) 

(7) (y)[Z(y) > D(ay)| (4), (5), and MTh. 1.1.1.11 
(8) I(b) > D(ab) U.S. in (7) 

(9) (By)[U(y)D(ay)| (4), (6), and MTh. 1.1.1.11 
(10) U(b)D(ab) E.S. in (9) 

(11) 1(b) (8), (10), and MTh. 1.1.1.12 
(12) U(b)I(b) (10), (11), and MTh. 1.1.1.14 
(13) (Ex)[U(x)I(x)] E.G. in (12) 


Note. U(x) being by definition one and only one number 1 among integers, the conclusion is not 
actually for “some x” representing more than one number; in other contexts, however, it may be 
literally for “some x”. 


Chapter 1.2 


*Mathematical Proofs 


Df. 1.2.1 P:,P:,...,Pnt+P, which reads “P:,P2,...,Pn yield P’”’, means that a propo- 
sition P is finally derived from a sequence of other propositions P1,P2,..., Pn. 


Example: 

Prob. 15-18 of 81.1.1 and Prob. 2-9 of §1.1.2 are treated by the sequences of several propositions, 
sometimes as many as seventeen, to arrive at the final proposition to be justified. In Prob.9, for 
instance, P, is the twelfth proposition and P the thirteenth. 


The symbol “+” is called a turnstile, denoting an assertion. 


Df. 1.2.2 -P, which reads “yields P’’, means that P is derived directly from axioms, and 
from them alone, by MTh.1.1.1.9-11. 


Example: 
Prob. 15, ii, iii, iv of 81.1.1. 


Df. 1.2.3 A demonstration, which may be symbolically represented by D:,D2,...,Dmt+ ἢ 
where D is a proposition to appear at the end as a consequence of the propositions 
D,, De, ...,Dm, is a sequence of propositions P:,P2,...,P, such that Pi,t=1,2,...,n, 
is either an axiom or any of the D’s or any of the P;, 7 “ἢ, or whatever is derived 
from the two preceding P’s by MTh.1.1.1.9-11. 


Example: 


Prob. 9 of §1.1.2 has Hypi, Hype,Hyps as D1i,D2,D3s and (Ex) (U (a) I(a)) as D; all other steps 
represent P; or the result of the application of MTh.1.1.1.9-11. Note that the seventh step, for 
instance, may be in need of a long demonstration for itself to justify the logical inference involved 
in the step. 


As is obvious even in a single example, demonstrations may not, and sometimes 
technically cannot, always be carried out in full detail, since they are generally of 
staggering length except for exceptionally simple problems as Prob. 15-18 of §1.1.1. 
It is not only impractical and unnecessarily tedious, but not even desirable to write 
out every detail of an entirety of logical reasoning for each problem, let alone an 
analysis or justification of each step in the logical reasoning. 


In practice, therefore, demonstrations must naturally suffer from certain, often 
drastic, abridgments, the amount of which depends on their prospective readers. 
There is no harm, of course, in such abridgments as long as it is understood that the 
demonstrations, on demand, can fill in all missing steps. For the sake of convenience 
and practicality, therefore, the following definition is accepted, if only tacitly, by all 
working mathematicians. 


Df. 1.2.4 A mathematical proof is a set of representative clues, intelligible to whom it is 
intended, which point to the existence of a demonstration. 


It is because of this reason that proofs in advanced research papers usually omit 
so much of details that they can be considered intelligible by but few experts in the 
field. When challenged, however, the writers of such papers may go all lengths to 
fill in omitted steps or give detailed demonstrations for certain unintelligible parts. 
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However abridged a mathematical proof may be, a proof as a model of precision 
must always meet the specification inherent in the core of demonstrations, viz. the 
logical inference from the assumed (hypotheses) to the justified (conclusions), since 
mathematics itself, as knowledge, must always proceed from what is given to what 
is to be verified or justified, or more broadly, from the known to the unknown. Such 
a procedure is of necessity presented in the form of implications (or what is the 
same, conditionals). 


Df.1.2.5 If a proposition A implies a proposition B, i.e. A> B, then B is said to be a 
necessary condition for A. 


Stated otherwise: “a necessary condition that A be true is that B be true” 
means “A implies B” or “If A, then B” or “B only if A”. 


Example: 


A necessary condition that an integer be integrally divisible by 4 is that it be integrally divisible 
by 2; a necessary condition that a quadrilateral be a rectangle is that it be a parallelogram. Note 
that, as in these examples, necessary conditions connote minimal conditions. 


Df.1.2.6 If a proposition A implies a proposition B, then A is said to be a sufficient 
condition for B. 


Stated otherwise: “8 sufficient condition that B be true is that A be true” means 
“A implies B” or “If A, then B” or “B only if A”. 
Example: 


A sufficient condition that an integer be integrally divisible by 4 is that it be integrally divisible 
by 8; a sufficient condition that a quadrilateral be a rectangle is that it be a square. Maximal con- 
ditions thus connote sufficient conditions. 


In an abstract context the line of demarcation between necessary and sufficient 
conditions may not look sufficiently distinct, since A is a sufficient condition for B 
and B is a necessary condition for A whenever A implies B, but the line becomes 
quite clear in a concrete context. 


Example: 

“If Ἢ is integrally divisible by 4, then it is integrally divisible by 2” is quite distinguishable from 
“If n is integrally divisible by 2, then it is integrally divisible by 4”; the latter is obviously false 
while the former is true. In the former the if-clause (A) is indeed a sufficient condition for the 
then-clause (B), and B is a necessary condition for A. 


Df.1.2.7 If a proposition A implies a proposition B which in turn implies A, then A 
(or B) is said to be a necessary and sufficient condition for B (or A), or A and B are 
said to be logically equivalent. 


Stated otherwise: “a necessary and sufficient condition that A be true is that B 
be true’ means “A implies B and B implies A” or “A implies B, and conversely” 
or “A and B are logically equivalent” or “A iff B”’ or “B iff A”. 


This is the only case where a necessary condition is also a sufficient condition, 
and vice versa, E.g., a necessary and sufficient condition that an integer n be 
integrally divisible by 4 is that n be a multiple of 4; a necessary and sufficient con- 
dition that a quadrilateral be a rectangle is that it be a parallelogram with one angle 
a right angle. 


A necessary and sufficient condition in a definite context may be stated in several 
different ways as long as the results are all logically equivalent themselves; e.g., a 
necessary and sufficient condition that an integer be integrally divisible by 9 is that 
it be a multiple of 9 or that the sum of its digits be a multiple of 9. 
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It must be emphasized here again that the necessary or sufficient condition with 
respect to mathematical proofs is certainly not physical, but purely logical, in the 
well-defined sense that the “if-then” connective is not necessarily of a causal rela- 
tion, and that “A > B” is logically equivalent to “Avy B” or “AB”. 


In general, an implication with respect to two propositions A and B is studied 
in the frame of proofs by the following four cases: 


(i) 458 (ii) BoA (iii) A>B (iv) BoA 


Df. 1.2.8 Given an implication A->B, its converse 1s B- A, _its opposite (or inverse) 
A-B, and its contrapositive (or opposite converse) Β΄» A. 
Example: 


If A and B represent two propositions “7; and 72 are two similar triangles” and “the cor- 
responding angles of the two triangles Ti and T2 are equal” respectively, then 


(i) A-~-B: “if ΤΙ and To are two similar triangles, then the corresponding angles of the two tri- 
angles Ti: and Τὰ are equal.” 


(ii) BA: “if the corresponding angles of the two triangles T, and Το are equal, then T; and Ts 
are two similar triangles.” 


(iii) A->B: “Τί and T. are not two similar triangles, then the corresponding angles of the two 
triangles Τὶ and T2 are not equal.” 


(iv) B->A: “if the corresponding angles of the two triangles Τὶ and T: are not equal, then 7; and 
T. are not two similar triangles.” 


It just happens in this special case that everyone of the four alternatives is true, 
simply because A and B are logically equivalent; it will still be the same if A and B 
read “two lines are parallel” and ‘the two lines do not intersect” respectively, 
within the frame of reference definitely defined as Euclidean space. These cases, 
however, are exceptional, and as has already been exemplified by “n is an integer 
integrally divisible by 4” and “Ἢ is integrally divisible by 2”, it is usually the case 
that the converse of a proposition does not hold even if the proposition holds. Hence 
the following distinction: 


MTh. 1.2.9 If “A> B” is a theorem, so is always “Β.-» A’’, but not always “B-> A” and 
“4 > B”: on the other hand, if “B-> A” is a theorem, so is always “A ~ B”, but not 
always “A> B” and “B> A”. 

Example: 

A theorem in Euclidean geometry: “If two lines are parallel, then the lines do not intersect” 
may be legitimately established by proving its opposite converse: “If two lines intersect, the lines 
are not parallel.” Likewise, using the example of MTh.1.1.1.11: “if an infinite series converges, 
then the general term of the series approaches zero” is logically equivalent to: “if the general term 
of an infinite series does not approach zero, then the given series does not converge”. In either form 
the theorem may be proved to be true and then applied to other problems, but it does not logically 
follow from the theorem that “if the general term of an infinite series approaches zero, then the given 
series converges” (which is generally false) or “if an infinite series does not converge, then the 
general term of the series does not approach zero” (which, again, is generally false). 


Note the similarity between this metatheorem and Prob.13 of 81.1.1; in the same 
spirit, it can be readily verified by truth-tables that “p> q” is not logically equivalent 
to “q>p” or “5 > q’’. 


Other modes of indirect proofs are also available as follows. 
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MTh.1.2.10 “A- B” is a theorem if a contradiction “C@” can be derived from “A > B”. 


Stated otherwise: if the negation of the desired conclusion (B) is introduced as 
a new hypothesis (B), and if the use of this new hypothesis (B) together with the 
original hypothesis (or hypotheses, represented by A in either case) brings forth a 
contradiction (CC), then it must be the case that A- B. 


This metatheorem is merely a symbolized form of the so-called indirect proof or 
reductio ad absurdum proof, whose examples are abundant in elementary geometry 
(with which the reader is quite familiar). 


Note the resemblance in the form of reasoning between this metatheorem and 
Prob. 6, iii of 81.1.1; note, also, the way this metatheorem was already applied to 
Prob. 18 of $1.1.1, in particular to the steps (10)-(12). In this sense the metatheorem 
may be considered also patterned after the familiar tautology: p>q = pq; the 
reasoning in the present context, then, may be symbolized as follows: pq “ΟΥ̓ > 


pd > (p> Qq). 


MTh. 1.2.11 If AivAev...vAn, and if Ai, As, ..., and An-1, then A, is a theorem. 


Example: 

x—=y if it can be proved that neither «<y nor «2>y where the frame of reference is the 
trichotomy: x<y or x=y or «>y. As this example verifies, it must be assumed that the 
alternatives A1,Azs,...,A, exhaust the entire case. 


Symbolized in terms of propositional calculus, this metatheorem has the follow- 
ing form (which can be readily verified by truth-tables): 


(pyavr\(pq) > r or in general (Div Pav --- Vv Pn)(Pip2---Pn—-1) > Ὁ 


It is self-explanatory that MTh.1.2.9-10 may be freely employed to deduce fi, jo,..., 
Pu-1 individually. 

It must be emphasized as a general remark that a single counter-example is quite 
sufficient to disprove a case. 


(As for the modes of fallacious reasonings, such as petitio principii, non sequitur, 
post hoc ergo propter hoc, etc., they are found in any text-book, old and new, on 
Logic.) 


Supplementary Problems 
Part I 


TAUTOLOGIES 


1.1. 


1.2. 


1.3. 


1.4. 


Prove, by truth-tables, the following tautologies: (i) pq > p, (ii) pq > pvegq. 


Prove that the following twofold distributions under disjunction and conjunction are tautologies: 


(i) (ἦν ᾳ)ίγν 8) = prvarv psv rs (li) pqvrs = (pv γ)γίν γ)ίρν 5)ίᾳν 5) 


Negation of equivalent terms is equivalent to the original equivalence; ie. (p=q) = (P=@) is a 
tautology. 


Prove the redundance of a negation: pv pq = pv q. 
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1.5. Complete the replacement of the five connectives by the stroke and the dagger, defined by Prob. 2-3 
of §1.1.1; ie, express the secondary connectives > and < also in terms of | and J. 


1.6. Express p!q in terms of J and vice versa, then justify the expression by truth-tables. 
1.7. Prove that a proposition which implies its own negation is a contradiction. 
1.8. Find the exact relation between the following pair of propositions: av bc and a (a(bve)). 


19, Prove the following tautologies without using truth-tables: 


(i) a(bve\(de)) = avbvevdve (ii) (av bv chav bv ο)ίαν ὃν δ) = (abe) v (abe) v (abe) 


1.10. Verify the following tautologies, first by truth-tables, then by MTh. 1.1.1.9-10: 
(i) (@=b) > (ave = bve) (111) (α ΞΕ δ) > (a>c = ὃ - ὁ) 
(ii) (a=b) > (ας Ξ bc) (iv) (a=b) > ((a=c) = (b=0)) 


1.11. Prove, first by truth-tables, then without truth-tables: ((α > δ) > (a= δὴ) = avb. 


1.12. Test, by truth-tables, the validity or fallacy of the following propositions: 


(i) (a> δ)( -» δὴ) > (ea) (ii) (a> δ)(δ -» ὃ) > (€> ἃ) (iii) (αν b)(av δ)( -» δ) > a 
1.13. Deduce, by MTh. 1.1.1.9-11 and Prob. 15-17, the tautology: (pq) > (qr> pr). 


1.14. Is ἃ deducible from three hypotheses: a> b, bvec, ας ἢ If so, justify the logical inference (without 
any use of truth-tables). 


1.15. Deduce, using only metatheorems, ἃ from three hypotheses: ab > cd, b, d. 


QUANTIFICATIONS 
1.16. Prove the following quantified tautologies: 


(i) (Bx)(P(x)Q(x)) > (Ex) P(x) (Ex)Q(x) (1) (%)(P(~)Q(x)) «Ὁ» (x)P(x) + (x) Q(x) 
1.17. Discuss the fallacy involved in the inference: (Hx)P(x)*(Ex)Q(x) > (Hx)(P(x)Q(a)). 
1.18. Prove: (x)P{x) -ς (E£x)P(x). 


1.19. Prove the following quantified tautologies: 
(i) (a) P(x) v (x)Q(x) > (x)(P(x) v Q(a)) 
(ti) (x) (P(x) Vv Q(x)) > (x) P(x) v (Ex)P(x) 
(iii) (EB x)(P({x) v Q(~)) <> (EBx)P(x) v (Ex)Q(x) 
(iv) (x)(P(x) > Q(x)) > ((x)P(a) > (x)Q(x)) 
(v)  (a)(P(x) > Q(x)) > ((Bax)P(x) > (Bx)Q(x)) 
(vi) (Hx)(P(x) > Q(x)) <> (x)P(x) > (Ex)Q(x) 


1.20. Given the well-established theorem that the square of an even integer is again an even integer, 
symbolize the proof that an integer is odd if its square root is also an odd integer. 
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Chapter 21 


Sets in General 


Df. 2.1.1 A set is a well-defined collection of distinct elements. 


This definition, where the “set” is defined in terms of its synonym “collection’’, 
is obviously nominal. In this sense, as is well known, the set cannot be properly 
defined, although it may be replaced by any of its synonyms such as collection, class, 
aggregate or even family and can be readily exemplified by any of collective nouns 
such as army, assembly, flock, herd, jury, ete. 


The term “well-defined” in Df.2.1.1, however, specifies that it can be determined 
at least whether or not certain elements belong to the set in question (where the 
elements themselves remain undefined), and the term ‘distinct’ specifies that, given 
two elements, their identity or difference can be discerned. Such a discernment is 
considered always possible in logic and mathematics on the strength of the most 
fundamental metatheorem, which runs as follows: 


MTh. 2.1.1a (Principle of Identity). Whatever is is identical with itself (cf. 81.1.1, Prob.5 
note). 
Example: A set S is identical with S itself. 


Df.2.1.1b The membership of a set is denoted by “ec”? and the non-membership by “#”. 
Example: 


xeX designates that x is a member of a set X and reads “ὦ is an element of X” or “zx belongs © 
to X”, while x¢X reads “x is not an element of X” or “x does not belong to X”. It is customary 
to use small letters for elements and capital letters for sets. If N denotes the set of all natural 
numbers, then xeN specifies that « is a natural number, and y¢N designates that y may be a 
negative integer or an irrational number or anything but a natural number. 


Since a set is uniquely determined by its elements, the elements of the set, enclosed 
in braces, may be explicitly listed as a notation for the set itself; eg. A= fa, ὃ, c} 
for a set A whose elements are a,b,c:and nothing else. If B is a set which consists 
of a,b,c and possibly more, then notationally, B= {a,b,¢,.. .}. On the other hand, 
a set which consists of a single element is called a wnit set, and the set whose only 
element is ἃ is sometimes called singleton x, denoted by {2}. 


Df.2.1.2 [Τῇ each element of a set X is also an element of a set Y, then X is called a 
subset of Y, denoted by X C Y which reads “X is contained in Y” (or what is the 
same: Y > X, which reads “Y contains X”’). 

Example: 


Nc, if N is the set of all natural numbers and J the set of all integers; in this context, N is a 
(non-empty) subset of J. 


Th.2.13 If ACB and BCC, then ACC. (Cf. Prob. 1.) 
Example: If NCJ and ICR where R is the set of all rational numbers, then N c R. 


MTh. 2.1.4 (Axiom of Extension). Two sets X and Y are equal, denoted by X=Y, iff 
they have the same elements. 
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Example: 
If A = {a,b,c} and B= ({a,c,b}, then A =B. It must be noted that the equal sets may not 
be identical (cf. MTh. 2.1.1a), as is actually the case here. 


Th.2.1.5 If X CY and YCX, then X=Y. (Cf. Prob. 2.) 


Df. 2.1.6 A set of certain elements in its entirety is called the universal set (or universe), 
denoted by U, which is considered a subset of U itself. 


Example: 
Given A = {a,b,c} alone with respect to itself, then A is U; it is also a subset of itself, since 
it satisfies Df. 2.1.2. 


Df. 2.1.7. A set which does not contain any element at all is empty (or vacuous) and called 
the null set, denoted by @; it is considered a subset of every set. 


Example: 
Taking away a,b,c from A = {a,b,c}, A becomes empty, ie. ὦ; ὦ is a subset of, say, 
C = {e,b,a}, since each member (nothing!) of @ belongs to C. 


Note. Df.1.1.2.3 gives Df.2.1.7 a more formal expression, viz. (“)( τό Χ) or 
what is the same: {@: x~x} or {| XA}. 


Df. 2.1.8 If a set X is a subset of a set Y and at least one element of Y is not an element 
of X, then X is called a proper subset of Y, denoted by X CY; the null set is considered 
a proper subset of every set except itself. 


Example: 

The proper subsets of {a,b,c} are: {a,b}, {a,c}, {b,c}, {a}, {b}, {c}, and (ὁ. Including itself 
{a,b,c}, which is a subset of itself, although definitely not a proper subset of itself, the number of 
the subsets of the set is 25 = 8, which gives the following generalization. 


Th. 2.1.9 A set S of x elements has 2" subsets. (Cf. Prob. 7.) 


Df. 2.1.10 Given two sets X and Y, there exists a one-to-one (or 1-1) correspondence 
between X and Y iff xe X has one and only one correspondent ye Y, denoted by 
eeooy or xeX & Yel. 


Example: 
If X denotes the set of all positive integers and Y the set of all negative integers, then there 
exists a 1-1 correspondence between X and Y, since 1<>—1, 20-2, ...,n<—n,.... 


Df. 2.1.11 If the elements of two sets X and Y can be placed in one-to-one correspond- 
ence, they are said to be (cardinally) equivalent, denoted by X<Y; they are also 
said to have the same cardinal number, denoted by 0(X) = 0(Y). 

Example: 


There exists a 1-1 correspondence between the set X of all positive integers and the set Y of all 
positive odd integers; hence o(X) = o(Y), viz., 


xX: 1. 2. .ὄ 4 : ; : 100 P : n 
{- 75 a oe Ἵ 
Υ: 1 38 5 % 9 . : . 199 : . 2n-—1 
Df. 2.1.12 The relation of equivalence satisfies the following three laws, called the 
equivalence relations: 
Reflexive: XoxX 
Symmetric: XoY implies _ Yox 


Transitive: XoY and YeoZ imply XoZ 
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Example: 
The relation represented by the logical equivalence (cf. Df. 1.1.1.6) is an equivalence relation, since 


(i) p=p (ii) p=q implies gq=p (ili) p=q and q=r imply p=r 


Df. 2.1.13 A set has cardinal number n, viz. o(S)=n, iff there exists a 1-1 corre- 
spondence between the elements of S and the integers 1,2,3,.. .,n; such a set is 
finite. 

Example: 


C = {c,b,a} is of cardinal number 3, i.e. o(C) = 3, which is obviously a finite number. 


Df. 2.1.14 A set S is countable (or denumerable) and has cardinal number d, viz. 
o(S)=d (or the so-called ‘“aleph null”), iff there exists a 1-1 correspondence between 
the elements of S and all positive integers; such a set is infinite. 


E.g. ef. Th. 2.1.15 below. 


Th. 2.1.15 The set of all rational numbers is a countable set, but the set of all real 
numbers is not. (Cf. Problems 12-14) 


Df. 2.1.16 A set S which is equivalent to the set of all real numbers is said to have the 
cardinal number ὁ of the continuum, viz. o(S)=c (or the so-called “aleph-one”). 


Example: 
The set of all points in a closed interval [0,1] (cf. Problems 9, 10, 14). 


Solved Problems 


1 If ACB and BCC, then ACC. 


PROOF: 


Take any element x which belongs to A, viz. xe A; then xeB since ACB. Then also xeC 
since BCC. Hence every element of A is also an element of C, ie. ACC. 


2 If ACB and BCA, then A=B. 


PROOF: 
Let xe A; then weB since ACB. Conversely, if xe B, then xeA since BCA. Hence, 
having the same elements, A = B. 


3 If ACB and BCC, then ACC. 


PROOF: 
Since ACB and BCC, at most ACC. But if A=C, then BCA (. BCC), which is 
contradictory to Ac B. Hence ACC. 
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De 


The set R of all rational numbers is a proper subset of the set R* of all real numbers. 
PROOF: 


Since every rational number is also a real number, RC R*. There exists, however, at least one 
element of R*, say V2, which does not belong to R. Hence R#R*, and from RCR* and R#R* 
it follows that RC R*. 


(Note that the existence of any irrational number is enough for the proof; instead of V2, other 
well-known irrational numbers such as π, 6, etc. may be used, although their irrationality is not so easy 
to prove as that of V2, which runs as follows: If V2 is a rational number, then V2 = p/q where p and 
q are positive integers without any common divisor but 1. Squaring both sides of the equation, 
2q’ = p?, meaning that p must be an even number. Hence let p= 2p’; then 2ᾳ -- 4p’, i.e. g?=2p”, 
meaning that q is also an even integer and that p and ᾳ do have a common divisor other than 1, contrary 
to the initial assumption. Hence V2 is not a rational number.) 


In Mathematical Logic the statement “if p, then q” (cf. Df.1.1.1.5) is true whenever 
either p and q are both true or } is false and q may be true or false. Using this 
logic, prove that the null set is unique. 

PROOF: 


Let @, and @%, be two null sets, which must be proved to be equal, 1.6. ©, = M, or what is the same, 
ὦ, τ ᾧ, and ὦ, C Y,. The former is proved when the statement “if x¢@,, then ὦ ε @,” is proved to be 
true. Since (ὦ, is vacuous, xe @, is false, and the statement as a whole is always true, i.e. 0, C @y. 


Likewise the latter is proved if the proposition “if χε @,, then xe @,” is proved to be true. 
Since (ὁ, is vacuous by hypothesis, xe (ὦ, is false, and the proposition as a whole is true, ie. ὦ, C Q,. 


Hence, putting two conclusions together and by Th.2.1.5 and Df. 2.1.8, @,=@,, and the null set 
is unique. 


Both Mathematical Logic and traditional Aristotelean Logic define the same contra- 
positive rule (οἵ. MTh.1.2.1.12): “If p, then q” is equivalent to “if not qg, then not p’’. 
Prove by this rule that the null set is unique. 


PROOF: 


Let (ὁ, and ®, be two null sets as above; then, since the statement “if «¢@,, then «¢@,” is always 
true according to the definition of the null set, the contrapositive rule proves that “if xe @,, then ας (,, 


ie. (Ὁ, C M,. 


Likewise, since the proposition “if «¢@,, then x¢@,” is true by definition, it is immediately 
deduced through the contrapositive rule that “if xe @,, then xe @,”, 1.6. ὦ, C Q,. 


Hence, taking both conclusions together and by Th. 2.1.5, @, = ὁ... 


A set S of ἢ elements has 2” subsets. 


PROOF: 


In general, the number of the subsets whose elements are m out of n is the number of combinations 
of n elements taken ™ at a time, that is, 


nCm = ni /(m! (n—- γι} ἢ) 


Hence the sum of all subsets, including the universe (.C») and the null set (:Co), is 


Ss “Ca Ξ- nCo Ἔ ἘΦ ἮΝ Pee + Oe 
m=0 


(4 1" = 2 


Note. This proof presumes the binomial theorem (with which the reader is quite familiar); there 
appears in any textbook of the subject a theorem deducible from the binomial theorem that 


7 = (1 +1)" = xCo ΤΟ, Ἔ ον + .C. + τ τὴν + aCn 
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The set J of all integers is equivalent to the set N of all natural numbers. 
PROOF: 


A 1-1 correspondence between J and N can be made as follows: 


1: 


0 1 - 2 -2 —m 
ey a ae 9 
N: 1 2 3 4 ὃ 2m 2lmi +1 


Find a 1-1 correspondence in each pair of the following intervals: (i) two closed in- 
tervals of [0,1] and [0, 2]; (1) [0,2] and a straight line of infinite length. 


Solution: 


Draw the projecting rays for (i) from a point A, and for (11) from two points A and B, as in 
Fig. 2.1α and 2.18. Then, as is rather self-explanatory in the figures themselves, the two points a and b 
in the interval [0,1] = BC in Fig. 2.1a@ are the correspondents of a’ and 5’ in the interval [0,2] = DE, 
1.6, a<> a’, ὃ 49 δ΄, and in general, for any two points xe BC and χε ΠΕ: rx’. 


Likewise, in Fig. 2.16, aca’, bb’, ee’, dd’, and in general, for any two points xe CD 
and «cEF, x<>«’, proving the desired 1-i correspondence. 


D @ 8’ E 
BC = (9, 1] ; 
DE = [0,2] 


Fig. 2.1a Fig. 2.16 


Find a 1-1 correspondence between a closed interval [0,1] (ie. O=2=1) and a half- 
closed interval [0,1) (1.6. O=a’ « 1). 


Solution: 

As in Fig. ZC; let «<>~x’ if α ~ 1/2", n= 1,2, Aarts Wi 0 1/8 1/4 1/2 1 
2 = 1/2", then let xO 1,251: -- wy’, ac 

E.g., if «=1, 1.6, a =1/2°, then it is made 1-1 corre- 
spondent to «’ = 1/2°t1=—1/2, and 24=1/2 © 2’ = 1/4, 
a=1/4 <> x’=1/8, ete., while the fraction of any other 
type, e.g. «x = 1/3, is made directly 1-1 correspondent to it- 
self, 1.6. 2’ = 1/3. 

3 ‘ ‘ . < < . ᾽ x 
Then, since any point in the interval 0 = 2 <=1 is either vy ip : 


the fraction of the type 1.2" or the proper fraction of some 
other types, expressed by « τα 1/2", the two modes of 1-1 
correspondence exhaust all possible correspondences be- Fig. 2.1¢ 
tween x and x’, completing the proof. 


There exists a 1-1 correspondence between the set of all natural numbers and the set 
of all lattice points (i.e. the points whose coordinates are integers) in the plane. 
PROOF: 


It is self-explanatory in Fig. 2.14 below, since each lattice point is now made 1-1 correspondent 
to a natural number. 
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13. 


E.g., the lattice points Ρι, Pa; Ps, P,, P:. -.. May be 
now replaced simply by the natural numbers 1, 2, 3,4, 5, 
.., since there obviously exist the 1-1 correspondences: 
P,<1, P2< 2, etc. Furthermore, all the lattice points 
will certainly be exhausted by this procedure if the 
counting begins with 1 and moves in the direction 
pointed by arrows, ie. 1 7>27374-5-.---, complet- 
ing the proof. 


Fig. 2.1d 


The set of all rational numbers is countable. 


PROOF: 

Cf. Problem 11 above, and note that the set of all lattice points can be put into 1-1 correspondence 
with the set of all rational numbers represented by the pairs of coordinates in the form of quotients 
(cf. Prob. 4), even when duplicates are omitted. Hence the latter also is countable. 


Second proofs. The mode of 1-1 correspondence above is by no means unique; others, e.g. Fig. 2.1e, 
2.1}, 2.19, are also available. 


11-- 2 1 3831--.4Π ... 1/1. 2/t—3/l 4/1 ς; 1/1> 2/1 3/1 4/1 
, ff + f 

1/2 2/2 3/2 4/2 ... 1/2—2/2 3/2 4/2... 1/2 2/2,%3/2 4/2 

1A κ΄ , 

1/3 2/3 3/3 4/3... 1/3~-2/3~-3/3 4/3... 1/3 2/3 3/38 4/3 
| Ι 

14 2/4 3/4 4/4... 1/4» 2/4—3/4—> 4/4... 1/4 2/4 3/4 4/4 

Fig. 2.le Fig. 2.1f Fig. 2.1g 


These proofs establish the 1-1 correspondence between the set of all natural numbers and the set 
of all positive rational numbers, but this can be readily extended to the set of all rational numbers 
(ef. Prob. 8). 


A real algebraic number (cf. Df.5.3.2.2) is a real root satisfying a polynomial equa- 
tion with integral coefficients 


Aox” + aye"! + ... + Gn-1% + an = Ὁ, a>0, n=1; 


and the set A of all real algebraic numbers, containing such irrational] numbers as 
2 and 3 (the roots of «7-2 = 0, αϑ-- ὃ = 0 respectively), is larger than the set R 
of all rational numbers (i.e. RCA). Prove that A is nevertheless countable. 


PROOF: 
Consider the height h of the equation, defined by 


h = nt aot laij + --- + ἰακ--αἰ + Jarl 
Since both ἢ and ao are at least 1,h=2. The equations of height 2,3,4 are respectively 
τῆ: 227 =0, p21 = 0, 2=0; 382=0, x+2=0, 2a+1=0, 227=0, x? +1=0, 2? +x=0, xe =0 
and their roots are respectively: 0; —1,0,1; —2,—1,—1/2,0,1/2, 1,2. 


The real roots of the equations of higher heights can be obtained likewise, and the set of all real 
algebraic numbers can be so arranged that it can be counted, i.e. has the cardinal number d. 
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*14. The set of all real numbers between 0 and 1 is uncountable. 
PROOF: 


Assume the set to be countable, and list the elements in decimal expansions of the set in a sequence 
{r1, 72,73, ...}, where they are counted in that order. Since every rational number may be expressed 
aS a repeating decimal and indeed in two ways (e.g. 1/2 = 0.5000... = 0.4999..., and in general 
0.d1az2...(an+1)000... = O.aia2... = a,999..., ending in an infinite succession of either 0’s or 9’s), 
it is agreed not to use the latter type of expansion (with 9’s) for the decimals 71, 7r2,... in the sequence. 
List it then in the following array 


T1 = O.@11 12013... 
72 = 0.021 22023... 
Y3 = 0.31As2023... 
where aj; represents one of 10 digits. Now construct a number κα = 0.0, bobs... .» where 6b, is ὃ if 


Qnn~ 8 and 7 if ἀνὰ ΞΞ 8 (or in any other dichotomy, e.g. 1 if dun is one of even digits, and 2 if dan is 
one of odd digits, etc.). Then, despite the fact that x obviously lies between 0 and 1, it does not belong 
to the original sequence, since it differs from 7: in at least the first decimal place, from rz in at least 
the second decimal place, and so on. Hence the initial assumption turns out to be untenable, proving 
that the given set is not countable. 


Generalize this proof, and it can be proved that the set of all real numbers in any interval, and 
eventually of all real numbers as a whole, is a fortiori uncountable; this process, however, involves 
operations on sets (cf. Df. 2.3.1). 


Chapter 2.2 


Operations 
§2.2.1 Operations in General 


Df. 2.2.1.1 An operation on a set S is a code, i.e. a set of rules, laws, and principles in 
terms of definitions, metatheorems and theorems, which assign to each ordered sub- 
set of n elements of S a uniquely determined element of S. 
Example: 
The familiar operative rules of addition and multiplication, denoted by “+” and “*”, on the 


set N of natural numbers where, in this particular case, each ordered subset is always only two 
elements of N. 


The operation in general, then, may be analyzed as follows: 


Df. 2.2.1.la A mathematical operation involves at least three elements: 
(i) an operand, the entity which has to be transformed; 


(ii) an operator, which symbolizes a rule of manipulation specifying the process 
of transformation; 


(iii) the transform, i.e. the result of the manipulation. 


Example: 
In the three equations: 


atb=e Dz(x%") = nx? J (cos 2) de = —-sinzg τ Ὁ 


the operands are a and ὃ, 2x", cosa, respectively; the operators are +, D,( ), f( )dx, respec- 
tively; the transforms are c, πα, —sinx+C, respectively. 


An operand, defined as above, is a mathematical entity which as such must be 
an element of a certain set. Although a set, to be a set, may not need a well-defined 
operation for itself, an operand cannot be considered without presuming the existence 
of a certain set; a vacuous operand or an empty operation in a mathematical vacuum 
is trivial, if not downright meaningless. Hence the following nomenclature: 


Df. 2.2.1.1b A set of elements is called a groupoid (or any other suitable name) if the 
elements are considered the operands of a well-defined operation. 


In the following pages an operation will always presume a set or sets which can 
be operated on. 


Df. 2.2.1.2 The operation on S is called wnary, binary, ternary, ..., in general n-ary, 
depending on the number of each ordered subset of ἡ elements of S to be operated on. 


Example: 


Squaring, or taking the factorial, or taking the predecessor or successor of a natural number is 
a unary operation. Integral operation (addition, subtraction, and multiplication) and rational opera- 
tion (integral operation and division) on the set of integers are binary. 


Because it occurs most frequently, the binary operation is re-defined as follows: 
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Df. 2.2.1.2a A binary operation, denoted by * (or o or any other suitable symbol), on a 
set S is a code which assigns to each ordered pair a,beS a unique element ὁ = atb-S. 


Example: 


The binary operation of addition, denoted by +, on the set N of natural numbers assigns to each 
ordered pair, say, m1 and 2, which belong to N, a uniquely determined element nz = n; + N2, Which 
again belongs to N. 


Df. 2.2.13 The set S of Df.2.2.1.2a is said to be closed under *; in general, a set X, which 
is a subset of a set Y (ie. X C Y) is closed under a binary operation o, defined on Y, if 
αοῦ τ δὲ Χ for every ajbeX. 


Example: 


NCI, where N represents the set of all natural numbers and 1 the set of all integers, is closed 
under, say, the binary operation of multiplication, denoted by *, since the operation is defined on J 
and, for every a,be N, it is uniquely determined that a+b = c, which belongs to N, 1.6. δεν. 


Df. 2.2.1.4 The binary operation * on a set S is associative if, for every a,b,ceS, 
a*x(b*c) = (a*b)*e 
Example: | 
The binary operation of addition on the set N of all natural numbers, viz. 


a+(6+e) = (a+b)+e for every a,b,ceN 


Df. 2.2.1.5 The binary operation * on a set S is commutative if, for every a,beS, 


a*b ΞΞΞ bea 


Example: 

Addition and multiplication on the set of all natural numbers are both commutative, since 
atb=b+a and a+b = bea forevery a,be¢N. (On the other hand, subtraction on the set I of 
all integers is neither associative nor commutative, since it is not always the case that a— (b—c) = 
(a—b)-e or a—b = b—a for every a,b,ce 1.) 


MTh. 2.2.1.6 (Principle of Duality). A properly worded valid proposition concerning a 
certain pair of sets X and Y or operators * and o may yield a second valid proposition 
through the interchange of X and Y or * and ©; the first proposition is called the dual 
of the second, and conversely. 

Example: 

A = B, where A and B are two sets, is the dual of B=A (cf. MTh.2.1.4). Or, in a geometry of 
two dimensions, the following two propositions are duals: “Any two distinct points on the same plane 
determine a unique line” and “Any two distinct lines on the same plane determine a unique point”; 
note how the terms “point” and “line” are interchangeable in the two valid propositions. Likewise, 
in a geometry of three dimensions, “Any two distinct planes on the same point determine a unique 
line” and “Any two distinct lines on the same point determine a unique plane” are duals where 
“line” and “plane” are interchangeable. 


Df. 2.2.1.7 Given two binary operations * and o on a set S, the operation * is distributive 


o if 
under 1 a* (boc) = (a * b)o(a*c), 


and the operation is distributive under * if 
ao(b*c) = (αο δ) κ (ace) 


If both distributions hold simultaneously, the former is the dual of the latter, and 
conversely. 


See. 2.2.1] OPERATIONS IN GENERAL 33 


Example: 
at(b+c) = aeb+arec for every a,b,cel; ie. multiplication on the set I of all integers is 
distributive with respect to addition, but addition on J is not distributive with respect to multiplica- 


tion, since it is not always the case that a+(b-c) = (a+ δ)" (a+e) for every a,b,ceZ. In other 
algebraic structures, however, both distributions may hold simultaneously (ef. Df. 2.4.1.13 and 
Df. 2.4.2.1). 


Df. 2.2.1.8 An element, denoted by ὁ, of a set S is an identity for the binary operation * 
on Sif ate=—exa=a for every aeS. 
Example: 
0 of the set I of all integers is the identity for the binary operation of addition on J, since 


O+a=at+0 =a for every acl; likewise 1 is the identity of the binary operation of multiplica- 
tion on J, since 1*a=a+l=a for every acl. 


Df. 2.2.1.9 If a set S contains an identity e for the binary operation *, and if a*#b = 
b«xa =e for every a,beS, then a is an inverse of ὃ, and ὃ is an inverse of a, in δ. 


Example: 

a+(-a) = (-a)+a = 0 for every a,—aelI implies that a is the inverse of —a, and conversely, 
in J under +; likewise, a is the inverse of 1/a, and conversely, in J under*since a*(1/a) = (1/a)*a = 1, 
α τεῦ. 


MTh. 2.2.1.10 (Well-Ordering Principle). Every non-vacuous subset of natural numbers 
contains one, and only one, smallest element. 


Example: 


Ni = {1,2,3, ...,100}, which is a non-empty subset of the set N of all natural numbers, has 
the smallest element 1; likewise a non-empty subset Nz = {100,101,102}, N2cN, has 100 for its 
smallest element. 


This disarmingly simple-looking principle is in fact one of the most fundamental 
metatheorems upon which other metatheorems can be founded or systematically co- 
ordinated (cf. Df.2.4.1.18, MTh. 2.4.1.19-20). 


(Note, also, that this principle, generalized and proved first by Zermelo, is directly 
related to the critical question in modern mathematics of admissible mathematical 
methods and mathematical existence problems, which, however, is far beyond the 
scope of this book.) 


On the strength of this metatheorem the following metatheorem, for instance, 
may be proved (cf. §2.2.2, Prob. 1). 


MTh. 2.2.1.11 (Principle of Finite Induction). If S is any non-vacuous subset of natural 
numbers containing 1 and the integer n+1 for every integer ἢ, neS, then S contains 
every natural number. 


Stated otherwise: let a proposition P(n) correspond with a positive integer n; then 
P(n) is true for all n if, for each positive integer m, the assumption that P(k) is true 
for all positive integers k, k=m, implies that P(m) itself is true. 


This is in fact the abstract formulation of Mathematical Induction. 
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δ2.2.2 Transformations 


Df. 2.2.2.1 <A relation is represented by a set R, each element of which is an ordered pair, 
denoted by (x,y), where «x is the first coordinate, and y the second, of the pair; the 
term “ordered” specifies the sense that (2, y) Τό (y,x) unless the relation is symmetric 
and that (v,y)=(u,v) iff x=u and y=v. 

Example: 
f denoting a relation “is predecessor of”, (x,y) designates “x is y’s predecessor” and is obvi- 
ously different from (y,x) in the same context which designates “y is x’s predecessor”; on the other 


hand, if R denotes a symmetric relation “is equal to”, it then follows that (x,¥) = (y, x), simee 
“x is equal to y” and “y is equal to x” are logically equivalent. 


Df. 2.2.2.2 The set R whose elements are the ordered pairs (x,y) may be represented by 
«ky (which is not the same as yRx unless R is symmetric); and iff «Ry, x is said to 
be R-related to y, in which case x is called the referent, and y the relatum, of R. 
Example: 


& denoting a relation “is greater than”, xRy designates “ax is greater than μ᾽, but never 
y 1s greater than x” in the same context, where x the greater is the referent and the other the 
relatum, but not conversely. 


sé 


Df. 2.2.2.3 Given two sets A,B, and their elements acA,beB, the set C of all pairs 
(a,b) is called the Cartesian (or direct) product, denoted by AxB, where “x” desig- 
nates the operator of the product; ie. C = AxB = {(a,b): (ae A)x(beB)}, which 
reads “for each pair of a and ὃ, a is an element of A and ὃ an element of B”. 
Example: 

If A and B consist of the points on the X and Y axes respectively, representing two sets of all 


real numbers, then the Cartesian product C = AXB is the Cartesian plane itself, each point of 
which is represented by a pair of two real numbers: (z, y). 


Df. 2.2.2.4 <A transformation is a set T, where T is a (non-empty) subset of the set R of 
relations, such that no two elements of Τ' have the same first coordinates. 


Stated otherwise: a set T is a transformation iff (x,y)e7T and (4,2) ε Τ᾽ imply 
y= z. 

T defines thus nothing more than a correspondence between two sets X and Y, 
merely specifying each element of X to be related to an element of (all or some of) Y; 
nevertheless, transformation and function may be considered synonymous if the 
former is ramified (cf. Df. 2.2.2.8 below) as follows: 


Df. 2.2.2.5 If X and Y are any two sets, then a transformation T (or mapping M) of X into 
or onto Y is an operative rule which assigns to each element x of X a uniquely de- 
termined element y of Y; notationally, T: X>Y or y=T(x), where T(z), ie. y itself, 
is called the tmage (or map) of x by T. 


T, then, defines what the usual functional notation f defines, with which the 
reader is quite familiar. Hence the following definition: 


Df. 2.2.2.6 The correspondence 7 above is also called a function f of X into or onto Y; 
ye Y, which uniquely corresponds to xe X by f, is called the value of f at x. In the 
same context the set X is called the domain of f and the set Y the range of f. 


Note. A transformation T of X may map several elements of X onto one and 
the same element of Y; e.g. y=sinz, where αὶ = w’+2kz for any integer k, maps 
all real numbers x onto the same real number sinz’, since sin(#’+2kr) = sinz’. 
Note also that each element of Y is not always the image of some element of X; e.g. if 
y>1 or y<-—1, there is then no real number x such that y = sinz. 
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Df. 2.2.2.7. Two transformations Τί and Τὰ are equal iff Τ (1) = Tox) for every weX. 


Example: 

If X = {1,2,3,44 and Y = {1,2} for which S is a transformation that maps an odd number 
of X onto 1 of Y and an even number of X onto 2 of Y, and if T is a transformation that maps 
1 or 3 of X onto 1 of Y and 2 or 4 of X onto 2 of Y, then S=T, since 


54) = S@) = 1 50) = S(4) = 2 
ΤΙ) = T(3) = 1 T(2) = T(4) = 2 


I} 


Ι 


Note, however, that the equality of two transformations cannot be taken into consideration unless 
their domains and ranges are equal; e.g. if S maps {1,2} into {8,5} through S(1) = 3, S(2)=5, and 
if T maps {1,2} into {8,5,7} through Τί) = 3, 7T(2)=5, then S#T despite their apparent 
equivalence in transformation. 

The transformation in general may be analyzed in a manner the operation in 
general was dissected (cf. Df.2.2.2.1a), articulating the customary, and sometimes 
rather ambiguous, terms “into” and “onto” as follows: 


Df. 2.2.2.8 A transformation T: X>Y is called 

(i) surjective (or onto) if T(x) =y, i.e. if there is at least one xe X for every ye Y; 

(ii) injective (or into) if T(a)=T(b) for every a,be X implies a=), or, what is 
the same, a ὃ implies 7(a) ~ T(b); i.e. if every element of Y which is a T-image 
of an element of X at all is a T-image of one, and only one, element of X; 

(iii) bijective (onto-into in the sense of one-to-one) if both (i) and (ii) hold simul- 
taneously; i.e. for every «eX and ye Y, T(x)=T(y) implies x=y, or, what is 
the same, x~y implies T(x) τσ Τί). 

Example: 


y = sinz, described as above with respect to Df. 2.2.2.6, is patently surjective, since the mapping 
certainly does not exclude the possibility that an element of Y (1.6. —1 = y = 1) may be the image 
of several elements of X (1.6. —~ « αὶ < +40), 


On the other hand, y = log.x, or x = 6", represents an injective mapping, since every element of 
Y (ie. —~ < ye Y < +) that is an image of an element of X (ie. 0<aeX < +) at all is the 
image of only one element of X. 


Another example of injective mapping is the mapping 


x > (x,y) = (a, f(x)) 


where f is an injection of X into XX Y (cf. Df. 2.2.2.3), which may represent an ordinary mapping 
in the Cartesian plane. 


As is quite evident in the last example, the definition of functions (cf. Df. 2.2.2.5) in the cus- 
tomary text-book of College Algebra or Calculus usually describes an injective transformation, 
although the wording may not be quite the same as here. 


Thirdly, the mapping (x,y) ~>(y,x2) of XXY into and onto YXX is bijective. Or, in a more 
concrete context, y = Sin7'z, or x=siny, with the following restriction, viz., 


lel = 1 and ly| < 7/2 


is a bijective mapping, since the mapping is both onto and into under the restricted domain and 
range. This is indeed pictorially represented by the principal branch of the inverse sine curve, where 
the elements of X and Y are exhaustively paired such that every element of X (or Y) has neither 
more nor less than one element of Y (or X) as its counterpart, completing the curve by the strict 
1-1 transformation. It must be emphasized that no part of the principal curve is left out here in 
the process of mapping. 


Df. 2.2.2.9 If X and Y are two sets having an abstract structure built on certain operative 
principles and rules, of the same type, then the transformation 7: X—>Y which 
preserves the initially defined operations is called a homomorphism. 
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Stated otherwise, in terms of * and o (ef. Df.2.2.1.7): a homomorphism with 
respect to * and o of a set X onto or into a set Y, denoted by (X, *; Y, c)-homomorphism, 
is a transformation X under * onto or into Y under ὁ such that, for every a,beX and 


every T(a),T(d)cY, Tia Ἐ δὴ) = Tia)o T(b) 


Note. “(X,*; Y,o)-homomorphism” is to show explicitly how the operations are 
mitially defined for X and Y; it is quite possible, however, that the two initial opera- 
tions, denoted by * and o respectively, are identical. 


Df. 2.2.2.10 An endomorphism of X is a homomorphism T: X>X. 


Df.2.2.2.11 An isomorphism is a bijective homomorphism; notationally, T: XY, in 
contrast with the plain surjective or injective homomorphism, T: X>-> Y. 


The presence of the double arrow “<>” in the isomorphism indicates that the 
mapping A~ Y can be reversed here, viz. Y> X; hence an isomorphism is necessarily 
a 1-1 transformation. 


Df. 2.2.2.12 An automorphism of X is a bijective endomorphism; notationally, T: XoX. 


These four fundamental concepts of transformations are still too abstract to be 
exemplified at this early stage, but they will soon reappear in due course, incorporated 
either in entirety or in part in some specific frameworks of algebraic structures, 
which will be studied in this and other chapters. 


Df. 2.2.2.13 If Y. is any subset of Y, then the inverse image of Y:1 under a transforma- 
tion 7, denoted by T~1(Y1), is the set of every «eX whose image is in Yi; if every 
“eX has no image in ¥;, then obviously Τ (ΣΧ) = @. 


Stated otherwise, the 1-1 transformation S, defined by S(x)=y for T(y)=a, for 
every xeX,yeY, is the inverse of Τί, denoted by Τ΄ 1. 

Example: 

x = σίψ) = y—1 is the inverse of y = f(x) = «+1, for every xe X, ye Y, where X and Y 
are two sets of all real numbers; if, however, y= f(x) =, then x=g(y)= Vy for every 
xeX1,ye Yi, where X, and Y, are subsets of X and Y respectively, viz. of all positive real numbers, 
including 0. 

In both examples, g(y) and f(x) may be replaced by f—+(y) and g~'(x) respectively, since one of 
them is the inverse of the other. 


Df. 2.2.2.14 Given two transformations S and T on a set X, the product (or composite) 
of S and 7, denoted by TS, is a transformation defined by TS(x) = T(S(x)) for all ae X. 


The composite (or product) of two transformations in terms of the familiar func- 
tional notation is a function of a function; e.g. if f and g represent two transforma- 
tions on X, viz. f(x)=23 and g(x) =sinw, then fg(x) = f(g(x)) =sin?x, and 
gf(x) = g(f(x)) = sina’, revealing that the product of two transformations is not al- 
ways commutative. 


Th. 2.2.2.15 If S is a 1-1 transformation of X into Y and T a 1-1 transformation of Y 
into Z, then TS is a 1-1 transformation of X into Z. (Cf. Prob. 7 below.) 


Example: 
If « = fly) and y = g(z), then x = f(g(z)) = F(a). 
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Th. 2.2.2.16 The product of transformations is associative, 1.6, R(ST) =(RS)T, where 
R, S, and T are three transformations on a set X. (Cf. Prob. 8.) 


Example: 
If f(x) = 22, g(x) = Ina, and h(a) = sina, then f(gh(x)) = (fg)h(@) = f(g(A(x))) = Cn (sin x))’. 


Df. 2.2.2.17 The identity transformation, denoted by 1 and defined by I(x) =a for every 
ae X, maps every element of X into itself. 


Example: 

a =a for every xe X (or y=y for every ye Y) is an identity function on a set X (or Y). 

The reason for defining the identity transformation is clearly shown in the follow- 
ing theorem. 


Th. 2.2218 TT"! = T-'T = 1. (Cf. Prob. 9.) 


Example: 

If T: y=aut1 and T71:¢=y—1, then TT: y=(y—1)t1=y and T°1T: x«=(«+1)—-1=¥x. 
Since both στα and y=y are identity functions and as such may be represented by one and the 
same 1, it follows that TT 'Ξ TUT =I. 


Solved Problems 


1. Deduce the principle of Finite Induction (cf. Th. 2.2.1.11) on the strength of the Well- 
Ordering Principle (cf. Df.2.2.1.10). 


PROOF: 


Let S be any set of all positive integers containing 1 and the integer n+ 1 for every integer n 
in S, and S’ be the set of all positive integers not in S; then, by this hypothesis, 1¢ δ΄. Suppose that 
Th. 2.2.1.11 is false, ie. S’ is non-empty. Then, by Df. 2.2.1.10, S’ contains a least positive integer 
m> 1, ie. m—1 is a positive integer, which must be in S (. m—1 « m). But then, by hypothesis, 
m = (m—1)+1 also must be in S if m—1 is in S, which is contrary to the assumption. 


Hence S’ cannot be non-empty; it must be empty, and Th, 2.2.1.11 is (indirectly) proved to be true. 


2. Given two finite sets A and B whose cardinal numbers are m and n respectively, 1.6. 
0(A) =m and o(B) =n, find the cardinal number of C = AXxB. 
Solution: 
Let A and B be (a1, a2,...,@m} and {bi,bs,..., ba} respectively, and exhaust the elements of C 
in the following array of mn elements: 
(αι, δι), (αι, be), woe (αι, bn) 
(a2, b1), (ae, bo), eas (a2, bn) 


(Am, b:), (Am, bo), rey (Am, bn) 


It is evident that o(C) = mn, since there are m rows and n columns. 
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If a set X consists of n elements, the set S of all possible mappings of X consists of 
n” elements. 


PROOF: 


If n=1, ie, X = {x1}, then S cannot contain more than 1 mapping, i.e. 7; defined by 7, (41) = a1. 
If n= 2, ie. X = {χ,, xa}, then the following 2? distinct transformations, T1, 72, Τα, Ts, defined by 


Ts (a1) ΞΞ ἃ: Το (x1) v1 Ts (21) ΞΞ We 74 (x1) — 2 
Ts(x2) = a1 T2(x%2) = ae T's(%2) = a Ts(x2) = ae 


I 


exhaust the possible mappings. 


In general, since each element χε X can be mapped onto any of χ;ε X, the number of all possible 
pairings of (wi, 2;) with respect to Tx, where each of i,j,k may be repeated as often as possible, is n”. 
(Out of ἡ different elements, when each may be repeated as we please, the number of ways in which 
an arrangement of r elements can be made is n". Here r= n.) 


Let f and g be two mappings on the set R* of all real numbers, defined by f(x) = ᾧ - 
and g(x) = x*+1, weR*; find fg and gf. 

Solution: 

Γ(σ(α)) = f(w®+1) = αὐ +1)+1 = a +2 

9(f(x)) = gfe+1) = (χα Ἐ 1) ἘῚ = 23+ 8224 844 2 


I! 


fg 
gf 


II 


Let S and T be two transformations from {1, 2, 3} to itself, defined by: S(1)=1, S(2) =2, 
S(3)=3; TU) =8, T(2)=2, T(8)=1. Find ST(1), TS(2), ST(8). 


Solution: 
ST(1) = S(T(1)) = 5(8) = 38. TS(2) = T(2)=2. ST7(3) = S(1) = 1. 


If S is a 1-1 transformation of X into Y and T a 1-1 transformation of Y into Z, then 
TS is a 1-1 transformation of X into Z. 
PROOF: 

Let S(x) =y, «eX, ye Y, and Tly)=z, ye Y, zeZ; then TS(x) = T(y) = z. 

Also, if ἃ τέ α΄, x,2’eX, then S(x) ¥ S(x’) and TS(x) τὸ TS(x’). 


Hence 7S is a 1-1 transformation of X into Z. 


If C is a class (cf. Df. 2.3.9) of all 1-1 mappings on a set S, C is closed (cf. Df. 2.2.1.3) 
with respect to the binary operation of composition. 


PROOF: 
If XCC,YCC, and YX(y) =a, YX(z)= 2, for xy,zeS, then Y(X(y)) = « = Y(X(z)). Hence, 
since YCC is a 1-1 mapping, X(y) = X(z), which in turn implies y = z, since XCC also is a 1-1 mapping. 


Hence YX is also a 1-1 mapping, ie. YX C C; C is thus closed with respect to composition. 


The composition of transformations is associative. 
PROOF: 
Let R,S,T, be any three transformations on a set E,and «xe; then 
R(ST)(x) = R(ST(«)) = R(S(T(2))) 
and (RS)T(x) = RS(T(x)) = R(S(T(2x))). 


Hence R(ST) = (RS)T. 


Prove: TT"! = T-!7T = TJ, ona set X. 


PROOF: 
Let we X and T7'(x)=y, ye X; then PT *(x) = T(T~*(x)) = Tly) = x, since T~*(x) = y iff Tly) ΞΞ ἃ. 
Hence ΤΊ: -- 7. 


Likewise T-'T =1, and TT = ΤΟΊΤ' = J. 
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10. Prove that, for any 1-1 mapping f and its inverse 1 ona set A, 
XK Cf f{X) 
where X CA and, by definition, f(X) = {f(*1), f(2), -..,f(4n), .....}» tie X. 


PROOF: | 
If «eX, then f(x)ef(X), which implies f-'f(wye f- F(X), Le. wef 'f(X). Hence X ς f°’ F(X). 


11. If Ai,AzeA and A: 2 A», then, for any 1-1 mapping f on a set A, 
f(A1) — f(Az) C f(A1— 49) 


PROOF: 
Let δὲ f(A:)—f(Az), where ae A; and f(a) ΞΞ ὃ, 1.8. a¢Az; then be f(A:—A2) since ae Ai— As 


Hence f(A1) — f(Ae) ς f(A1— Ae). 


12. Prove that (ST)~! = T~'S~1, then generalize the result. 


PROOF: 
Since, from Prob. 9 above, (ST)(ST)~' = 1 and, by Prob. 8-9, 


(ST\(T“S-') = S(TT-)S7) = SIS“* = SS =I 
it follows that (ST)(ST)"! = (ST)(T~'S~') τ 7 and, by Prob. 6-7, (ST) } ξΞ T'S". 


When generalized, the new theorem is of the form 


{ΠῚ Του ala Sade ΣΤΥ ΤΥ 
and can be proved likewise, viz., 
σοὶ αἰιχ- ΤιΤ,, ΤῸ πΞ Peete A ΤΟΤε,. Τὰ Ξ Τοῖς (ΤΊ Ty) Τὰ 
BH Ἐξ ΠΤ Ἐξ 1 Ξ' AN 7 ως ΤῸ {7 7 ΤΩ) 


13. Establish the law of positive exponents for transformations, defining at the start: 
P=] eT, and: 7s = 77". 


PROOF: 
If m=n=1, then T"7T" = ΤΡ" obviously holds, since T'T' = TT = Τ' "", 


If the same holds for m=j,n=k, then for m=jt+1, n=k+1, 
Titiqet. — Titi pyr = TGUtD +1 LP TR-2 -- ἘΠ --- TGtl +k τ Τὸ —_ PU+D+k+1 7 -- TUT + ler) 


Hence, by induction, for any natural numbers m and xn, ΤΡ 7 = T™*", 
Likewise, (Τὴ) = T™. 


14. Generalize the exponential law of Prob. 18 to all integers m and n, defining T~* = (Ca eee 


PROOF: 
The case for m=n=0 is trivial, and the case for m>0 and n> 0 has already been established. 
If m’ =-—m, m>0, and n’ =—n, n>0, then 


Tm pw --Ξ- Tenaya -- Ales ἈΠῸ} Ὁ — (TAT!) Ξ-- {1 πὸ 


al Τ' atm) =< ee -- me ae -- Tm +a! 


The case for only m (or n) <0 can be established likewise. 


The generalization of (1 )" = T™"* can be similarly carried out. 


Chapter 2.3 


Operations on Sets 


Df.2.3.1 The join (or union or (logical) sum) of two sets X and Y, denoted by X UY 
which reads “X cup (or join) Y”, is the set of all elements which belong to either X 
or Y or both. 

Example: 


If X = {a,b,c} and Y = {b,c, d}, then X UY = {a,b,c,d}; likewise, if J; represents the set of 0 
and all positive integers and Js the set of all negative integers, then J; U Is = TI, i.e. the set of all 
integers. 


Df. 2.3.2 The meet (or intersection or (logical) product) of two sets X and Y, denoted by 
XM Y which reads “X cap (or meet) Y”, is the set of all elements which belong to 
both X and Y. 


For the same example as above, XNY = {0,c} and 101. = ὦ. 


Df.2.3.3 The (relative) complement (or difference) of X with respect to Y, denoted by 
Y—X (or Xy or Xy), is the set of all elements which belong to Y but not to X. If 
Y is the universal set itself or defined likewise, the complement of X is considered 
absolute and as such is denoted by —X (or X’ or ΧΟ), designating the set of all ele- 
ments which do not belong to X. 


For the same example of Df.2.3.1, consider J the universe; then J’ (or —I,) is 
the set of all negative integers and J} (or —I2) the set of 0 and all positive integers. 
(‘Since both complements in this example are absolute, there is no place for confusion 
even without the additional “with respect to 172 


The outcome of three operations may be represented either one-dimensionally, 
where X and Y are shown as two partially overlapping segments of a line (cf. Fig. 2.3a), 
or two-dimensionally, by Venn diagrams (cf. Fig. 2.3b-d). 


xX 


Ye ͵.. 


-«-----.ς---ς- ΧΌῸπΥ-ς-----ς-ο“ς. ...--.--. XY --. .ὕ Ὁὃῦὅ98Κ YY - X¥ ————> 
AWY 
Fig. 2.3a 


ANB A—-B 


Fig. 2.36 Fig. 2.3c Fig. 2.3d 
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From the definition itself and figures above there immediately follow the follow- 
ing operative properties with respect to A—B: 
(i) If wre A, then xeB or xe (A—B). 
(ii) If weB, then x¢(A—B). 
(iii) If wee (A—B), then x¢B. 

Note. “a ε (Α-- ΒΡ may be replaced by “x e A—B” as long as the operations 
on sets themselves can be distinguished from those on the elements of sets; sets and 
elements are said to belong to different types. 


Df. 2.3.4 Ifaset S is a subset of U, the universe, then 
(i) xeU implies that xe U or χε δ΄. 
(ii) weS implies x¢S’, and zeS’ implies αὶ ἐ ὃ. 
(iii) ὕ Ξ ’, and ᾧ - {}. 
Note. Since S is a subset of U, the universe, the complement of S with respect U, 
viz. U—S, is absolute; hence S’ (or —S). 


Df.2.3.5 Idempotent law: 
Gi) SUS=S Gi) SNS=S8S 


Df. 2.3.6 Involution law: (517, = S. 


Note. If there exist distinct identity sets with respect to the operations of join 
and meet, as in a Boolean Algebra (cf. §2.4.2), then Df.2.2.2.5-6 become theorems, 
i.e. can be proved. 


Th.2.3.7. Join and meet are dually (cf. MTh.2.2.1.6) associative, commutative, and 
distributive (cf. Prob. 7 below): 
(i) AU(BUC) = (AUB)UC AN(BNC) = (ANB)AC 
(ii) AUB= BUA ANB = ΒΑ 
(iii) AU(BNC) = (AUB)N(AUC) AN(BUC) = (ANB)U(ANC) 


Th. 2.3.8 (De Morgan’s law). For any three sets A,B,C, 
(i) A-(BUC) = (A-B)N(A-C) (ii) A—(BNC) = (A-B)U(A-C) 
(cf. Prob. 10) 
and if A is the universe or otherwise obvious, 
Gi) (BUCY’Y Ξ δ᾿ Ο' ii) (BUCY Ξ Β' ἡ Ο’ 
The law holds dually and may be extended to any number of sets. (Cf. Prob. 16). 


Df. 2.3.9 A class, denoted by C (or any capital script letter), 1s a set of sets. (A class 
as such belongs to a type which is different from the type to which a set or an element 
of a set belongs.) 


Df. 2.3.10 Join and meet may be extended to any number of sets; if C is a class of sets Si, 
i=1,2,...,n,..., the join of C, denoted by Ug 8S, is the set of all elements 
which belong to any of the Si, and the meet of C, denoted by NsccS, is the set of 
all elements common in or all of the Si. How the terms are grouped in computing 
joins and meets, however, is immaterial because of the following theorem. 
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Th. 2.3.11 The general associative, commutative, and distributive laws, for X:iCC, (cf. 
Prob. 14), are: 
(i)-(ii)} Uy e@X is unique; so is Ny ced. 
(iii) VAD ον }ῈΞ Nyce (VY UX); OEY ek b= χες (YN X). 


Df. 2.3.12 Two sets X and Y are said to be disjoint iff XNY = QM; a class C is disjoint 
iff no two sets of C intersect, i.e. Nyce X = ὦ. 
Example: 
Lol = @ (cf. Df. 2.3.2). 


Df. 2.3.13 A partition of a universal set U is a subdivision of U into subsets which are 
disjoint and exhaustive, called the cells of U; notationally, U = CiuUC2U...UC, 
where C; is a cell and C;NC; = YD if 747. 


Note. There may be several ways of partitioning one and the same set U. If, 
e.g., U = {a,b,c,d}, then {{a}, {b,c,d}}, {{a,b}, {¢,d}}, {{a,c}, {δι}. ..., {{a}, {bd}, 
{c}, {d}}, are all distinct partitions of U, the last in particular being the partition 
of U into its unit sets. 


Solved Problems 


1. Find X and Y if 
(i) {1,2, 3,5} — {1,3,8,9,10} = X 
(1). {1,2,3)} U4{2,7,8) =x 
(iii) {2,3,4} 9 {2,5,8} = X 
(iv) A-—B=X and B—A = Y where A = {x| «eR* =0} (which designates “all 
real numbers greater than, or equal to, 0”), and B = (5 *eR* =0} (which 
reads “all real numbers less than, or equal to, 0’), 


Solution: 
(i) {2,5}. (ii) {1,2,3,7,8}. (iii) {2}. (iv) αὶ = τὼ ΣΕ > Ol, Y = (2 ze R* < 0}. 


2, If ADB, then A-—C D B-C. 
PROOF: 
If B-C=@, then the proposition is obviously true. 


lf B-C#Q, then let xe(B—C), 1.6. ee Band «¢C. ButweA (." ADB), and now x¢C. 
Hence we(A—C). That is, if xe(B—C), then xe(A-—O), i.e. A-CDB-C. 


3. Prove that A-—(A—B) = B if ADB; then observe, referring also to Problem 2 
above, that Y being the null set in the context of X D Y is immaterial. 
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6. 


PROOF: 
First A —(A—B) 2 B, then BDAW-—(A — B) must be proved. 


Let A—-B=C: if B=, then evidently 4 -᾿ 5 B: and if B#®@, then, letting x é B, it follows 
that xeA and x¢(A—B), ie. we A and xe. Hence xe(A—C), and A-—C 2 B, ie. 
A—(A-B) 3 B. 

Conversely, if A—C = ᾧ, evidently B 2 A~C; and if A—C # Q, then, letting x«e(A—C), 
ie. weA and w¢C, viz. xeA and «¢(A-—B), it follows that «eB. Hence Β D A-C, ie. 
Ba A-—(A—B). 

From the proofs of Problems 2,3, it is obvious that, in the context of X Ὁ Y, it is not necessary 
to examine the case of Y= @ if the case of Y #@ is proved valid. This is in fact a truism if it is 
remembered that the null set is a subset of every set (cf. Df. 2.1.7). Henceforth, in the similar context, 
only the case of Y τὸ ὦ will be examined. 


Note. It can be readily proved likewise that ADB if 
A —(A—B) = B; hence A — (A — B) = B is in fact the necessary and 
sufficient condition for ADB. (E.g., in the language of elementary 
mathematics, if A stands for the set of all real numbers and B for 
the set of all rational numbers, then A —B is the set of all irra- 
tional numbers; take away this set again from the set of all real 
numbers (i.e. A -- (Α --  Β)), then what remains is the set B of all 
rational numbers. Hence A—(A-—B) = B.) 


Note also that the whole proof can be carried out pictorially, 
i.e. by a Venn-Diagram (cf. Fig. 2.86). 


Fig. 2.3¢ 


Prove: (ia) AC AUB, (ib) BCAUB. 
(ii) If ACC and BCC, then AUBCC. 
(iii) If AUB =A, then BCA, and conversely. 


PROOF: 
(ia) If we A, then x e AUB, by Df.2.3.1. Hence A C AUB, by Df. 2.1.2, Likewise (ib). 


(ii) Let xe AUB; then «eA or xe B. In either case, since ACC and BC C, it follows that «eC. 
Hence AUB CC. 


(iii) Since B C A, and also obviously A CA, it follows from (ii) that AUBCA. And, from (i), 
ACAUB. Hence AUB=A. 


Conversely, since AUB = A, it immediately follows that AUBCA, and, from (i), BCAUB. 
Hence, by Th. 2.1.3, BCA. 


Prove: (ia) ANBCA, (ib) ANBCB. 
(ii) If CCA and CCB, then C CANB. 
(iii) If BCA, then ANB = B, and conversely. 


PROOF: 
(ia) Since ANB = {x| xe A and σε B}, xe ANB implies xe A. Hence ANBCA. 
Likewise (ib). 
(ii) If eeC, then «eA andaweB(..CCA and CCB by hypothesis). Hence C C ANB. 
(iii) Since BCA and, obviously, B CB, it follows from (ii) that B C ANB. Also, from (i), 
AnBcB. Hence ANB = B. 


Conversely if «eB, then xe ANB ('.. ANB = B by hypothesis). But, from (i), ANB CA, which 
implies by Df. 2.1.2 that xe A. Hence BCA. 


Prove: (i) AUB=ANB iff A=B. 
(ii) AUB =(A—B)UB. 
(1) (A-B)UB=A iff AD B. 
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PROOF: 


(i) IfA=B, ie. ADBandAc B, then from Prob. 4iii and Prob. 511, AUB = A = B = ANB, 
Le. AUB=ANB., Conversely, if AUB = ANB, ie. AUB 2 ANB and AUB ς ANB, then 
from Prob. 4ia and Prob. δία, ANB CA C AUB, and from Prob. 4ib and Prob. bib, ANB C 
BCAUB, ie. AUB=A=B=ANB, ie. A=B. 

(ii) (A—B)UBCAUB, since A~B CA CAUB and BCAUB. Now, if xe AUB, then xc A 
or xeB. If xe B, then x e (A—B)UB, and if σέ ΒΒ, then «eA and xe A-—B, ie. 
xe (A—B)UB. Hence AUB c (A —B)UB, and together with its converse proved at the 
start, AUB = (A —B)UB. 


(1) From (ii), (A—B)UB = AUB. Hence (A—B)UB = A iff A = AUB, ie. A 2 B (cf. Prob. 4110). 


Prove that join and meet are dually associative, commutative, and distributive (cf. 
Th. 2.2.2.4), then verify it, using the following three sets: A = {1,2,3}, B = {3,4,5}, 
C = {1,3,5}. 
PROOF: 

These operative rules will be proved only with respect to join, since the proof with respect to meet 
will then be similarly and quite easily carried out, due to their duality. 
(i) AU(BUC) = {al weA or (exe BoraeC)} = {| (ce A or we B) or xe C} = (AUB)UC.  Like- 

wise AN(BNC) = (ANB)NC. 

(li) AUB = {x| we A or exe B} = {x| we B or we A} = BUA. Likewise ANB = BNA. 
(iii) Let xe AU(BNC); then wceA or xe BNC. Τῇ weA, then xe AUB and xe AUC (. A CAUB, 


A CAUC); hence xe (AUB)N(AUC). Also, if xe BNC, then xe B and xeC, ie. xe AUB 
and xe AUC; hence xe (AUB)N(AUC). In either case AU(BNC) C (AUB)N(AUC). 


Conversely, let x ε (AUB)N(AUOC), ie. xe AUB and xe AUC; then weA or xeB and «xc, ie. 
ve A orxeBnc. Hence (AUB)N(AUC) C AU(BNC). Thus, altogether, AU(BNC) = (AUB)N(AUC). 
Likewise AN(BUC) = (ANB)U(ANC). 

Given A = {1,2,3}, B = {3,4,5}, C = {1,3,5}: 

AU(BUC) = (1, 2,3,4,5} = (AUB)UC; AN(BNC) = {3} = (ANB)NC. 
AUB = {1,2,3,4,5} = BUA; ANB = {3} = BNA. | 
AU(BNC) = {1, 2,3,5} = (AUB)N(AUC); AN(BUC) = {1,3} = (ANB)U(ANC) 


As a second proof, one of the distributive laws, for instance, can be pictorially verified by Venn 
diagrams as follows: 


AU(BNC) 


AUB AUC (AUB)N(AUC) 
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8. 


10. 


11. 


12. 


Referring to §2.2.2, prove that, for any 1-1 mapping of a set A into a set B, 
(ANB) C f(A) OF(B) 


where, by definition, f(S) = Uxesf(x) for any set S. 


PROOF: 
If xe f(ANB), then, by definition, xe f(A) and xe f(B) hold simultaneously, 1.6. 2 ε f(A)Nf(B). 


Hence f(ANB) ς f(A)Nf (BP). 


In the same context as above (Prob. 8), prove that 
FAN (B)) = ΚΑῚ Β 


where f—}(Y) = Uyeyf-‘(y), Y CB, when f(X) = Usexf(x), « CA. 


PROOF: 

Directly from Problem 8, it follows that f(ANf7*(B)) C (Αγ. 1 (6 .(Βὴὺ) = F(A)NB, Le. 
ΚΑ τ 1(Β᾽) C ξ(Αγ.. Β. Conversely, if be f(A)OB, then Γ(α) ΞΞ α for acA, i. ace f~*(B); and since 
be B, it follows that a ε ANf—(B). Hence be f(ANf-*(B)), and f(A)NB C (AN f7*(B)). 


Hence, from two conclusions, it follows that f(ANf~'(B)) = f(A)NB. 


Prove De Morgan’s law: (i) A-—(BUC) = (A-B)N(A-—©C), (ii) A-(BNC) = 
(A —B)M(A—C); then verify the law with three sets A,B,C, given as in Problem 7. 
PROOF: 


Let « e A—(AUO), ie. eA and x αὶ BUC; then a¢B anda¢C,ie. « e A—B and we A-C, 
ie. χε (A~B)U(A—C). Hence A—(BUC)C(A—B)N(A~C). 


Conversely, if χε (A—B)N(A-—C), ie. ee 4. --Β and xe A-—C, then eeA and «¢B, σέ, 
ie. ce A and σέ BUC, ie. we A—(BUC). Hence (Α --Β)η(Α --.᾿οος A—-(BUC). 


Hence A—(BUC) = (A-B)N(A—C). 

Likewise A—(BNC) = (A-—B)U(A-—C). 

Given A = {1,2,33, δ = {8,4,5}, C = (1,8, 5}: 
A-—-(BUC) = {1,2,3} — {1,3,4,5} = {2} = {1,2} n {2} = (A-B)N(A—-C) 
A—(BNC) = {1,2,3} — {8,5} = {1,2} = {1,2} ὦ {2} = (A-B)U(A-C) 


Referring to Df. 2.2.2.3 (on the Cartesian product), prove that 

(ia) AX(BUC) = (AXxB)U(AXxC), (δ) AxX(BNC) = (AXxB)N (AxC) 
(iia) (A UB)xC = (AxC)U(BxC), (10) (AN B)XC (AxC) ἢ (AXC). 
PROOF: 


(ia) Let (x,y) © AX(BUC), ie. xe A, ye BUC; then ye B or yeC, ie. (%,y)e AXB or (x, y)e AXC, 
Hence (x,y) ε (AXB) U(AXC), and AX(BUC) C (AXB)U (AXC). 


Conversely, if (x,y) ε AXB, then ye B and, since ye BUC, (x,y) e AX (BUC). 
Hence (AxB)U(AxC) C AX(BUC), and thus AXx(BUC) = (AXB)U(AXC). 
Likewise (ib), (iia), (iib). 


| 


Prove that (i) addition of finite cardinal numbers is associative and commutative, and 
(ii) multiplication of finite cardinal numbers is associative, commutative, and dis- 
tributive with respect to addition. 
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PROOF: 
(i) The two laws follow directly from the associativity and commutativity of the join of sets. 


(ii) Let A,B,C be any three sets of finite elements, viz. o(A)=a, o(B)=b, o(C)=e; then, by 
Df. 2.1.11 and Problem 2 of §2.2.2, 


(lia) o(AX(BxXC)) = a(be) = (able = o((AXB)XxC) 
(10) of(AxXB) = ab = ba = o(A X B) 
(lic) o(AX(BUC)) = a(b+e) = abtae = o((AXB)U(AXC)) (ef. Problem 11,ia above). 


13. If A and B are any two sets and A; CA and B: CB, then 
AXB — AixB, = ((A—A1)xB) U (Ai x(B—By) A 
((A—A1)x Bi) U (Ax (B — B;)) 2 


= (Aix (B-—B;)) ὦ ((A —A1) x By) Pe" 


U ((A — Ai) x (B— ΒΩ) 


PROOF: +— A; —»<+——- A— A, —> 


Sa, ὋΦὋὁὃ[ὃοὃἣἜἭ 


Ι 


Cf. Fig. 2.8, where the proof is completed by partition 


(ef. Df. 2.3.13). Fig. 2.3f 


14. Now that the Principle of Finite Induction is affirmed (cf. MTh. 2.2.1.11), generalize 
the three fundamental laws of association, commutation, and distribution with respect 
to join and meet (cf. Th. 2.3.8). 
PROOF: 
The case for n=1 is trivial for all three laws. 
For n=2, the commutative law has already been proved (Prob. 7,ii), and the associative law 


AU(AUB) (AUA)UB or any of its equivalents also holds; so does the distributive law 
AU(ANB) (AUA)N(AUB) or any of its equivalents. 


For n=8, the associative or distributive law has already been proved (Prob. 7, i, ili), and the 
commutative law AU(BUC) = (BUC)UA = AUBUC also holds. 


ΠΗ] 


Their duals with respect to meet for ἢ =1,2,3 are also true. 
In general, assume that the associative law with respect to join (or meet) holds for n=k, viz., 
SiU(S2U(...0Se-1U 5})})}...) Ξ (S1US2)U(S3U(...(Sk-1USk))...) = 
= ees (OSU Sa) } Sear) US (= SW S3U boo Sass, 
Then, for ἢ =k+1, 
SiU(S2U(...Sk-1U (Sk UU Sksi))...) = (...(0SiUS2)...)USe-1) USk) U Ska, 
= SiUS2U...USk-1U Sk U Sk 41, 

and the law must generally hold. 

The commutative law for Ἢ sets is proved likewise. 


As for the distributive law, assume that it holds for n— k, viz., 


SiU(S2N... NSke-1NSk) = (SiUS)N... (S10 Sk-1) (δὲ Sk) 


Then, for n = k+1, viz., 


δι (S20... ASkOSk+) = SiU(S2n...98) Seas) 
(δι (S20... Sk) A(S1U Sk 41) = (SiU Sa)... A (S10 Se 41) 


Hence the law generally holds. 


The general duals with respect to meet can be proved likewise. 
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15. 


16 


17. 


18. 


19. 


Prove that, for any 1-1 mapping f on a class C of the sets Sint ly Seca, 
f(UsceS) Ξε Usce(f(S)) 


PROOF: 
If be f(Ugeg¢S), then there exists a such that ae UscgS where b= f(a). This implies that 
acS; for any SicC, ie. b=f(a) ε f(Si). Hence f(UgsccS) © Usce(f(S)). 


Conversely, going backwards, Uscc(f(S)) ς f(Uge cS). Thus, together, f(UsceS) = Usce (f(S)). 


Generalize De Morgan’s law, viz. 


(i) A-—UsceS = Ngcce(A—S), (ii) A-AsceS = Uscc(A—S), 
Or more simply, considering A the universe, 
(i) (UsceS)’ = ὥρεοδ, (ii) (AgceS)’ = UsceS’. 
PROOF: 
A-—UgccS = {al eA and σαὶ UgccS} = ἴα! te A and ἀφ δι Sic, Ὁ = 1,2,...,% «+ -} 
= {xl ae(A—S)} = weNgcc(A-—S). Hence A-—Ug-c8 = Agee (A—S). 


Likewise for (ii). 


Second proof. Use the Induction Principle. For n=1 the case is trivial, and for n=2 the 
validity of the case has already been established by Prob. 8 above. 


In general, assume that the law holds for n =k, viz., 


A—(SiUS2U...USk) = (A—Si1)N (A—S2)N ... ἢ (A -- δ) 
Then, for n= k+1, 
A-UgecS = A-(S1U...USKUSk+1) = A—((SiU... USk) δ.) 
= (A—(SiU...USk)) 9 (A — Sesi), by De Morgan’s law itself for n = 2 
= (AS Sa) A aks nN (A -- 5) N (A — Seti) = Ως εε(ά — 5). 


The duals are proved likewise. 


If SocC, then NgecS C So © UseeS. 
PROOF: 

Let σε Ngoc; then, by hypothesis, xeSo, and NgcgS C So. And if xeSo, then ὦ ε Uscecs; 
hence So C Uge gS. 

If So=Si=...=Si=..., then obviously AgegS = So = UgccS. 

Hence, in general, Ngc¢S G So © Usces. 


Deduce the duals of the distributive law of join and meet, using the involution law 
(ef. Df.2.3.6) and De Morgan’s law. 
PROOF: 

AN(BUC) = ((AN(BUC)’)’ = (A’U(BUO)Y = (Α'υ(Β’ 05) = ((A'UBYN(A'UC)) 


= (A’UB’)U(A'UB’)’ = (A”’NB”)U(A"NC”) = (ANB)U(ANC). 
Its dual is deduced likewise. 


Prove AM(A UB) = A; then deduce from itself its dual, ie. AU(AMB) = A, as 
above, using the involution law and De Morgan’s law. 
PROOF: 


(i) Obviously AN(AUB) c A. On the other hand, from ACA and AC AUB, it follows that 
A cCAN(AUB). Hence AN(AUB) = A. 


(ii) AU(ANB) = ((AU(ANB))’ = (A’N(ANBYY = (A/n(A’UB))Y = (A! = A. 
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20. Find S’ of S = S;US2MS3U (Sa U Ss) ἢ (Sg U S7 ἢ Ss)). 


Solution: 

S’ (S1US2NS3U ((S1U Ss) M (SeU S70 S3)))’ 
Sin (S2USs)’U ((SiU Ss) N (Ss (ὅτ Ss)))’ 
S10 (S2US3) 1 ((SaU Ss)’ U (SsU (S79 Ss))’) 
S10 (S2USs) 1 (Si 85) U(S6N (S79Ss)’)) 
δι (S2US3) (SiN 85) U(S6N (St S9)). 


I| 


Ι 


Ι 


| 


21. A—B=A iff A and B are disjoint, ie. AN B= Z. 


22. 


23. 


24 


PROOF: 


Since ANB = ὦ, ie. {x| we A and wg BY, if xe A—B, then weA, 1.6. A-—BCA; also if 
weA,then xe A—B, ie. A C A—B. Hence ANB = Ὁ implies A—B = A, 


Conversely, if A-B=A, ie. ἴα! xe A and x¢B} = {z| we A}, then obviously ANB = @. 


If two sets A and B, where ANB = (Ὁ, are countable, so is C = AUB. 


PROOF: 
(i) If both A and B are finite, i.e. 0(A)=m and o(B)=n, then o(C) = m+n, which is evidently 


countable. 
(ii) If o(A)=m and o(B) =d in the sense of Df. 2.1.14 (or likewise 0(A) Ξ ἃ and o(B) =n), then let 
A = {1,d2,...,@m} and B = {bi,be,.. -»bn,,...}, and arrange the elements of AUB so as to 


be countable as follows: 


C= αι, a2, νον Am, δι, be, ere et 


(iii) If both A and B are infinite and countable, viz. 0(A) = o(B) = d, then arrange the elements of C 
in such a countable manner as follows: 


C = {ar, b1, G2, be, ..., An, On; eat 


Hence C is countable in all three cases, completing the proof. 


The join of a countable number of mutually disjoint countable sets is also countable. 


PROOF: 
Let Si = {ai,aa,...,@i;,...}, and arrange Si,Se,...,Si,... as follows: 
Oi ἘΞ τι, 1, 18, Ai4, ... 
δὲ = G21, 22, (28, Mea, .,. 
Si Ξῷ Ait, Giz, Ais, Aia, 


5 ee | 


Their join is then countable in several ways (ef. §2.1, Problem 12). 


Establish the existence of uncountably many real transcendental numbers (i.e. real 
numbers which are not algebraic), using Problems 13-14 of §2.1. 


PROOF: 

If the set T of all real transcendental numbers were countable, then the join of T and A, the set 
of all real algebraic numbers which is countable (cf. Prob. 13 of §2.1), also must be countable. Hence 
the set R of all real numbers (= AUT, by definition) also must be countable; that is, the set Ry of 
all real numbers between 0 and 1 must be a fortiori countable, which is contrary to what Problem 14 
of §2.1 proved. Hence T cannot be denumerated. 


Chapter 2.4 


Abstract Structures 
*§2.4.1 Lattices 


Df. 2.4.1.1 <A binary relation on a set S is a set R of propositional functions such that if 
z,yeS, then either «Ry (reading “x stands in the relation R to y’’) or aRy (i.e. 
negation of xRy). In either case x is called the referent and y the relatum of R 
(ef. Df. 2.2.2.1). 


Df. 2.4.12 R on S is reflexive if «Rx holds, antisymmetric when ΤΙ and yRx hold 
simultaneously iff «=y, and transitive when ahz if xky and yRz, where 7,y,ze8S 
(ef. Df. 2.1.12). 


Df. 2.4.1.3 S is partly ordered with respect to R if Καὶ on S is reflexive, antisymmetric, 
and transitive. 
Example: 

The set N of all natural numbers under a binary relation, = (or =, cf. Df. 4,1.2.12-13), is partly 
ordered, since, for a,y,zeN: (i) =a (or x=); (ii) e=y and ya (or x =y and y=) imply 
e=y; (ii) e=y and y=z (or «=y and y=z) imply «=z (or g =z). Other examples are: “is 
contained in”, “is subset of”, (both denoted by “C”’), ete. 


Df. 2.4.1.4 Two partly ordered sets S: and S2 are isomorphic (cf. Df.2.2.2.11) if there 
exists a 1-1 correspondence 7 between S; and δ such that, for vesS: and γε ὃ, 


T(x) D Τῷ) iff «Dy 


Th. 2.4.1.5 Any set which is partly ordered with respect to R (cf. Df.2.4.1.1) is likewise 
partly ordered with respect to the dual # of Καὶ (cf. Problem 1). 


Stated otherwise: The converse of any partial ordering is itself a partial order- 


ing. (R is the “converse” of R such that aRy (reading “ὦ is in the relation F to y”) 


iff yRx; e.g. R of “is contained in” is “contains”. 


Df. 2.4.1.6 If x2,yeS and both «Rp and yRp hold for peS, then p is called an upper 
bound of x and y; if pRq holds for any upper bound geS of x and y, then p is the 
join or least upper bound (or, abbreviated, l.u.b. or sup, an abbreviation of supremum) 
of x and y. 

Example: 


10 is an upper bound of the set consisting of the numbers —7, —1, 5, 8, and 9; so is the number 11 
of the open intervals (—9,5) and (7,11) and also of the closed intervals [--ἰ19, —11] and [9,11]. There 
cannot be a number x that is an upper bound of the set of all positive integers, or of all positive 
real numbers for that matter, for « is evidently less than the number z + 1. 


Whenever a set is bounded above, it may have many upper bounds, since an upper bound x 
implies many other upper bounds, x + 1, etc., of which « may be the l.u.b. if there exists no upper 
bound less than « itself. 


Df. 2.4.1.7. Dually, if wzyeS and both pRa and pRy hold for peS, then p is called a 
lower bound of x and y; if gRp holds for any lower bound qeS of x and y, then p 
is the meet or greatest lower bound (g.l.b. or wf, an abbreviation of infimum) of x 
and y. 
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The examples of lower bounds and the g.l.b. are readily constructed in parallel 
to those of upper bounds and the lL.u.b. 


Df. 2.4.1.8 <A lattice is a partly ordered set L (LCS), any two of whose elements x and Yy 
have a join, denoted by xUy, and a meet, denoted by aN y. 
Example: 


The set R* of all real numbers under “=” (meaning as usual “is less than or equal to”), ete. 
(Cf. Prob. 4-6.) 


Df. 2.4.1.9 If there exists a 1-1 mapping 7 of Li into Le such that, for x,yeL, and 
T(x),T(y) ε Lo, 
May) = T(x)U(y) and T(any) = T(x) N(y) 
then L; and Lz are said to be isomorphic. 


Th. 2.4.1.10 The operators of L, viz. join and meet, are interchangeable in any theorem 
with respect to L. (Cf. Prob. 2.) 


Th. 2.4.1.11 The commutative, associative, absorption, and idempotent laws hold in L 
(cf. Prob. 7), viz., 
Ll. xUy = yUx and weny = yNu 
L2. xU(yUz) = (wUy)Uz and x2zN(yNz) = (any)nz 
L3. «U(@ny) =x and wn(xUy) = 2 
L4. xUx =a and τη πΞ ἃ 


Th. 2.4.1.12 The four laws L1-4 of Th.2.4.1.11 completely characterize L. (Cf. Prob. 8.) 


Df.2.4.1.13 If L satisfies the distributive law, 
Ls. «xU(ynz) = (υψ) (αι 2) 
(and the dual, cf. Prob. 11), Z is then called a distributive lattice. 
Df.2.4.1.14 If for every xe L there exists an x’ such that 
συ and x#N2 = w 
(where w and w’ are called the universal bounds), L is then called a complemented 
lattice. 
Df.2.4.1.15 L is called modular (or Dedekind) iff Dz implies #N(yUz) = (xUy)nz. 
Th. 2.4.1.16 If LZ is distributive, it is then modular. (Cf. Prob. 14.) 


Df. 2.41.17 If L is distributive and complemented, it is called a Boolean lattice. 
* ἧς *K of 


A review of the Well-ordering Principle (cf. Df.2.2.1.10) in relation to partial 
ordering may help understanding both concepts. 


Df.2.4.1.18 The ordering in general may satisfy some of the following axioms: Given 
a set S whose elements are a,b,c¢,..., 
ΟἹ. a=b and b=a imply a= b. 
O2. a=b and b=c imply α ΞΞ 6. 
O3. Either a=b or b<a for any a,beS. 
04. Any non-empty subset Καὶ of S has an element 7: such that 7:=7r for any reR. 
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The partial ordering satisfies ΟἹ, ΟΣ, the simple ordering O1,02,03, and the 
well ordering O1,02,03,04. The Well-ordering Principle is logically equivalent to 
the following metatheorems: 


MTh. 2.4.1.19 (Axiom of Choice). If C is a class of disjoint non-empty sets Spt does νὸν 
then there exists a set S which consists of exactly one element x; each from Si. 


MTh. 2.4.1.20 (Zorn’s Lemma). If every simply ordered subset of a partially ordered 
set S has an upper bound (or a lower bound), then S has at least one maximal (or 


minimal) element. 


Solved Problems 


1. Prove Th. 2.4.1.5. 
PROOF: 
Since the dual R is characterized by 
(i) Ro (1) you iff yRx and «Ry (ili) zRx if zRy and yRx 
R and PF are evidently isomorphic, i.e., 
(i) Βα «Ὁ» «Rex (ii) w=yiff «Ry and yRaoy=« iff yRx and xRy 
(iii) xRzif«Ry and yRz@2 zRe if zRy and yRx 


Hence S remains partly ordered under Β. 


(The proof will be verified in concreto if Καὶ and R are replaced by “=” and “=”.) 


2. Prove Th. 2.4.1.10. 
PROOF: 
From Th. 2.4.1.5 it directly follows that, L being a fortiori a partly ordered set, 


cUuY,«x,yeL under R © σαν, «yeL under R 


Hence the join may be replaced by the meet, and conversely, in any theorem with respect to L. 


Note. This theorem validates the dualization of all theorems with respect to L. 


3. If a set S is a partly ordered set which has «Uy (or xNMy), where 2x,yeS, then the 
join (or meet) is unique. 
PROOF: 


Suppose S has two joins, ἢ. and je, for x and y; then, since ji,j2 © S, there exist ;,%j, and μη, 
from which it follows, by Df. 2.4.1.3, that 7: = je. Hence the join is unique. 


The case of the dual can be proved likewise. 


4. Prove that the set R* of all real numbers under “=” (or “=’’) forms a lattice. 


PROOF: 


R* is partly ordered, satisfying Df. 2.4.1.3, and if v,ye ΕἾ, then «Uy is the greater (or the equal) 
of x and y, and xny is the smaller (or the equal) of x and y. 


Hence R* under = is a lattice. 


So is R* under =, as can be proved likewise. 
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The set N of all natural numbers under “ |’, designating integral division (i.e. “aly” 
meaning “x divides y”’, x being an exact divisor of y), forms a lattice. 


PROOF: 


N is a fortiori partly ordered, satisfying Df. 2.4.1.3; also, Uy is here the least common multiple 
of « and y, and xy is their highest common factor. 


Hence N under “|” is a lattice. 


If K is a class consisting of all subsets of a set S, then K is a lattice. 


PROOF: 


K being a class whose elements are sets, it has the relation of inclusion, by Df.2.1.2, and is 
partly ordered. Also, K has joins and meets for any X,Y C K, exactly the way defined by 
Df. 2.3.1-2, viz. XUY and XNY. Hence K is a lattice. 


Establish the commutative, associative, absorption, and idempotent laws for L under R. 


PROOF: 


(i) The Commutative law: Let xUy = p and yUx =q for “y.PqeL; then either pRq or qRp. 
If pq, then (xUy) Καὶ (yUx), and if gRp, then (yUx)R(xUy). Hence, L being a partly ordered 
set and by Df. 2.4.1.3, it follows from (aUy) R(yUx) and (yUx)R (xUy) that 


xUy = yUu 


The dual can be proved likewise, viz. σῶμ = yn. 


(ii) The Associative law: Let xU(yUz) = p for x,y,z,pe L; then, by Df. 2.4.1.6, «Rp and (yUz) Rp. 
But then, by the same Df., yR(yUz) and κα  (ψ 2); hence, from yR(ylz) and (yUz) Rp, it 
follows that, by Df. 2.4.1.3, yRp, and likewise zRp. Hence ΧΡ, yRp,zRp, i. p is an upper 
bound of «x,y,z. 


Let gq be any upper bound of «,y,z; then, by Df. 2.4.1.6, 2Rq and (yUz)Rq; and applying 
the same Df. again, σῷ (ν 2) Rq, ie. pRq. Hence p is the 1.u.b. of L,Y ,Z- 


On the other hand, let (wUy)Uz = r for 2,y,zeL; then, going through the same steps as 
above, it follows that rRs for any upper bound s of 2,y,z, and r is the lub. of X,Y Z. 


But then, by Problem 3, p= yr, i.e, 


xU(yl2z) = (xUy)Uz 


The dual can be proved likewise, viz. x«N(yNz) = (xNy)Nez. 


(iii) The Absorption law: By Df. 2.4.1.7, (2ny)Ra and, from Df. 2.4.1.3, «Rx; hence x is an upper 
bound of xNy and «. If w is any upper bound of these two, it is then an upper bound of any of 
the two, eg xRw. Hence x is the l.u.b. of « and «ny, i.e., 


xUlany) = αὶ 


The dual can be proved likewise, viz. σία ὦ) = x. 


(iv) The Idempotent law: Applying (iii) to «Uz, 
eUe = xeU(an(eUy) = xUu(anyY) = αὶ 
where Y is a substitute for «Uy (or any element, for that matter). Hence 


ZUeC = & 


The dual can be proved likewise, viz. «Nx = x. 


Sec. 
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The four laws L1-4 of Th.2,4,1.10 (cf. Problem 7 above) completely characterize L. 


PROOF: 

In any abstract structure which satisfies L1-4, xUy = y iff any = xn(xUy) = x, and by 
defining x=y to mean xUy = y, the structure becomes a lattice where xUy is the l.u.b. of x and y 
and «ny the g.l.b. of x and y. 

E.g. (i) xUx = 2 entails the reflexive property of L. (ii) y = xUy = yUx = α, by Li, if 
x=y and y=y, affirming the antisymmetric nature of L. (iii) wuz = xU(yUz) = (wUy)UZz = 
yve = 2, by L2, if x=y and y=z, justifying the transitivity of L. 

Furthermore, since σαν) = (wxUm)Uy = wUy, by L1,4, xUy is an upper bound of x and, 
by 1,1, also of y; but it is the l.u.b. of x and y, since x=z and y=z imply (wUy)Uz = xU(yUz) = 
xUz = Z. 


Also, dually, «Ny is the g.l.b. of « and y, which completes the proof. 


If vy,zeL, then xU(yNnz) = (xUy)N(aUz) and xN(yUZ) = (aN y)U(xN2Z). 
PROOF: 

Since, by Df.2.4.1.7, « = a«Nny and w« = xNz, it follows that x = (xny)U(xnz). Also 
yUz = (xny)U(“enz), since (yUz) = y = (any) and (yUz) = z = (σ Ὁ 2). 

Hence xU(yNz) = (any)U(anz). 

The dual can be proved likewise. 


For every a,b,c,d,«L, (i) an(bUc) = (anb)Ue if a=c, and 

(ii) a@Ue = διὰ and anc=bNa if a=b and c=d. 
PROOF: 
(i) Since ane = δ, (i) follows directly from Problem 9. 


(it) Since alc = b and aUc = ἃ, by Df. 2.4.1.6, it immediately follows that aUc = bUd. The 
dual can be proved likewise. 


If a distributive law is given as L5 in L, eg. xU(yNz) = (wUy)N(xUz), then the 
second distributive law, viz. aN(yUz) = (#Ny)U(xNz), can be deduced as the dual 
from 1,5. 


PROOF: 
Applying L5, 1, 4, 3, 2,1,4 successively, 
(anNy)Ulanz) = ((xNy)Ux)A(eny)Lz) = (exU(any))A(zU(eny)) 
= aNn((zUx)N(zUy)) = (exN(zUx))A(zUy) 


lI 


(aN(aUz)atyU2z) = σοίψυ 2) 


12. L is modular iff, for every χε, στον = αν, χορ = a’Ny, and «=2’ imply 


x= 2’. 
PROOF: 
(i) If Z is modular, then x=2’ under the given conditions, since αν) = (xULy)Nx’, by 


Df.1.4.1.15, where «n(yUa’) = xn(x’Uy) = xn(aUy) = aw, by L1,3, and (xUy)nex’ = 
e’A(eUy) = a’n(a’Uy) = x’, by L1,3. 


(ii) If «= α΄, then L is modular. For, if L is not modular, there exist x,x’,y such that « =’ and 
a’ (να) τὸἪἽ (a’Uy)Ne. Now x’Ulyna) < (a’Uy)Nw’, since w = x’ Uy and yne =x. 
Then, letting «’U(ynx) = X and (a#’Uy)n2’ = Y, 


a 


XUy = Yuy = (α'ὐν ον = aw’ Uy = wx U(yU(yna)) = (a’U(yNa))Ly = Xuy 


proving that XUy = Yuy for X<Y, which is a contradiction. Hence L must be modular if 
Lemme ee 
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13. L is a distributive lattice iff 


(w@Uy)N(yU2Z)N(ZUa) = (eNy)U(yNz)U(eNx) for 2,y,zeL 


PROOF: 
(i) If L is distributive, then 
(wUYN(yLzZ)N(zUe) = (((eUy)N(yU2))N2)U(((e@Uy)n(yUz))N2) 
= ((eUy)Na)U((yUzZ)Na#) = ((enzU(ynz))U(yNa)U(zNx)) 
= (*aNy)U(yNz)U(zN«x) 


(ii) Conversely, if (i) holds, then 


enleny)V(yn2zulzne)) 


Ι 


(eNy)UleNn((yNnzUlzna)) (Co xUy = x) 
= (aNyU(zna)U(antynz))) (.- σῶς = 2) 
(~«Ny)U(zNe) 


II 


On the other hand, 
ar(eUy)N(yUz)n(zUx) = (an(aUy))N((zUx)A(yUz)) = (aN(xUz)\A(yUz) = wN(yUz) 


Hence xN(yUz) = (any)U(xNz), i.e. distributive. 


14. If L is distributive, it is then modular. 
PROOF: 
Let «=z; then xU(yNz) = (4Uy)N(xUz) = (wxUy)Nz, which, by Df. 2.4.1.15, completes the proof. 


15. K of Prob. 6 is a Boolean lattice. 


PROOF: 


If X,Y,ZCK, then each element of K can be complemented and there also exists a dual distributive 
law with respect to X,Y,ZCK. 


16 


Prove that any algebraic structure A which for any 7%,y,zeA, satisfies 
Al. -ἀἰ ὐ Ξξ ἃ 

AZ. xUu τ ula =u fora universal bound εκ 

Ad. 2Ae =] Ae = ἃ 

A4, eN(yUz) = (any)U(anz) and (yUz)Nw = (yNx)U(zZN2) 

is a distributive lattice with a universal bound wu. 


PROOF: 
(i) [1,415 complete if the dual of Al exists, viz., 


x= NU = £N(KXUU) = (4ANH)U(HNUu) = (σα) υ(σ ἢ (α ὦ 120} 
= (xNx)U((anx)Ulanx)) = (anax)U(ana)Uu) 
= (KNXA(KeNxe) = “eNw Ala 


(ii) [1,8 is immediately provided as follows: 
xU(@ny) = (*anu)Ul(any) = σοί) = σχῶ = αὶ Aba 


and similarly (aNy)Ux = x A5b 
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Then, using Al, 4, 5a, 


aen(aUy) = (anx)U(any) = xUl(any) = a Ade 
and similarly en(yUax) = x Add 


Note that A5a and Abdc are equivalent to L3. 


(iit) Applying Adc-d, 4, 


eUy = (4nyUx)utyn(yUa)) = (xUy)N(yUn) 
= ((xUy)Ny)U(“aUy)Naz) = yUsx A6a 
which proves one-half of L1. 
(iv) Applying A4, 5a, 5e, 
en((*Uy)Uz) = (an(aUy))U(anz) = χυ(σ 2) = αὶ Ala 
and similarly yN((eUy)Uz) = y Ατὸ 
and zn({*Uy)Uz) = z Avec 


Applying A7a-c, A4 twice, and Al, 
wU(yUz) = (an (xeUy)U2z))U(YN (aU y)U2)) U(zN (aU y) U2)) 
((xUy)N(xUy)UZ))U(zN((xUy) U2)) 
((cUy)UzZ)N((xUy)Uz) = (xUy)Uz A8a 


ΠῚ 


which proves one-half of L2. 


(v) Applying A8a, 5a, 
(xUy)N (α 2) (xN(eUz)U(YN(eUz)) = xU((yNa)U(yNez)) 
(xU(yNax))U(yNz) = xU(yNz) A4a 


which proves the rest of A4, now completing L5, and similarly 


\| 


I] 


(~Ny)Uz = (xUz)N(yVUz) A4b 


(vi) Since A4a-b is now available, the duals of A6a and A8a can be proved likewise, thus completing 
L1-5. 
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§2.4.2 Boolean Algebras 


Df. 2.4.2.1 A Boolean algebra is a set B of elements x,y,z,..., operated on by the dual 
binary operators of join (union or disjunction) or meet (or intersection or conjunc- 
tion), denoted by v and ~ respectively, as follows: 


Bl. Closure: (la) wvycB if xyeB (10) wayeB if xyeB 
ΒΖ. Commutative law: (2a) xvy=yvex (2b) way= Yau 
B38. Distributivelaw: (8a) wv (yaz) = (ἂν ψ)λ (αν 2) (3b) wa(yv2) 

= (Lay)v (2 λ 2) 
B4. Identity: (4a) xvO=2 (4b) xal=« 


(ὦ and J correspond to (ἢ and U of Df.2.1.6-7, called here the zero element and 
the universal element respectively.) 


B5. Complement: (5a) ἀνα’ Ξ ] (5b) χτλχαίξεξ Ο 
B6. Inclusion: «Cy (reading “x is included in y”) iff z’vy =I 


B contains other fundamental properties such as the laws of association, idem- 
potence, involution, absorption, etc., which, however, can be deduced from B1-6 (ef. 
Prob. 1-11). 


Boolean algebras are special lattices, viz.: 


Th. 2.4.2.2. A Boolean lattice is a Boolean algebra; i.e. if a lattice L is distributive and 
complemented, it becomes a Boolean algebra B through corresponding Joins and 
meets, e.g. 

eUyouwvy and ΧΟ OS LAY (Cf. Prob. 22) 


Th. 2.4.2.3. Conversely, B becomes ZL under the relation of inclusion, B6, denoted by Cc, 
with corresponding joins and meets (cf. Prob. 23). 


Note that B6 can be defined in various ways, viz.: 


Th.2.4.2.4 acy iff evy=y oriff enay=2 or iff ray’ = O. (Cf. Prob. 12-16.) 
(This theorem also may be considered exemplifying the difference between mathe- 
matical and everyday languages (cf. Df.1.1.1.6 and notes); for, if the theorem is to 
be interpreted in ordinary language, it is patently false, since a single “if and only if” 
in the latter demands the exclusion of all but one “iff”, in which the theorem above 
abounds.) 


Boolean algebras as abstract mathematical structures may become models for other 
mathematical or logical or even industrial systems, e.g. as follows: 


Df. 2.4.2.5 There exists a 1-1 correspondence between a binary Boolean algebra B and 
an algebra C of circuit designs as follows: 


B ν A — U 7) 
CG parallel series negation on off 
circuit eircuit 


(Cf. Prob. 24-26 below.) 


Df.2.4.26 There exists a 1-1 correspondence between a binary Boolean algebra B and 
a two-valued algebra P of propositions under the connectives of “or’’, “and’’, and 
“not” as follows: 
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BO τ 


A ~ (or 7) OU D 
and/or and not true false 


Th. 2.4.2.7 The algebra P of propositions is a Boolean algebra. (Cf. Prob. 27 below. ) 


The outcome of the theorem is that PART I of this book, in particular §1.1.1, 
Tautologies, is nothing but a Boolean algebra, and that what can be asserted on the 
strength of the definitions, metatheorems, and theorems of §1.1.1 can be asserted 
likewise by Df.2.4.2.1 and its theorems, and conversely. 


Solved Problems 


1. Both identity elements, viz. O and 1, of B are unique. 


PROOF: 
Suppose there exist two zero elements, O: and O2 where Οἱ τέ O2; then, by B4a, - 
Oiv0O2 = Ο, and O.v0O1 = Oz 
But, by B2a, Orv O. = Ov O1 


Hence O;=0O:, i.e. O is unique. 


The uniqueness of 1 can be proved likewise. 


2. Any complement, viz. x’ for x, in B is unique. 
PROOF: 


Let x; and x2 be both complements of x in B such that ὧν αἱ = J, ἂν χὲ = I, xvnxi = O, and 
“λας = O. But, then, applying B4b, 3b, 2a,2a,4a successively, | 


wm = MAL = wia(ever) = (αἰλαὴν (αἰλ αὐ) 
= (BA BI)V (tIAN we) Ξ Ὅν (αἰλαῦ = (αἰλχῶνο = xiad 


And, taking exactly the same steps, #2 = σίλ αὐ, Le. αἱ = as. Hence x’ of x is always unique. 


Note. The notation “=” in the proof is to show the steps where only the principle of substitu- 
tion, and not any of BI- 6, is applied. This: distinction is necessary whenever such a difference is 
substantial. 


3. Each of the identity elements in B is the complement of the other, viz. O’ =] and I’=0O. 
PROOF: 


There exists O’ for O in B and, as Problem 2 has proved, O’ is unique. Now, by B4a, O’vO = Oo’ 
and, by B5a, Ov O’ = I. But, by B2a, O’vO = OVO’. Hence O'=I.: | 


I’=O can be proved likewise. 


4. Prove the idempotent law for B, viz. (a). ἄνα Ξξ αὶ and (Ὁ) σ λα ΞΞ . 
PROOF: a > | 
Applying B4a, 5b, 3a, 5a, 4b successively, 


eg = £VvO = σνίσλα) = (4va)a(aven’) = (exva)al = ave 


The dual can be proved likewise. 
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9. Prove the involution law for B, viz. (#’)’ = χ'' = x. 


PROOF: 
Since x’ is unique, by Problem 2, so is α΄; and again by Problem 2 itself, a2’ VO = x”, 
e’AL= 2", ἀνα = 1, ¢’ av’ = Ὁ, 


Now suppose α΄ * a”; then, since a’’ = x’vO and, applying B5b, 3a, 4a step by step, 
ae’ vO = φ'νί(ασ λα) = (a! vala(a’ ve’) = χνα, ie a” = ava 


and since «#2, it follows from Problem 4 that αὧἷν αὶ τέ x“, ie. a’ τέ x’, which, however, is 
contradictory to the Principle of Identity (cf. MTh.2.1.1a). Hence x” = x. 


Note. The same can be obtained by starting with «’AI and χα σέ ἃ. 


6. Prove: (a) αν =I, (δ) αλὸ -ἮἭ Ο.ὕ. 


PROOF: 
Applying B40, 2b, 5a, 4b, 5a successively, 


Ι! 


evl = (νῆλ] = λίαν ὴ = (αν αἢ λίαν ἢ avix'al => ἀνὰ = 7 


Likewise, applying B5a, 2a, 5b, 3a, 4a, 5a, 


eNO = (KAODVO = OV(wAO) = (HAH’)V(EAO) = σλίν ΟἹ = waz’ = O 


7. Prove the absorption law for B, viz. 
(a) νίαν = x and (b) ra(xavy) = a; then prove that x=y if wvz = yvz 
and ®2AZ = Ya. 


PROOF: 
Applying B2a, 4a, 3a, Prob. 6a, B4a successively 


aA(avy) = («vy)an = (e#vy)a(avO) = aviyadO) = xvO = καὶ 


The dual can be proved likewise. Furthermore, 
e = χα λίην 2) = α λίψν 2) = (@ay)v(@az) = (eay)viyaz) = yAlave) = yatyvz) = y 


1.6, x =y, by repeated application of the laws of absorption and substitution. 


8 Ifa=cand b=d,then avb=evd. 


_ PROOF: 
By MTh.2.1.la, X=X; then if X =avy, αν τ αν. Let «=a and y=b; then, by 
MTh. 1.1.1.9, αν ὃ = av ὃ. But, by hypothesis, a=e and ὃ =d, which implies, by MTh. 1.1.1.9 again, 
avb = αν ἃ, completing the proof. 


9. Prove the associative law for B, viz. 
(a) ἂν (γν 2) = (evy)vz and (δ) χα λί(ῳυ 2) = (Lay) Az. 


PROOF: 
(a) Let X = ὧν (ψν 2) and Y = («xv y)v2z; then, applying B3b, Prob. 4b-7b, 


ZAX = (α λαὴν (δ λ ίψν 2) = xv(e@ana(yvz) = αὶ 
and applying B3a, Prob. 7α-ὃ, 
eAY = (λίαν ψμὲλν (waz) = αν (σὴ) = αὶ 


Hence «AX = aay. 
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On the other hand, applying B30), 2b, 5b, 2a, 3a successively, 


eaX = (αλλ αὴν (α΄ κα ίψν 2) = (wan’)v (a’ ayy 2)) 
= Ov(@’atyv2)) = (atyvz))\VO = aalyv2) 


and applying B30, 3b, 2a, 5a, 2b, 4a, 3a, 


y AX = (walevy))v(aeiaz) = (a λ αὴν (e’any))v (α΄ ἃ 2) 
= ((a@nxn)v(a’ay)vi(e’az) = (Ov (xe ay))v (e’ α 2) 
= ((α' λ σὴν ΟΥ)ν (α΄ κα 2) = (αλλ ψὺὴ}ν (“' az) = αλίψν 2) 


Hence αλὰᾷὰ Ξ y' AX. 


Applying Prob. 8 here, let a= σλζ, b=2’AX, c= HAY, ἀξ μ΄ AX, and (*#rAX)v(2i aX) = 
(«A γὴν (y’AX). Then, applying B2), 3a, 5a, 4b, step by step, 


(Χ αν (κα) = (Yau)v(Yax’), 
le. ἅλίων αῇ = Ya(ave’), ie XAI = Yall, ie. X = Y 


Hence «v (yv z) = (a@vy)v2z. 


(8) Likewise, xv (yAz) = (αλλ ψ)λ Ζ. 


10. Prove De Morgan’s law for B, viz. (a) (ὧν μ), = way’ and (δ) (rayyY = a’vy’. 
PROOF: 
(a) (xv y)’ = x'ay’ obviously holds if it is proved that 
(avy)v (a'’ay') = 1 and (χν ψ})λ (αἰ Ἀν) = O 
(cf. B5 and Problem 2) 
Applying B3a,2a, Prob. 9a, B2a,5a, Prob. θα, B4b successively, 
(αν μὴν (way) = (avy)ve)a(lavy)v 2’) = (a’vl(avy))a(avy)vy’) 
= ((e’va)vyateviyvy’)) = YyvDatevil = Tal Ξ 1 


Likewise, applying B2b,3b,2b, Prob. 9b, B26,5b, Prob. 6b, B4a, 


il 


(σ' α γὺὴλ αν ψ) = (αἰ ay)an)v (ae ay)ay) 
(σ λα (α΄ Aw) V (Ce ay’)AY) = (ὦ να χῇ» νῦν (we Aly’ Ay)) 
(yA (w@az')v(elatyay’)) = (Κν' λοὴν (ead) = OvO = O 


(xv y) A(x’ ay’) 


lf 


II 


(6) The dual can be proved likewise. 


11. Prove that inclusion in B (cf. B6) is dual, 1.6. xCy and xDy are dual. 


PROOF: 
The dual of “xcy iff x’ vy = 1” is “xDdy iff x’ Ay = O”, which is true, since 


“avy =O & (way =OW=a1 & (ὖὦὰζονγ' ΞῚ «9 avy =1 2 you 9 σον 


Note that this theorem validates the “dualization” of all other inclusion theorems. Note, also, 
that the double arrow signs are employed here, as in Prob. 13-20 below, to show the logical equivalence 
between any two successive steps in the proof. 


12. Prove that σον iff rvy = y. 
PROOF: 
If «vy = y, then aw’ v(evy) = (a’va)vy = (ave')vy =Avy=y ie α'ν (αν ψ) = 
ew’ vy ΞΞῚ. Hence xcy. 


Conversely, if «cy, 1.6. αν = 1, then evy = (evy)al = (ν ψὴ)λία'ν ψ) = (γν χ)λ 
(yve)=yVvV(eanaxe’) =yvO=y, ie σαν Ξε ψ. 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 
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Prove: 2 C ἃ 
PROOF: 
By Prob. 4a, xv « = x, which is, by Prob. 12, logically equivalent to xCx, completing the proof. 


Second proof. χοὰς 5 wvx=xvex'=—1, by B2a, 4a,6. 


acy Wf xray’ = O. 
PROOF: 
acy 2 wvy =I > (vy =I & (ay =O «» xeay =O, by B6, Prob. 3, 10, 5. 


Cy iff VAy = Ὡς 
PROOF: 
If xAy = x, then, applying Prob. 9b, B5b, Prob. 6), 


λυ = (“«ayay = wxatyay’) = «ad = O 
1.6. AY’ = O; hence, by Prob. 14, «cy. 
Conversely, if «Cy, ie. a Ay’ = O, by Prob. 14, then by applying B4a, Prob. 14, B3a, 5a, 4a, 


eAY = (e€AyVO = (K@AY)V (HAY) = σχλίψνν) = wal = αὶ 


cay=au iff «vy=y (oriff «ray =O). 
PROOF: 
CAY=R SP χὸὺν GS EVY=Yy (Haany’ =O), ὃν Prob. 12,15, (14). 


If «Cy and y Cz, then x Cz. 
PROOF: 
Since «vy = y and yvz=2z, by Problem 16, 


χνξ = auviyvz) = (avy)vz2 = yveze = 2, 


by substitutions and Problem 9a, ie. av z= z. Hence, by Problem 16 again, «CZ. 


Second method: Since xv y = x, by Problem 15, and yv z = z, by Problem 16, 
NZ = αλίψν 2) = (eAy)V(Maz) = wev(aanz) = κα 


Hence, by Problem 15 again, « C z. (Other methods can be similarly devised.) 


If «eB, then OcCacl. 
PROOF: 


Since Ovex =avO= χ, by B2a,a, ie. Ova = x, it directly follows from Problem 12 
that OCx; also, from Problem 6a, xvI = u, ie. acl. Hence, together, OCawCl for any xcB. 


If xcy and yCua, then x= ψ. 
PROOF: 


Since, by Problem 12 and hypothesis, xv y = y and Μὰ = ἃ, and also, by BZa, αν = yva, 
it immediately follows that x = y. 


Pee AT: ἢ Ga 
PROOF: 
σον 45 way=O0 & Yax =O & Yast" =0 & γ'ςχ' 


1.6. *Cy <> y’Cx’, by B6,2a, Prob. 5, B6. 
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21.If «Cz and yC2, then (xv y) C 2. 


22. 


23. 


* 24, 


PROOF: 
Since xvz=2z and yvz=z, by hypothesis and Problem 12, it follows that 


(αν μὴν = αν ίψν 2) = “ve = @, ie, (wVvy) C κα 


A Boolean lattice L is a Boolean algebra B. 


PROOF: 
The transformation is clear through the following 1-1 correspondence: 
L B 
1. Commutative law: Li <= B2 
2. Associative law: L2 ς»  Prob.9 
3. Absorption law: 13 <  Prob.4 
4. Idempotent law: 14 «9 Prob. 4 
5. Distributive law: L 99 B83 
6. Complementation: Df.1.4.1.14 << B5 


B becomes L under B6 (cf. Th. 2.4.2.4). 

PROOF: 

(i) B is partly ordered under B6, since, for x, y,zeB, 
(a) Reflexive: xCx, by Problem 18; 
(8) Antisymmetric: «Cy and γα imply x=y, by Problem 19; 
(ec) Transitive: σον and yCz imply «Cz, by Problem 17. 


(ii) avy eB, by B1, is also an upper bound of « and y, since ὧν (ὧν ψν) = (evax)vy = “VY, 
by Prob. 9,4, which proves, by Prob. 12, « τ xvy, and likewise y C xv y. 


(iii) Let b be any upper bound of x and y, ie. «Cb and yCcb; then, by Prob. 12, xvb = ὃ and 
yvb = ὃ. Hence (ὧν ψὺὴὲκΝ ὃ = αν (γν δὴ) = xvb = ὃ, ie, again by Prob. 12, x~vy Cc ὃ, 
which proves that xv y is the l.u.b., le. the join, of « and y. 


The steps of (ii) and (iii) can be similarly taken for αλλ, to prove it to be the g.l.b., 1.6 
the meet, of « and y. 


Hence B under B6 is a lattice. 


Find, by Df.2.4.2.5, the diagrams of circuits which correspond to the following 
propositions: 


(i) pvq@, (ii) pa, (ili) (Pv (pv 4))ν na. 

Solution: 

(i) Since a switching circuit design 
is an arrangement of wires and 
switches where an open switch 
prevents the flow of current while 
a closed switch permits the flow, 
the table at right exhausts all 
possible cases, given two distinct 
switches p and g through which 
current is to flow if either p or 4 
or both are closed. It is evident 
that the first table is logically 
equivalent to the second table, 
which is the truth-table of pv q 
where p and q are two proposi- 
tions. The circuit for pvq is 
then represented by the two 
switches p and gq in parallel as 
at right. 
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(ii) Likewise, there exists a 1-1 correspondence between the conjunction of two propositions pq and 
the condition that current flow if both switches p and q are closed, as is manifest in the corre- 
sponding two tables below: 


series 
pee | ae 
on 
on 
off 
off 


on on 
off 
off 
off 


The circuit for pq is then represented by p and q in series, i.e. as follows: 


p q 


(iit) Once it is proved, by (i) and (ii), that there exists a 
1-1 correspondence between a disjunction and a paral- 
lel circuit and between a conjunction and a series 
circuit, and, by Df. 2.4.2.5, that Καὶ is on and off if p 
is off and on respectively, the diagram of the circuit 
is immediately obtained for (pv (pv q)) v pq, or what 
is the same, (pv (6AG))V (pAq), as shown in the 
adjoining diagram. 


*25. Design circuits for the following propositions: 
(i) (par)v(b(av7r)), (ii) (pv Gvr)s(pv qFv Gs). 


Solution: 


(i) Since pg? is a series circuit, which is in 
parallel with p(qv 7) which in turn is δ : q 
in series with a parallel circuit of qv 7, Ἢ | 
the proposition reveals itself in the ad- 
joining figure. 


(ii) Reasoning similarly, the second design is obtained as follows: 
Pp p 
Tr 7] 8 


*26. Represent the circuit below in a proposition, then simplify it by the theorems dis- 


covered in §1.1.1. 
TT 
ts t 


ee —— - αὶ 
Since the first parallel circuits are represented by (ρᾳν ἣν vt) and the second by (pqv rst), 
and since they are in series, the design as a whole is represented by (pqv ἣν ἕν thipqv rst). Now 


(pq) v (ὃν ἕν t))((pq) v (rst)) by Df. 


mT] 
Sr 


fr δι 


Solution: 


IH 


(ρᾳν FV Sv t)(pqv rst) 


= (ραν (Fv ὃν t)(rst)) by Prob. 10, iii, a 
= (pq) v ((rst)(rst)) by Prob. 12, ii 
= pq by Prob. 14, ix of 81.1.1 


Hence the given design is logically equivalent to the following design: ———_—- p —_____ q 
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27. Prove Th. 2.4.2.7. 


PROOF: 
By Df. 2.4.2.6, B1-6 can be written as follows: 
Pi: Closure (la) pvqeP if pqeP (1b) pqeP if paeP 
P2: Commutative law (2a) pvq = qvp (2b) pq = qp 
P3: Distributive law (3a) pviar) = (pv φίρν ΥἹ (3b) plavr) = pav pr 
P4: Identity (4a) pvqg = p (4b) pp = p 
P5: Complement (5a) pvp is a tautology. (5b) pp is a contradiction. 
P6: Inclusion (6) prq = pvg 


Since it is already known that every proposition included in P1-6 is a tautology (which can be 
readily verified by truth-tables as in §1.1.1), this completes the proof. 


Supplementary Problems 
Part 2 


21. Prove that the null set @ (cf. Df. 2.1.7) is a subset of every set. 


2.2. Prove, first in terms of ε (membership), then by a Venn diagram, that 


AN(BNC) = (ANB)NC = ANBNC 
2.3. Give second proofs of Th. 2.3.7 in entirety (except the one already given) by Venn diagrams. 


2.4. For any two sets A and B, 
(i) AU(B—A) = AUB, (ii) AN(B-—A) = @ 


25. If A and B are two subsets of a set C, andif AUB =C and ANB =@, then B = C—A. 
26. Provethat {{a},{a,b}} = {{c},{¢c,d}} iff a=e and b=d. 


2.7. Given X = {p,q} and Y = ir,s,t}, find 
(i) XXX, (ii) YXY, (ili) XXY, (iv) Y XX. 


2.8. Prove that the four categorical propositions — A (all a is δ), # (no a is δ), I (some a is δ), and 
O (some a is not δὴ) — can be expressed as ab = 0, ab =0, ab¥0, and ab #0 respectively. 
A 


2.9. Consider Prob. 2.8 above in terms of Venn diagrams, interpret- 
ing them in the language of ε as in the figure at right. 


2.19. Simphfy the following expressions, justifying each step with 
B1-6 and other theorems deduced from them: 
(i) pv (pA(pyr))Vq apy q’)). (Ex)((x ε a)(x ε b)) 
(ii) ((p Aq’) v (p' λ 4)) A (ᾧ λα φὴν (pA 4}}". 
(ii) (PAQVPANV(DAKAL)IA(DACAr Vip as’ At)V (Pad at)’. 
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2.1. 


2.12. 


2.18, 


2.14. 


2.15. 


2.16. 


2.17. 


2.18. 


* 2.19. 


* 2.20. 
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Verify the validity of the results of Prob. 2.10 by truth-tables or (in particular for (iii}) by meta- 
theorems of §1.1.1. 


Simplify, justify, and verify (as in Prob. 2.10-11) the following expressions: 
4) (PAG λυ) A(Daqgar’y. 

Gi) (pVavrv (pag Ar) A (pag v (pAQq)v (' α 4)). 

(iii) (PAQV(TASAD) α (ὐν 8᾽ν ἐν (pag). 


If ο(ΧῚ denotes the number of elements in a set αὶ (cf. Df. 2.1.11), and if A and B are any two sets, 
then 


o(AUB) = ο(Α) + 0(B) — 0(ANB) 


If Ai,A2,...,An are mutually disjoint sets such that A1UA2U...UA, = U, (ef. Df. 2.3.13), then 
for any set B, 


ο(Β) = 0(A:NB) + o(AsnB) + --- + 0(AnNB) 


Draw a Venn diagram for the case of three subsets A,B,C, and define the eight disjoint (nonover- 
lapping) regions R,;,R2,...,Rs in terms of “ge” (eg. Ri = (we A) A(we B)A(xeC), ..., Rs = 
(c¢A)A(x¢B)A(x¢C)), then determine the following sets by listing their elements in terms of 
Ri, i= | Fe ὃ ὃ: 
(i) U, (ii) A, (iii) Β, (iv) C, (wv) A’, (vi) AUB, (vii) ANB 
(vill) A’N (ANB), (ix) (AUB)NC, (x) (ANB’)AC’ 


A foreign language school has 200 students, of which 120 students study French, denoted by o(F) = 120 
(cf. Prob. 2.13), 90 students study German, i.e. o(G) = 90, and 70 students study Russian, 1.6. 
o(f) = 70. It is also known that o(RNG) = 30 (i.e. 30 students study both Russian and German), 
οΟ( ΟΕ) = 50, (ΟΕ) = 40, o(FNGNR) = 20. Find oRAG'NF’) and o(R/NGNF). 


The result of a poll shows that the numbers of people who listen to the programs A, B, and C are 
a, ὃ, and ὁ respectively; and the numbers of people who listen to both A and B, both B and C, and 
both C and A are d, e, and f respectively. Find the number of people who listen to A, B, and C. 


Draw the switching circuits which represent the following expressions: 


Gi) DAQA(TV Ss) Vv (τα (ἐν w)), (ii) (PAGAY)V (DAGA (ras) v (taw))). 


Referring to Prob. 2.13 above, interpret the following set of axioms 

(i) P(x) =0 if ἃ is a logically false proposition. 

(ii) O= P(x) =1 for any proposition x. 

(iii) P(xvy) = P(x) +P(y)—P(xy) for any two propositions x and y, 

where P(x) denotes the probability of any proposition x and the same probability is assigned to any 
two equivalent propositions. 


If « and y in Prob. 2.19, (iii) are inconsistent, then 
(iv) P(wvy) = P(x) + Ply) 
and also, designating the negated «x, 


(v) P(®) = 1— P(x) 


Part 3—Algebra of Groups 


Chapter 3.1 


Finite Groups 
83.1.1 Groups in General 


Df.3.1.1.1 A group is a set G of elements a,b,c,... under a binary operation * (or © or 
any other suitable symbol or, as below, no visible symbol at all), satisfying the 
following four axioms: 

G1: Closure. a*xb eG (or more simply written: abeG) is unique for every 
a,beG; a*b or ab is called the product of the factors a and ὁ. 

G2: Associativity. a(bc) = (ab)c for every a,b,ceG. 

G3: Identity. eeG such that ea = ae =a for every acG. 

G4: Inverse. a-!¢G such that α ἴα =aa~!=e for every aeG. 


Th. 3.1.1.2 The identity of G3 and the inverse of G4, defined by Df. 3.1.1.1, are unique. 
(Cf. Prob. 1.) 


Th. 3.1.1.3 (Cancellation Law for Groups). For every a,b,eeG, both xa=xb and ax = δὰ 
imply the same a=b. (Cf. Prob. 2.) 


The definition of groups by Df.3.1.1.1 is in fact stronger than necessary, since 
it contains some redundant properties, viz. one-half of G3 and G4. These as such 
can be replaced by the corresponding weaker axioms as in Th. 3.1.1.4 below. 


Th. 3.1.1.4 Df.3.1.1.1 is equivalent to the following alternative set of axioms: 
Gl’ = Gl 
G2’ = G2 
G3’. Left-identity: ea = a, ec G, for every acG. 
G4’. Left-inverse: α ἴα = e, a~'eG, for every acG. 


The term “left” here is the dual of “right”; for the left-identity can be replaced by 
a right-identity and the left-inverse by a right-inverse (cf. Prob. 3). 


Df.3.1.1.1 can be made even weaker, abstracting away the axiom of the explicit 
identity, as in Th. 3.1.1.5 below. 


Th. 3.1.1.5 Df.3.1.1.1 is equivalent to the following alternative set of axioms (cf. Prob. 4): 
Gl” =Gl 
G2” = G2 
G3”. Unary operation “inverse”: a~!«¢G is unique for every aeG. 
G4’’. Inverse law: α΄ '(αδ) = ὃ = (baja “'. 
The number of axioms may be reduced, too, and the following set of axioms for G 
is an example. 
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Th. 3.1.1.6 Df.3.1.1.1 is equivalent to: 
αΙἹ΄΄ = Gl 
G2’”" = G2 
G3’” = Th.3.1.1.3 for both left and right; viz. each of xa=2b and ay=by for every 
a,b,7,yeG implies a= ὃ. (Cf. Prob. 5, 11.) 


Not only other alternative sets of axioms for G are available (cf. Prob. 6 and 
Supplementary Prob. 3.3), but also, depending on the number of axioms involved, 
other kinds of groups may be obtained. 


Df.3.1.1.7 A group G, defined by G1-4 (or other equivalent alternative sets of axioms), 
is called an Abelian (or a commutative) group if it satisfies an additional axiom: 


G5. Commutative law: ab = ba for every @,0¢G., 
In particular, an Abelian group under addition is sometimes called a module. 


Note that an Abelian group is a special group; if a set G is an Abelian group, 
it is then a fortiori a group, satisfying G1-4. In this sense the class A of all Abelian 
groups is a sub-class of the class G of all the sets which satisfy G1-4. 

On the other hand, the class G of ordinary groups may become a sub-class of the 
class of more general groups such as semi-groups, quasi-groups, loops, etc., defined 
as below. 


Df.3.1.1.8 If a set D satisfies only G1 and G2, it is then called a semi-group (or demi- 
group in the French mathematical literature in which a semi-group satisfies G1-2 
and Th.3.1.1.3). (Cf. Prob. 11.) 
In terms of “groupoid” (cf. Df.2.2.1.1b), the semi-group may be defined also as 
follows: 


Df.3.1.1.8a A semi-group is an associative groupoid (cf. Df. 2.2.1.4). 


It must be noted that a semi-group which also satisfies G3 is called a monoid: 
viz. a monoid is an associative groupoid with an identity element. 


Df.3.1.1.9 If a set Q satisfies G1’ uniquely, i.e. if any two of a,b,ceQ in ab=c uniquely 
determine the third, it is then called a quasi-group. 


Df.3.1.1.10 If a set L is a quasi-group with G3, i.e. a two-sided identity: ea=ae=a 
for any acl, it is then called a loop. 
It is evident that G, defined by all of G1-4, is a special kind of D,Q,L, satisfying 
each of Df. 3.1.1.8, Df.3.1.1.9, and Df. 3.1.1.10. 


Df.3.1.1.11 A non-empty subset S of G under * (a binary operation in Df.3.1.1.1) is 
called a complex of G; S is then called a subgroup of G if S is itself a group under Ὁ. 


In particular, G is considered a subgroup of itself, and the unique set which 
consists of the identity e alone, which does form a group, as can be readily verified 
(cf. Prob. 15 below), is regarded as a subgroup of every group, including itself. 


Df.3.1.1.12 A subgroup which is neither G nor e alone is called a proper subgroup. 


Th. 3.1.1.18 Any complex S of a group G is a subgroup iff 
(i) a,beS implies abeS, and 
(ii) aeS implies a-'eS. (Cf. Prob. 8 and also Th.3.2.1.1.) 
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Df. 3.1.1.14 If G has ἢ elements, ne N, N denoting as usual the set of all natural num- 
bers, it is then called a finite group of order n. 


Df. 911.15 If G has infinitely many elements, it is called a group of infinite order or 
simply an infinite group. 
Example: 
The set of all integers under addition; or the set of all rational numbers, excluding 0, under 
multiplication (cf. Prob. 9). 


The groups in this chapter will be of finite order unless stated otherwise. 


Solved Problems 


1. The identity of G3 and the inverse of G4 are unique. 


PROOF: 
(i) Suppose e’ is also an identity; then ee’=e’, and since e is also an identity, ee’ —e. Hence 
ee’ = e' = e, which explicitly reveals the uniqueness of 6. 


(ii) Suppose ὃ is also an inverse of a, 1.6. ab=aa'=e. Then, since α΄ εα, it follows that 
a-"(ab) -- α΄ Ἰ(αα 3), by Gi, and (a~a)b = (a~'a)a7', by G2. Hence, by G4 itself, eb = ea, and 
b=a~, by G3, proving that the inverse α΄ is unique. 


2. Prove the cancellation law for G (cf. Th.3.1.1.3). 


PROOF: 
Since, by ΟἹ, xa=x2b in G implies x~(«a)=a2— (xb), where α΄ ες, it follows from G2 that 
(α 'x)a = (x-'x)b, ie. ea = eb, by G4. Hence, by G3, a= ὃ; ie. xa = xb does imply α Ξε ὃ in G. 


Likewise ax = bx in G implies a= ὃ, which completes the proof. 


3. Prove Th. 3.1.1.4. 
PROOF: 


In accordance with the weakened axioms, the cancellation law also weakens; it becomes a left- 
cancellation law that xa = αὖ implies a= ὃ (proved as above, in Prob. 2). 


Now, the left-identity of G3’ is also a right-identity, since, by G4’, a 'a=e=ee=a ‘ae, ie. 
a—tae=a-'a and, by left-cancellation, ae=a. Hence G3’, implicitly representing the two-sided identity, 
is equivalent to G3. 


The left-inverse of G4’ is also a right-inverse, since, by G2’,3’,4’, α΄᾽ ΞΞ εα ᾿Ξ (α΄ 'α)α ᾿Ξ 


“1. 


α΄ ᾿(αα ἢ ΞΞ α΄ἴ6, ie. a -‘(aa~')=a~*e and, by left-cancellation, aa™* =e. 
Hence, likewise, G4’ is equivalent to G4. 


Hence, altogether, the set G1’-4’ is equivalent to G1-4. 
Second Proof (without resorting to cancellation). Letting, by G4’, a“ta=e and xa”*=e, then 
applying G2’, 3’, 4’ repeatedly, 
aa! = ε(αα 1) = (σα ᾿ίαα  ΞΞ a(a(a(a~'))) = x((aa)a~") = a(ea~") = wa? = 6 
which proves the right-inverse for G4’. Using this result immediately, 
ae = α(α 1α) = (aa ἴα = ea = α 
which proves the right-identity for G3’. 


Note. It goes without saying that, conversely, G3-4 entails G3’-4’, since the former explicitly 
contains the latter in itself. 


Note also that another equivalent set of axioms for G can be readily obtained from Gl’-4’, 
simply by replacing “left” by “right”; the proof will be carried out with (or without) right-cancellation. 
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Prove Th. 3.1.1.5. 


PROOF: 

(i) As above, G1-4 obviously entails G1’’-4”. 

(1) Conversely, the latter entails the former, since G3-4 can be obtained from G3’’-4” as follows. 
Substitute c~'e for ὃ in ὃ -Ξ (ϑα)α 1 of G4”, and ς ἴς = ((e~*c)a)a~* = (e7'e)(aa7') = ο΄ '(e(aa~*)) = 


aa~*. If a=c, then aa“!'=aa=~y is unique in G for every a=ceG; hence, if x as such is 
defined as the identity, G4 is at once obtained. 


Furthermore, if «=e, then «ab = (a~'a)b = a~*(ab) = 6b, by G2” and G4”; likewise bx =b 
which yields G3. 


Hence the set G1’’-4” is equivalent to the set G1-4. 


3 


Prove Th. 3.1.1.6. 
PROOF: 
Let Oi δι aid co Da (A) 
be the distinct elements of the group G of order n; then, for any aie G, 
| Aidt, ids, ..., didn (B) 
are, by G1’”’, also the elements of G and are distinct, since, by G3’”, 
iad; = Aiadk implies aj = a 
Hence (B) is actually a different arrangement of (A), and if are G, there exists an element a, such that 
de = Gidy 
Likewise, by G3’’’, there exists ας such that 
ἄχ — AzQi 


The identity element of G is then defined by letting a;=a,= 6, since, given any two elements a, and 
a, of G such that 
Audi = a; and σιᾶν = αἱ 


it always follows that 
Gudz = Au(Gidy) = (Quai)ay = aidy = ἂς 
and likewise, a:a@. = az This establishes G3. 


Now, if there exist any two elements a, and a, in G such that 


idy = 6 and agai = 6, 
then ἀφαιαρ = (Aqai)ap = Cap = ἃρ 
and ἀφαιαρ = Aqg(Aiady) = age = ἂς 


Hence a, = a, = a;', where a;' must be unique, since, by G3’”, there can be one and only one solution 
for aia: =e. This yields G4, completing the proof. 


Prove that Df.3.1.1.1 is equivalent to the following definition of a group: A group 


is a set G of elements a,b,c,... under a binary operation /, satisfying the five axioms 
below: 
G’l. a/beG is unique for every a,beG. G’4.  (a/a)/(b/c) = ο7Ὁ 
G2. αα Ξ ὃ} = 1 α΄. (a/b)/(c/b) = a/e 
G’3. a/(a/a) =a 
PROOF: 
(i) Referring to G’2-3, let (a/a)/a = 1/a = a7'; then, by G’3-4, 
(α 7 = (α΄ )α ")α 1} = (a-/a~')/((a/a)/a) = a/(a/a) = a and ab = a(b™)"! = a/b7 


Hence, since a/b-'eG is unique, ab is unique, deducing ΟἹ. 


(li) Since a/b =a/(b-')"1=ab-', a/a= aa! =1: and, immediately using this result, a~‘a = 
a~‘(a~")-* = 1. Hence aa! = α΄ 'α = 1, establishing G4. 
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10. 


(iii) Let a=1 in at=(a/a)/a; then 1°'=1171, and 1= 1/1=11-!1=17'. Hence, by G2, 
al-'=al=a and, by definition, a~!=1/a=1a7', from which it follows that (α 1) = 
1(α "71, 1.6, a=1a, proving G3. 

(iv) Let a=2, ξε ν᾽, 5ΞῚ in G’5; then (xy)(ly)"'=217', ie (ψ)ν ᾿Ξ αν, Now, let αξ χῳ, 
b=y, c=z7; then ab-!=(ay)y"'=« and G’5 itself becomes (ab~')(cb™*)"'=ac™*. Hence, 
since (δε )-1= b>! (. 6α΄4: 1(be7!)-!=eb~'), it follows that (ab~')(be™’)=ac™*. This, in 
terms of x,y,z, is indeed 2x(yz) = (xy)z, proving G2. 


Conversely, through ab~!= a/b, G’1-5 can be deduced from Gl1-4, establishing the desired 
equivalence between the original and the alternative definitions. 


If aa=a,aceG, then a=e. 


PROOF: 
a= ae = α(αα ἢ = (aaja-* = αα΄ἢ = 6 


Prove Th. 3.1.1.138. 


PROOF: 

If (i) and (ii) hold for S, then S immediately satisfies G1, by (i) itself, and (i) also assures G2 
for S. For, if a,oeS implies abe S, then both ab,ceS and a,bee S imply the same: abceS. Also, 
since there is at least one element in S, e=aa™~! must be in S, by (ii), proving G8 for S. As for G4, 
it is directly provided by (ii) itself and the existence of e, which has already been established. 


Conversely, if S is a subgroup of G, (i) obviously holds. Also, since the identity x=e’ of S 
satisfies xx Ξε αὶ (cf. Prob. 7), it is the identity of G itself. But then, since the inverse of any aceG 
is unique, the inverse of any element seS must be the same as its inverse in G. Hence (ii) holds. 


This completes the proof. 


Prove that the set 7 of all integers under addition is a group, and so is the set R of 
all rational numbers (0¢/) under multiplication. 


PROOF: 
(i) Gil: o,yel implies xtyel. G2: awy,zel implies «+(y+2) = (xt+y)+2z. G3: e = 0. 
G4: x i= --α. 


(i) Gl: wyeR implhes xyeR. G2: w,y,z¢eR implies x(yz) = (ay)z. G3: e=1. G4: wi=I1/e. 
Note that both 1 and RF are Abelian groups, since (xt+y)=(ytx) ε 1 and (xy)=(yx) ε R, 
satisfying αὖ. 


Why, or why not, are the following sets groups under multiplication? 


(i) The set 7 of all integers. 
(ii) The set C of all complex numbers. 


(iii) The set S of all real numbers of the form z+ y\/2, where x,yeR are not 
simultaneously zero. 


(iv) The set U of the third roots of unity. 
PROOF: 
(1) ZI is not a group under multiplication, because G4 does not hold here. 


(ii) C forms a group under multiplication, since 


ΑἹ: (a+bi),(c+di) e C, where a,b,cdeR* (R* denoting as before the set of all real numbers) 
implies (a+62)(ce+d1) = (ac—bd) + (ad+be)i ες C, where (ac—bd),(ad+bc) ε R*. 


G2: (at+bi),(e+di),(e+fi) e C, where a,b,c,d,e,fe R*, implies 
(a+ bi)((e + di)(e + fr)) = (ace —adf — bef — bde) + (acf + ade+ bce — bdf)i 
= ((a+ δὴ .(ς + di))(e + fi) 
G3: e=1 {Ξ1- θὴ. 
G4: (a+ bi)7! = I/(at bi). 
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(iii) S is a group under multiplication, since 
G1: (a+ by2), (e+ d\/2) ε S, where a,b,c,de R, implies 
(a + bV2)(e + dV2) = (ac+2bd) + (ad+be)V2 ε S, where (ac+2bd),(ad+be) ε R. 
ΟΖ; (a+ by2), (e+ dy/2), (e+ fV¥2) εξ S, where a,b,c,d,e,fe R, implies 
(a + bV2)((¢ + dV2)(e+ f¥2) = (ace +2adf + 2bef + 2bde) + (acf + ade + bee + 2bdfyV2 
= ((α τ bY2)(c + dV2))(e + fY¥2) 
G3: e=1 (=1+0y2). 
G4: (a+ bY¥2)"! = I/(a+ V2) = (a/(a? — 26?) + (—b/(a? — 28%) V2, a/(a?—2b”), —b/(a? -- 28) ε R 


(since α ¥ 26’, because a? = 2b? will mean a = +bV2 ¢ ὦ, contrary to the initial condition). 


(iv) Solve #°-1 = 0, 1.6. (2 —1)(x?+%+1) = 0, and the third roots of unity are: 1,(—1+ iV3)/2, 
(—1 —i3)/2. Let a = (—1+ i/3)/2 and b= (—1 — iV/3)/2; then, since ab = ba = 1, it follows 
that G1-2, G3, and G4 (1°'=1,a7-!'=b, b= a) are all satisfied. Hence the set U forms a group. 


11. A semi-group D of order n is a group if, for a,x,yeD, 


(i) ax —=ay implies x= y, (ii) xva=ya implies x= y 
PROOF: 


Let the n elements of D be di,d2,...,dn; then, by (i), adi,ado,...,adn are all distinct elements 
of D (cf. Prob. 5). Hence, for a,be D, there uniquely exists d; such that ad; = b, which implies that 
ay — ὃ has a unique solution d;. 


Likewise, by (ii), xa = 6 also has a unique solution. 


Hence G3’ is established, and since Gi’”’-2’” are already given by definition, D is a group by 
Th. 3.1.1.6. 


12. Given axa=bD in G, find z. 


Solution: 
Multiplying both sides of the equation on the left, then on the right, by α΄, 


α΄ ‘(axa)=a-'b -ὁ. wa=a'b —> χαα ἱτ-αἷδα 1 + wx =a-'ba™! 


13. Prove: (a~')>'=a, where aeG. 


PROOF: 
Since, by G4, (a~*)"'a”* =e, multiply both sides of the equation on the right by a to obtain 
((α τ) *a")a = ea=a. But, by G2-4, 
((α ") Πα ᾽)α = (a~")* (ata) = (α 1) 6 = (α 1) 


Hence (α})  Ξ α. 


14. Define a° =e, where acG; then prove that for any integer n, α΄" = (a~*)" = (a7), 
PROOF: 
(i) n>0. Forn=1, α΄ = (α΄) = (αἴ) ἡ, which obviously holds. 


Suppose α΄" = (α 1)" = (a*)"' for n=k; then, for n = k+1, 


a~ ®t = ασκτὶ = g-kg-t = (ατἡκία Ὁ) = (α 51! 
and since α΄ “*” = (a7')¥(a7~1) = (αἴ) τ (α 3), it follows that 
aktig 7 (et) = aa* (a*)~* (a7) -- aea~} a αα 1 --- 6, 1.6, α΄ 11) --- (ak Ὁ}: 


Hence a “**) = (α΄) }} = (ak*!)~1. Thus in general, a~* = (α΄ ἢ)" = (a")~! for any integer n > 0. 


(ii) n<0. Let n=~—r(r>0); then a-*=a’, and (α΄ 1)" = (α ἢ" = ((α τ ἢ" = at (cf. Prob. 13); 
(a")~* = (a~")"' = ((a")~?)"! = α΄. Hence, again, α΄" = (α 1)" = (a")~* for any integer n <0. 


(ili) For n=0, a@°=a®=e, (α΄) τ 6 (since a =e and aa-'=e); (a°)"1!1=e-!=e. Hence 
α΄ = (a~1)° = (α)- 1, 


Hence, for any integer n, a~" = (a7')" = (αἴ) ". 
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15. Prove: e’ =e, eeG, where e°’=e, for any integer n. 


16, 


17 


18 


19 


PROOF: 
(i) n>0O. For n=1, e'=e. Suppose e*=e for n=k; then, for ἢ = k +1, et! = efe = 66 ΞΞ 6. 
Hence e*=e for any integer x > 0. 
(ii) 2 <0. Since ee=e, e '=e for n=—1. In general, letting n=—r (r>0), e" =e "= (6 
6᾽ = ὁ. 


Hence e" = 6 for any integer n. 


Generalize G2, i.e. (@1d2... G@m)(@m+1Gm+2... Amin) = G1d2... Amin. 
PROOF: 
Since, by G2, 
[2] (α: G3) -- (αι α:)α5 = A123, (αι (a2 α3))}α 4 = 41024344, oes (αι (α.ς(. . .An~1)). ; Jan = &102...4n 
1 mt+1 τη 
let [[ai = a and [[ a = ( ai) Gm+1. Then, since the case for n=1 evidently holds, suppose 
i=1 i=1 i=1 


m n mtn 
I] a JT] am+e = [] a for nm. Then, for n+1, 
1 i=1 


+1 ™ n πὶ n 
ai Π Omt+k — Il Qi (( II Om+k) Om+n+1) — (11 αἱ I] Om +n) mint 
1 k=1 i=l k=1 ἡ Ξ 1 k=1 
Mtn mtntti 


(I ai) Amtntil = I] ai 
i=1 i=1 


i= 


lI 


completing the proof. 


For any integers m and ἢ, andaeG, a™*" = a™a". 


PROOF: 
a). ΞΟ a> On a! SS Weekes sass OO ϑοι δος Ce re a = aa" 
ne ---.-’ ee 
m+n m n 

li m ,n : et m=-—p and n=—q, p> VU, q>V; en, Dy Frob. : 
(1) «0,η “0: Let d 0 0; th by Prob. 14 

αὖ 5 -- q~(Pt@ — (0 al 1 4 -Ξ- (α  ἢΡ (α !)9 = a” Pa? = a”™a" 
(11) m=0,n0: at" = αἴ = ea = aa". (Likewise when m0, n=0.) 
(iv) m>0,n<0, mt+n=0: Since —n>0, it follows by (i) and (iii) of Prob. 14, 

αὖ — αὐτο - αὐὐπα πα" -- (ἃ ὰ 8" — qimtn + C—n) αὖ = a™a” 


(v) m>0,n<0, mtn<0: Since —m—nxn > 0, it follows from (i) that αὖτ απ = απ -*t™ = Q®: 
then, by Prob. 14, αἴα ἡ" = a™*"a-™" "=e and 
απ -- amt e --- απὐπαῖ πα" = Geta 8 aa" -- (att a=) aha" = a™a” 
(vi) The same result is obtained if m and πὶ are interchanged in (iv) and (v). 
This exhausts all possible cases, completing the proof. 


For any integers m and n, and every aceG, (a”)" = am, 

PROOF: 

(i) n>0: Forn=1, (a"i=a™=a™'. If (aa) =a™ for n=k, then, for » = k+1, (απ) 1 Ξξ 
(a™)*a™ = αἶα" = a™**™ — a™*+) proving the general case for n> 0. 

(ii) n<0: Let n=—r; then r>0 and, by Prob. 14, (a”)" = (αὖ " = ((a™)") t= (a™) 1 ΞΞ α΄ = a™. 

(ii) n=O: (a”)’=e=a°= a", This completes the proof. 


In G, (ab)"'=b-'a~', and in general: (did2...@n)°!1 = az!...agtayt. 

PROOF: 

(i) Since (ab)(ab)"'=e and (ab)b-'a~'=a(bb-')a~“1=aea-1=aa'=e, i.e. (ab)(ab)-!= (ab)b—1a-', 
it follows, by right-cancellation, that (ab)~! = δ᾽ ἴα". 


(ji) When n=1, (a:)"'=a,7!, which evidently holds. Suppose for n=k, (aide...a.)71 = 
a,'...d@2'ai*, ie. (a@ide...an)(a,'...az'ar') =e. Then, for x = k+1, 


(ido... 0xdn+i)(@,),a,'...a,* a7") = (Gide... anjax+iaz},(az'...az' ar) 
= (102... dx)e(ax!... az a;,') 
= s+ = aa,°5' = ὁ 
completing the generalization. 
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If a,beG, then (bab~')" = ba"b-! for any integer 7. 
PROOF: 
(i) n>0: If n=1, it obviously holds. Suppose (bab~*)* = δα δ᾽ 1, then, for n = k+1, 
(bab~')*** = (bab~')*bab~! = ba*b~bab-' = batab-! = ba**b-', Hence (bab~1)” = ῥα δ΄". 
(ii) n< 0: If m=—1, then (bab~')"'= ba-'b-! since bab-'ba-1b-!= e. Hence 
(bab-')" = (δα "δ᾽." = δίατ- ἢ -"δ'! = barb? 


A group G is Abelian if, for a,beG, (i) αὐ =e, or (11) (ab)> = a?b*, or (iii) b~!a~!ba=e. 

PROOF: 

(i) Since αὖ = aa=e and aa”! =e, it follows that aa = aa7 and, by left-cancellation, α τ αὐ". Hence 
(ab) = (αδ)" and, by Prob. 19, (ab)-! = δ΄ ἴα" = ba, ie. ab = ba (= (ab)~'), establishing the 
commutativity in G. 

(ii) Writing it out, (ab)? = (ab)(ab) = aabb = ab, 1.6. abab = aabb. Then, by left-cancellation, bab = 
abb and, by right-cancellation, ba = ab, which is G5 for an Abelian group. 

(iii) ab = abe = ab(b-'a~'ba) = a(bb-')a~'ba = (ᾳαα δα = ba. 


If a group G is Abelian and a,beG, then (ab)"=a"b" for any integer n. 

PROOF: 

(i) πὸ: Ifn=1, then (ab)'= ab = a'd', which is evidently true. Suppose, for n= k, (ab)k = 
a“b*; then, for n = k+1, (ab)*+! = (ab)*ab = αἰδεαῦ = akad*h = a***}**!, justifying the gen- 
eralization. 

(ii) n< 0: Since —n>0, it follows from (i) that (ab)~" = a-"b-". Also, by Problem 17, 
(ab)"(ab)"" = e and a"b"(ab)~" = αἰδ'α "δ᾽" = αἰα "δῦ" = ee =e, ie. (ab)"(ab)~" = a"b"(ab)-*. 
Hence, by right-cancellation, (ab)” = ab". 


(ili) n=0: (ab)? =e = ee = a°b®, completing the generalization. 


If M(x) = re+s, where xe R* (the set of all real numbers), 7,seR (the set of all 
rational numbers), and 7.0, then the set S of the function of the form M is a non- 
Abelian group. 
PROOF: 
Let F,G,H eS, ie. F(x) = ax+ δ, G(x) = ca+d, H(x) = ex +f, where a,b,c,d,e,feR and a,ce x0; 
then: 
Gi: F,GeS implies that FG(x) = F(G(x)) = a(ext+d)+b = acx+(ad+-b) ε S. 
G2: F(GH(x)) = acex + (acftad+b) = FG(H(x)). 
G3: I(x) =a, ie. r=1 and s =0, is the identity of the group. 
G4: Μ'Ὶ (χα) = a/r—s/r. 
αὖ: FG(x) = acx+(ad+b) τέ aca +(be+d) = GF(x). 


Hence the set S is a non-Abelian group. 


§3.1.2 Groups of Permutations 


Df.3.1.2.1 A set M of 1-1 transformations R,S,T,... on a set EF, as defined by Df. yy BOARS 


forms a group of transformations if M satisfies the following conditions: 
Gl. If S,feM, then STeM is unique. 

G3. TI=IT=T, IeM. 

G4. If TeM, then T-'cM. 
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Note that G2 is implicitly contained in the definition of transformation itself 
(ef. §2.2.2, Prob. 8). 

Transformation groups, defined as above, are abstract, but they may become 
quite concrete, e.g. when exemplified in various arithmetics and geometries (cf. Prob. 
1-7). In theory, these groups belong to the group of permutation, defined as below. 


Df. 3.1.2.2 A 1-1 transformation on a set E of n distinct elements into F itself is a 
permutation of degree n. 


Example: 

A set Ε = {1,2,3} has a 1-1 transformation T on E into Εἰ itself such as 1-2, 2-> 3, 38> 1, 
T in this case being the so-called cyclic permutation. 

The definition of permutation, which is to subsume transformation itself in the 
framework of groups, may be defined without an explicit use of the term, e.g. as 


follows: 

Df. 3.1.2.2a Given n distinct elements ai,d2,...,@, of a set # in this specific (distinct) 
arrangement, an operation of replacing a: by bi, a2 by be, ..., Qn by by, to yield any 
other (different or same) arrangement 61,b2,...,6, of the same n elements, is a 


permutation P, denoted by 


Qi G2 ... On 
P = 
i δ. a e 
to indicate that each element in the first row is to be replaced by the element directly 
below it in the second row. 


It is evidently immaterial here in what order each column of the permutation 
may be placed, 1.6., 


P = αι ὦ... On Ν d2 Qn... &i Qn αι... G2 
δι δὲ... “Os δὰ ὅν Dey δ Dt eae Bay, 
as long as each permutation remains the same. Since, as elementary algebra proves, 


there are n! different permutations of n elements, each of the n! permutations can 
be written in different arrangements, shown as above. 


Df. 3.1.2.3 The product of two permutations P and Q, denoted by PQ, is obtained by 
carrying out the operation defined by P and then by Q. 


Example: 


be HAP? Ss 123 
G ΠΝ and Ο G 3 at then 


pa = (423 ie ae ΕΤΟΥΣ Cae: 
1 9. ae a | 1327.2 18 21 8 
and op = (328 1238\ _ /123\/231\ _ /128 

231/\1 82 A a) A 8.51 


As this example clearly shows, permutations are not always commutative, but 
they are obviously associative, as can be readily verified by definition itself (cf. 
Prob. 9). Note, however, that the composite (or product) of transformations, e.g. 


ST (or RST), defined by Df.2.2.2.5 and Df.3.1.2.1, must be written as TS (or TSR) 
in case transformations are redefined as permutations by Df. 3.1.2.3. 
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Df. 3.1.2.4 A permutation of degree n which does not affect the product of any number 
of permutations of the same degree is the identity permutation, denoted by I, which 
obviously has the following general form: 


I = (* a2 eo a 
αι ἃς... An 
by which Pl! =IP=P for any permutation P of degree n. 


Example: 
_ (4132 1234 

If 7 = Pp = , th 
Gee as Cea ky ss 

br 2 e461 Se 2 ἀν 2S & ITSO S = 
4321)\\4132 4321 4132/\4321 


Df.3.1.25 Iff PQ=QP=I, then Q is the inverse permutation of P, denoted by P=}. 
Inverse transformations in general have the following characteristics: 


Th. 3.1.2.6 


αι G2... Gn δι θα... On 
: τ ΕΞ : -ι -- 
ὌΝ δ ( ἊΝ ἣν se aa ΝΣ be a2... a 


(i) (P-)-1 = P 
(iii) (PQ)"* = ΟΡ ᾿, (Cf. Prob. 10; also Prob. 14). 


Th. 3.1.2.7 The set P, of all permutations on a set S of n elements forms a group of 
order n! (cf. Prob. 11). 


Df.3.1.2.8 The group P, of Th.3.1.2.7 is called the symmetric permutation (or substitu- 
tion) group of order n! (or degree n), or simply the symmetric group of order n!, 
sometimes denoted by S, instead of Pr. 


Df.3.1.2.9 The group P, may yield subgroups (cf. Df.3.1.1.11), which are called permu- 
tation groups (or groups of permutations). P, being a subgroup of itself, it is also 
a permutation group. 
Example: 


If a set S on which permutations operate has only 3 elements, say, a,b,c, then the (symmetric) 
permutation group P, is of degree 3 and order 3! =6; ie. the group-forming set P, has 6 elements, 


viz., 
_ abe τὸ: abe abe 
ἴδοι (eRe), EB 5." ὡ (aa) 
abe abe abe 
= — E 
᾿ Gane: m bees: Gas) 


out of which /,C,and D, for instance, forms a subgroup of P:, viz. a permutation group of degree 3 
and order 3, as can be readily proved (cf. Prob. 6). 


tl 


Df.3.1.2.10 A permutation P on a set S of n distinct elements a1,@2,...,dn is a cycle (or 
circular permutation) of degree (or length) m if S has a subset Si whose m distinct 
elements 61,b2,...,bm, are cyclically interchanged, i.e. bi> bz, b2> bz, ...,bm>b1, and 
ai>a; for any a¢S. 
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αι @3 Ga ... Gi Q2 G@i+1 1... On 


Example: 
P= & doz @3 ..-. Gi-1 αι Gi+1 ... "ὦ 


It is customary, however, that cycles have a contracted form, viz., 
P= (αι)(α: α3... i)(Qi+1) eas (An) 


where a cycle consisting of a single element indicates that the element remains un- 
altered in the new arrangement; such cycles are often entirely omitted, further ab- 
breviating the contracted form, viz., 


P = (aea3...ai)) (= (@3...0@i@2) = ... = (αι ας... . Qi-1)) 


Df. 3.1.2.11 Two or more cycles which have no element in common are called (mutually) 
disjoint (Cf. Prob. 16). 


Th. 3.1.2.12 Every permutation can be changed into a product of disjoint cycles. (Cf. 
Prob. 17.) 


Df. 3.1.2.13 In particular, if m=1 in Df.3.1.1.10, i.e. a; > a; for any ajeS; (and, as before, 
αι-5αι for any ai¢S:), then P = (a:)(a2)---(dn) is the identity permutation J itself, 
denoted by (1) in this context; if m=2, then a cycle is called a transposition. 


Th. 3.1.2.14 Every cycle can be expressed as a product of transpositions in infinitely 
many ways. (Cf. Prob. 18.) 


Th. 3.1.2.15 Every permutation can be expressed as a product of transpositions in in- 
finitely many ways. (Cf. Prob. 19.) 


Df. 3.1.2.16 A permutation is called even if it can be rewritten as a product of an even 
number of transpositions; otherwise it is called odd. 


Th. 3.1.2.17 A permutation cannot be both even and odd. (Cf. Prob. 20.) 


Df. 3.1.2.18 A complex A, of even permutations of the symmetric group S, forms a 
subgroup of S,, called the alternating (sub)group of Sn. 


Example: 
S2 = {(1), (12)} has 4:2 = {(1)}, and Ss = {(1), (12), (18), (28), (123), (182)} has As = {(1), (123), (132)}. 


Likewise S, has Az— {(1), (123), (132), (124), (142), (134), (148), (234), (243), (12)(34), (18)(24), (14)(23)}. 


Th. 3.1.2.19 Of the n! permutations of S,, An consists of n!/2 permutations. (Cf. Prob. 21.) 
* * * * * 

In the following pages, to clarify and simplify the process of discovering and 
examining groups, the so-called multiplication table (or Cayley table) will be employed; 
it is a table with a double entry: 

αι dle ame a; 


where ij = aid. 
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Example: 


A Boolean algebra B (cf. Df. 2.4.2.1), formed by the subsets of J= {a,b}, may be schematized by the 
following multiplication table, where x = {a}, y= {b} (and consequently, α΄ =y, γ΄ Ξ α, 1΄ ΞΟ, Ο’ -- ἢ: 


Solved Problems 


1. Suppose an owner of a car without a spare tire rotated the tires according to the 
following patterns: 


Rotation 0 Rotation 1 Rotation 2 Rotation 8 
F.L. F.R. F.L.==F.R. F.L. F.R. | ee F.R. 
R.L. R.R. R. L.== R.R.. R.L. R.R. R.L. R.R. 


Show that the rotations form an Abelian group. 


PROOF: 

The arithmetic of rotating tires is given by the multipli- 
cation table at right, where the properties of G1-5 can be 
quite easily checked. 

For example, if «Ry represents the binary operation of 
the first rotation x being followed by the second rotation y, then 
1k2= 8, 3k2=0, ete., which reveals the closure property (G1). 
Again, e.g. 1R(2R3) = (1R2)R3=1, ete., affirming the associ- 
ativity (G2). Since 0R1=1R0 =1, etc., rotation 0 is obviously 
the identity (G3). Also 07'=0, 1-!=1, 2-!=8, 3-'=2, pro- 
viding inverses (G4) for all rotations of tires. Furthermore, 
eg. 1h2=2R1, 2R3=3R2, ete., exemplifying G5. 


2. Given the right-hand orthogonal coordinate system (cf. Fig. 3.1.2a), let a,b,c be the 
clockwise rotations through 180° about X,Y,Z axes respectively, and 6 be the original 
position; then ¢,a,b,c forms an Abelian group. 


Z 


Fig. 3.1.24 
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PROOF: 


This set of rotations is characterized by the multiplication table above, which does reveal all of 
G1-5, when studied as in Prob. 1. The multiplication table, incidentally, reveals a distinguished group, 
known as the (Klein’s) four group or Vierergruppe, often denoted by Vs (cf. Prob. 12 below and 83.1.8, 
Prob. 12). 


Let an ordered pair of real numbers, (x,y), 1-1 correspond to a point in the plane. If 
the point (x,y) is moved horizontally by a units and vertically by b units, it then attains 
the new position (a+a,y+b), or simply {a,b}, braces denoting such translations in the 
plane. Now, if the translation {a,b} is followed by another {c,d}, then the total trans- 
lation is {at+c,b+d}. Prove that such translations form an Abelian group, called the 
group of translations. 
PROOF: 

Let T represent the binary operation of translation; then 
G1: {a,b} T{e,d} = {ate, b+d}. 
G2: ({a,b} Τίς, Ὁ) T fe, f} = {ate,b+d}T {e,f} = tatete, b+d+f} 
{at(et+e), b+(d+f)} = {a,b} T{ete,d+f} = (a, δ} 7 ({c, αὐ T {e, f}). 


| 


G3: {a,b} 7 {0,0} = ία, δ). 
G4: {a,b} T{-—a,—b} = {0,0}. 
Gb: {a,b} T{e,d} = {ate,b+d} = {et+a,b+d} = {e,d} T {a, δ}. 


Hence the translation forms an Abelian group. 


The rigid motions of an equilateral triangle (cf. Fig. 3.1.2b) entail two sets of sym- 
metries: (i) rotational symmetries So,S1,S2, representing the clockwise rotations through 
0° (or 860°), 120°, 240° respectively, and (ii) reflective symmetries S3,S4,Ss, repre- 
senting the reflections in the axes AD,BE,CF respectively. Prove that these sym- 
metries altogether form a group. 

PROOF: 


The multiplication table above does provide all of G1-4 for the set of the rigid motions, which 
therefore form a group, completing the proof. 


Note that, as can be immediately observed, the set of rotational symmetries, itself a group, forms 
a subgroup of the original group; the latter is not Abelian, but the former is. 


Repeat the algebra of symmetry, as above in Prob. 4, for the rigid motions of a square, 
which form a group, called the dihedral group (of the square), and denoted sometimes 
by Ds. (In general, the dihedral group D, is the group of all symmetries of a regular 
polygon of n sides.) 
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PROOF: 


Let 0,1,2,3 be the clockwise rotations through 0°,90°,180°,270° respectively and 4,5,6,7 be 
the reflections in the axes EG,FH, AC, BD (cf. Fig. 3.1.2c) respectively; then, by the following multi- 
plication table, G1-4 can be readily checked. 


D G C 


0 0 1 2 3 4 5 6 7 
1 1 2 3. 0 γ 6 4 5 
2 2 3 0 1 ὃ 4 7 6 
3 3 0 1 2 6 7 ὃ 4 
4 4 6 D 7 0 2 1 3 
δ 5 7 4 6 2 0 3 1 
6 6 5 a 4 3 1 0 2 
7 7 4 6 δ 1 3 2 0 


Note that here, too, is a subgroup, viz. the set of rotational symmetries, which forms an Abelian 
group. Note, however, that the subset {0,1,2,3} is not the only subgroup of the original group; as a 
matter of fact, there are eight more, viz. {0,2,4,5}, {0,2,6,7}, {0, 2}, {0,4}, {0,5}, {0,6}, {0,7}, {0}, 
which may be schematized as follows: 


(0, 1, 2,3, 4, 5, 6, 7} 


10, 2, 4, 5} {0, 1, 2, 3} {0, 2,6, 7} 


Γ 1 | a 


{0, 4} {0, 5} (0, 2} {0, 6} {0, 7} 


{0} 


Similar schemata may be obtained without difficulty for the preceding problems. 


6. Rewrite the transformations (i.e. rotations and reflections) of Prob. 4-5 in terms of 
permutations and cycles. 
Solution: 
(i) Let 1,2,3 represent the vertices of the equilateral triangle; then their transformations are 


So = € : ᾿ = ὁ, S = ᾿ : ᾿ = (123), 5, = ὙΠ = (182) 


595. = Ἢ : ) = (23) Sy = € : ᾿ = (13), ὅς = € : ᾿ = (12) 


(li) Let the vertices of the square A,B, C,D be represented by a, b,c,d; then their transformations 
through symmetries are: 


0 = (a = (1), 1 = oe = (abed), 2 = 8 = (ac)(bd) . 


3 = Cay = (adeb), 4 = Gas = (abcd), 5 = hee = (ad)(be), 
d bade a 


cd ΝΕ as abed = 
τ εἶ ΣῈ bees ge 
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7. 


10. 


Express the group of a regular hexagon in terms of a group of permutations of its 
vertices. 
Solution: 


Let So, Si, S2, Ss, Ss, Ss be the symmetries of rotation through 0°, 60°, 120°, 180°, 240°, 300°, and 
Ss, S1, Ss, Ss, S10, Si: represent the symmetries of reflection (cf. Fig. 3.1.2d); then 


So = (ἡ) (or (1)(2)(3)(4)(5)(6)) 

5, = (128456) S2 = (153)(264) 
55 = (14)(25)(36) Ss = (135)(246) 
Ss; = (654821) 

Ss = (16)(25)(34) S; = (1)(4)(26)(35) 
Se = (12)(36)(45) So = (2)(5)(13)(46) 
Si = (14)(28)(56) Si. = (3)(6)(15)(24) 


By completing a multiplication table it can be verified with- 
out difficulty that the set of the twelve symmetries actually forms 
a group (cf. Prob. 12). 


Fig. 3.1.2d 


Given a regular tetrahedron (cf. Fig. 3.1.2e), find all the symmetries which form a 
group of rotations. A 
Solution: 
Since the regular tetrahedron has 4 vertices, there exist 
4! = 24 permutations (i.e. all possible rotations, cf. Supplementary 
Prob. 3.1) but only the following twelve rotations form a group: 
(1), (ABC), (BDC), (ACB), (AC)(BD), (ADC), (BCD), 
(AB)(CD), (ABD), (ACD), (ADB), (AD)(BC) 


as can be readily checked by a multiplication table. 


Verify the associative law for permutations. 


PROOF: 
Let P ες αι ἃ... Gn , Ρ = bi be ... On ᾿ Ρ = C1 ὦ... On h 
- . & be ἐτῶν >) ; & ὃ... Cn : dy de ne Fe dn ae 
bi δε... On, δι C2... Cn, ἄν ἀν... ἀμ are merely different arrangements of the same 7 elements 
Qi ὧς... An; then 
P,P a= αι G2... An d P.P ΞΞ δι δὲ... On 
= ΤΣ θεν ν ἐν ἐδ di dz ... An 
H P,P.\P — αι G2... An Ci ὅς... Cn oe αι G2... An ; 
jaa ( ' ) ᾿ G C2 ... a) συν ον be αι do ... dn 
d lik : P,(P.P ἘΞ αι ας... Gn 
and likewise 1 (P2Ps) é hd is 


Thus (Pi P2)P3 = P,(P2P3). 


Prove Th. 3.1.2.6. 
PROOF: 
(i) It is sufficient, since 


PP-} = ἐν M2... Gn é be sacs Ba ΞΞ τ G2... On — J 
δι be ΠΣ" δ. αι ἀὐ... On ῳι Go ... Gn 


p-1p = {θι be ... bn\f a1 ας... Gn\ _ bi bo ... ba) 1 
αι Gz ... Gn bi be ... ba bi be ... bn 
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Conversely, it is necessary; for, if PP~!= PR and P- τ R, then, by Df. 3.1.2.5, P~1PP-! = P-'!PR, 
le. [P~'= IR, ie. P-'=R, which is a contradiction. Hence it must be the case that R=P™'. Algo, 
if P-’P =RP, then likewise R= P~'. Hence P-! is unique. 


(ii) By (i) (Ρ-ἡ-: -- δι be eve Dn a αι @o2 ... Qn -- Ρ. 
᾿ αι Ge ... An bi bo ... Bn 


(iii) By Problem 9, (PQ)(Q~'P-') = P(QQ~)P"'! = PIP“! = PP-' =I. Likewise, (Q-*P~")(PQ) = 1. 
Hence, by Df. 3.1.2.5, (PQ)7! = 9-1Ρ-", 


Prove Th. 3.1.2.7. 
PROOF: 
Gl: P,QeP, implies PQe Px, by Df. 3.1.2.3. 
G2: P,Q,ReP, implies P(QR) = (PQ)R, by Prob. 9. 
G3: PI=IP=P, IeP,, by Df. 3.1.2.5. 
G4: PP™*=P-'P =I, by Prob. 10(i). 
Hence the set P, forms a group, satisfying all of G1-4. 


Prove that the following cycles form a group under 
permutation: 
(1), (12)(34), (18)(24), (14)(23) 
PROOF: 
Let (1) — Co, (12)(34) = C1, (13)(24) = Cr, (14)(23) -- Cs. 


Then their products yield the multiplication table of a group, 
which also satisfies G5; i.e. it is Abelian. 


Find a group of permutations on a set {1,2,3,4} for which a mapping 
f(X1, X2,%3,%4) = Lido + 904 

remains invariant. 

Solution: 

pe ae 

abed 


Now, if the mapping is to remain unvaried under the permutation, i.e. πὶ =f, then it must be 
the case that, e.g. (i) wa%, = W122, XeXG = Wa, (11) Xa%y = %3%4, LeXa = 21H2, ete. Such permutations are 


(1), (12), (34), (12)(84), (18)(24), (14)(23), (1824), (1423) 


Let z be the operator of the prescribed permutations; i.e. 7 = ( ; implies wf = wate+ χοζα. 


which form a group, as can be verified without difficulty (cf. Prob. 12 above). 


Prove (ay OF % ὧν Og 5 ῈΞ (Qn... Ge a1). 
PROOF: 
Since 
a 2 1... An a τὸ ete ‘ 
(αι ae ete An)(On oae (0 αι) -- {5 ἈΞ On Ἶ ΟΣ αἹ 
ας a3 ... Gn a, Qn-1 ... Gi An 
ἘΞ αι ὧς... An-1 An ας a3 ... On Qai\ _ αι G2 ... GAn-~1 On 
ας 43 ... On 1: αι ἢ... An-1 @ Qi G2... An-1 An 
= (1) 


and likewise (dn ... ας ai)(a1 a2... Qn) = (1), then by Df. 3.1.2.5, (a: a2... Gn)" = (Gn... Ge αν). 
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15. Prove: (i) (αια:... αἀπ)ί(α: @2)(Gn ... ας G1) = (αι Gn) 
(11) (αι αὐ... Gn)(@1 ἄπ: 1) = (αι Oo... An Gn+1) 
PROOF: 
Ε ἂι G2 ... An\/a dz ... Gn eee hs 
(i) (ay ας... An) (a1 G2)(Gn εἰν {2 αι) == & = τρὶς “ἃ ἐν “ἢ μι τς Ὁ ὦ: ᾿ ΜΝ ἼΘ᾽ 
a1 ὧδ hn 
= Qn ἃ. ) Ξ (αι Gn) 
= αι ἃ. ... Gn Gn a fe... Gn On 
(1) (@1 G2... ἀη)ίαι ἀν.) = (ῳ ie cess ὯΝ Hey ae ,: Νά “ἢ ἐμο, 
ἊΝ αι G@2... On Qn+1 = 
" Q2 @3 ... An+1i ὦι " (αι ΠΡΟΣ Set 
16. Verify (i) (123)(45) = (45)(123) and (ii) (123)(23) ~ (23)(128); then generalize, i.e. 
prove that PQ = QP if P and Q are disjoint cycles. 
PROOF: 
ὦ (123)(45) = Cap Gee Ae ~ (45123) ~ (451939), 
2314 5/\1 23 5 4 23154 542361 
ες 1.5.ϑῪ1:.:-2.5 12 3 
123)(23) = = = (138 
Gah cee eee Cees Co oo) 
1 2-3 1 5: 1.28 YY. = 
23)(123) = = = (12) ~ (18) = (128)(23). 
esas) = (1 2 3 2 e) (4 3 3) = (δ) τ' (8) = c2aes 
In general, therefore, PQ=QP if P and Q are disjoint, since the elements permuted by P are 
left unchanged by Q and also the elements permuted by Q remain the same under Ρ. 
17. Prove Th. 8.1.2.12. 


PROOF: 


Let P = αι @2... Mi... Ak... An ; 
CS har ΣΝ 


(i) If the elements in the first row of P are all completely different from the elements in the second 
row of P, it is then obviously the case that P = (αι δι).. (αι δι)... (αι δε), proving the theorem. 


(ii) If the first row has some elements in common with the second row, and if bi a1, then δὲ may be 
found in the first row of P. Suppose διξξα, then 61% δὲ, since δι cannot occur twice in the 
second row (i.e. all elements in each row are distinct, by Df.3.1.2.2). Now, if 6b; = αι, then the 
eycle (ai 61) is closed. 

If 6: a1, then b; may be found in the first row of P, and suppose bi = ax; then ὃκ is different 
from 6; and δι. Now, if bk = αι, then the cycle (a: δὲ δὴ) is closed. 
If b. a, then the process can be continued until, after at most n steps, the cycle closes. 
If the first cycle thus obtained does not involve all the elements of P, then take ὃς as any other 
element in the first row of P and, repeating the process prescribed as above, another cycle can be 


obtained. If the process is reiterated until the elements of P are exhausted, P is then expressed aS a 
product of disjoint cycles, establishing the theorem in general. 


Note. In particular, the identity permutation on πὶ elements is expressed as (1) or cycles each 
of which has length 1, viz. (a:)(az)...(a@n). (Cf. Df. 3.1.2.13.) 


How readily the process works and simplifies the matter has already been tested by Prob. 6, etc. 
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Verify (i) (ab)(ac) = (abe) and (ii) (ab)(ac)(ad) = (abed), then generalize: (Q1@2---Gn) = 
(@1 @2)(A1 63). - -(αι Gn), Which in essence is Th. 3.1.2.14. 


PROOF: 


. = abe\f/abe\ _fabdbe = 
ΟΣ 6 ee b ae πὰ το τον 


εἰ —~ (@bed\(/abed\iabecd\ _f/abed\ _ 
ve CE) τε Gear) Gee) bred 7 Ga Ae 


In general, if (a1 @2)(a1 as)...(@1 ax) = (A: G2... ax), then 
(αι Q2)(a1 α3).. (αι ακ- 1) -- ((a1 2) (a1 as) se «(αι ax)) (a1 Qk+1) 
= (αι: Qe... ax) (a1 Qk +1) = (a1 OSes ἀκ ει) 


by Prob. 15(ii). Hence (αι ας... Qn) = (αι a2)(a1 as)... (1 An). 


Furthermore, since it is evidently the case that (ai a;)(a,; ai) = (α; ai)(a; aj) = (αι a;)(ai aj) = (1), any 
number, infinitely many if desired, of such transpositions may be multiplied to the original product, 
proving Th. 3.1.2.14. 


Prove Th. 3.1.2.15. 


PROOF: 


Since every permutation can be changed into a product of disjoint cycles, by Th. 3.1.2.12, and the 
cycles in general can be changed into a product of transpositions in infinitely many ways, by Th. 3.1.2.14, 
every permutation can be changed into a product of transpositions in infinitely many ways, proving 
Th. 3.1.2.15. 


For example: (1234) = (12)(18)(14) = (12)(14)(28) = (14)(24)(34) = (12)(18)(24)(34)(34) = .... 


Prove Th. 3.1.2.17. 


PROOF: 


Let ~P be the homogeneous polynomial obtained by the operator 7 (cf. Prob. 13) of permuting the 
independent variables 21, %2,...,%n in a product of differences defined as follows: 


cP = Π (xi— 3) = (41 — αυ)ίαι τ χϑ)(αι -- aa)... (αι -- n~-1)(1 — Mn) 


(%2 ne X3)(%2 = 4) Sais (a2 ot @n—1)( He or Ln) 
(%n-2 = Xn-1)(n—2 > Xn) 
δι a 4) 

(E.g., for n=3, P = (α: -- χε)ίαι - χοῬίας -- 5), and if 7= (123), then +P = (x2 -- %3)(a2 — 91)(%a — 21).) 


With respect to a transposition (a,a;) in cP, all the factors of +P are then divided into the 
following four types: 


(i) (Ἃ(0α, -- as) 


(li) (ai —a,)(ai— as), 2—1,2,...,7-1 
(ili) (a, — a;)(a@s — aj), j = stl1,s+2,...,n 
(iv) (a, — ακ)ί(ακ — as), k = rt+i,r42,...,8s—1 


As can be readily observed, the transposition (a,as) changes the sign of (i), but the signs of 
(11), (111), (iv) remain unaffected. Hence (a, a.) changes 7P into —7P. 


In general, if 7 can be factored into an even number of transpositions, the sign of 7P remains 
the same, and if 7 can be factored into an odd number of transpositions, 7P becomes —7P. These 
alternatives are mutually exclusive, completing the proof. 


In particular, the identity permutation is considered even, since 


(1) = (12)(12) = ... = (Gm an)(Qm Qn) 
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21. Prove Th. 3.1.2.19. 


PROOF: 

Let P, of order n! consist of r even permutations pi, p2,...,Pr and 8 odd permutations qi, q2,...,4s 
(and nothing else, ie. γ- 8 = n!, cf. Th.3.1.2.17). Now multiply p:, ps, ..., Dr by a transposition f¢, 
i.e. tpi, tpe,...,tp,, which are r odd permutations and all distinct, since if, e.g., tpi = tp;, then 
pi = (t7't)pi = ὁ (tp) = ἐ (tpj) = (€7't)p; = p;, contrary to the assumption. Hence the odd permutations 
of the form tpx, k=1,2,...,7, must be all distinct and consequently 8 = 7. . 

Likewise, multiplying q:,q2,...,qs by ἐ, which now produces s distinct even permutations, r= 8. 


Hence r=s, and since r+s = n}, it follows that r ΞΞ 8 = n!/2. 


83.1.3 Homomorphism and Isomorphism 


Th. 3.1.3.1. Given an (X,*; Y,°)-homomorphism f of a set X onto or into a set Y, i.e. f(a*b) = 
fia)of(b) for all a,be X (cf. Df. 2.2.2.9), it follows that 


(i) ο is associative if * 1S associative, 
(ii) ο is commutative if * is commutative, and 


(iii) ee X, which is an identity under *, corresponds to an identity under 9, f(e)e Y. 
(Cf. Prob. 1). 


These properties belong to the homomorphism in general of one set onto the 
other. The corresponding sets in this context may be replaced by a pair of cor- 
responding groups through the following definition and theorem. 


Df. 3.1.3.2 A homomorphism of a group G onto or into a group G’ is a transformation 
H of G onto or into all of G’ such that, for all z,yeG, 


H(xy) = HA(x)H(y) = wy’ 
for all x’,y’cG’. G’=H(G) itself is called here a homomorph (i.e. homomorphic 
image) of G. 


Note that the operator which operates on x and y may be different from the 
operator which operates on 2’ and y’ (cf. Prob. 4). Note, also, that the correspondence 
in a homomorphism may be many-one (cf. Prob. 5-8). 


Th. 3.1.3.3 If, in addition to (i)-(iii) in Th.3.1.3.1, there exists 
(iv) f(a-')e Y such that Κ(α) ο [(α 1) = fe), corresponding to a te X such that 
axa i= 6, 
then it is an (X,*; Y,0)-homomorphism f of a group X onto or into a group Y. (Cf. 
Prob. 2.) 


And conversely, as in the following theorem: 


Th. 3.1.3.4 If X is a group under *, and if f is an (X,*; Y,c)-homomorphism of X onto or 
into Y, then Y is a group under o. (Cf. Prob. 3.) 
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Th. 3.1.3.5 The relation of homomorphism is transitive (cf. Df.2.1.1.12); 1.6. if G is 
homomorphic to G’ which in turn is homomorphic to σ΄, then G is homomorphic to 
G’’. (Cf. Prob. 4.) 


Df. 3.1.3.6 If a (G,*;G’,0)-homomorphism of G onto or into all of G’ is one-one, it is then 
a (G,*; G’,o)-isomorphism of G into (or more precisely, onto and into) (σ΄. 


Stated otherwise: If there exists a 1-1 transformation f of a group G into a 
group G’ such that 


(i) there exists a unique correspondent f(a)eG’ for every «eG, and 
(ii) there exists a unique correspondent x«G for which T(a)eG’, 


then the 1-1 correspondence is an isomorphism between G and G’. 


Notationally, the isomorphism may be easily distinguished from the homomorphism 
by the use of two-way, against one-way, arrows, since there does exist a two-way 
traffic in isomorphisms while such a traffic, by definition, is not always assured for 
homomorphisms. As such, Df.3.1.3.2 and Df.3.1.3.6 may be put together as follows: 


A homomorphism of G onto or into G’ is a mapping G>G’ such that x>2’ and 
y> ν΄ imply (xy)’> 2’y’ for all x,yeG, and an isomorphism of G onto and into G’ is a 
one-one mapping GG’ such that row’ and yoy’ imply LY <> 1’ γ΄. 


Th. 3.1.3.7 The relation of isomorphism is reflexive, symmetric, and transitive (cf. 
Df.2.1.1.12 and Th.3.1.3.5). (Cf. Prob. 9 below.) 


This relation obviously does not hold for a homomorphism of G onto or into G’ 
where the elements of G’ may satisfy additional properties which cannot be found in G. 
The following theorem of isomorphisms, however, is similar to Th. 3.1.3.4 of homo- 
morphisms. 


Th.3.1.3.8 If Ὁ’ is a set closed with respect to o, and if there exists a (G,*; G’,)-iso- 
morphism between G, a group under *, and G’, then G’ is a group under o, (Cf. 
Prob. 10.) 


This theorem may be employed to prove an unidentified structure to be a group. 
Also, as in Th. 3.1.3.4, it has a converse form: 


Th. 3.1.3.9 If there exists an isomorphism between G and G’, then the identities of G 
and G’ correspond and the inverses of corresponding elements in G and G’ ecor- 
respond. (Cf. Prob. 10.) 


The importance of the concept of isomorphism is embodied, for instance, in the 
following theorem (by Cayley), which also may be interpreted as assuring the com- 
pleteness of G1-4 with respect to transformations, i.e. permutations. 


Th. 3.1.3.10 (by Cayley). There exists an isomorphism between any abstract group G of 
order ἢ and a suitable group of permutations P,, of degree ἢ (le. order n!) (Cf. 
Prob. 18.) 


In general, then, the properties of any finite abstract group G will be immediately 
found by examining the properties of a permutation group P which is isomorphic to 
G; this is an explicit advantage, since many properties of permutation groups are 
readily available through detailed studies in the past. 
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Ι 


Solved Problems 


Prove Th. 3.1.3.1. 

PROOF: 

If a,b,ce X, then, by Df.2.2.2.9, a- f(a), ὃ -» f(b), 6. -» fle), where f(a),f(b),f(c)e Y. Using the 
same definition and the given hypotheses, 

(i) fla*(b*e)) = f(a)of(b*c) = fla) ο ([(δ) ο f(c)), and f((a * δ) * 6) = f(a * δ) ο f(c) = (f(a) ° f(b) ο fle). 
But, since a*(b*c) = (a*b)*ec, it directly follows that f(a *(b*c)) = f((a*b)*c), and conse- 
quently that f(a)°(f(b)°f(e)) = (f(a) ° f(b)) ο fle). 

(ii) can be proved likewise. 

(ili) Since a*e = e*a=a for all acX, fla*e) = fle*xa) = f(a), 1.6. f(a)of(e) = (6) ο f(a) = f(a). 
But a- f(a) and ae X implies f(a)e Y; hence f(e)e Y, which then is the identity of Y under °. 


Prove Th. 3.1.3.3. 

PROOF: 

G1: By Df. 2.2.2.9, a*be X does imply f(a)° f(b) e Y. 
G2-3: Proved by Prob. 1(i), (iii). 

GA: Given here as a hypothesis. 


Hence, satisfying Gl-4, both X and Y are groups and the homomorphism is of one group onto 
or into the other. 


Prove Th. 3.1.8.4. 
PROOF: 


Since X is already a group under *, there exists a~'e X for allae X such that ata '—a™'*a=e, 
where ee X. And, by the prescribed homomorphism, f(a) °f(a~') = f(a~')° f(a) = fle), where f(e) is 
the identity of Y, for all [(α)ε Y. Hence the inverse in Y of f(a) does exist, which is f(a@~’), providing 
G4 for the given set Y. 


Since Y has already satisfied G1-2 through Df. 2.2.2.9 and Th. 3.1.3.1, it is now proved to be a 
group under ο. 


Prove Th. 8.1.3.5. 
PROOF: 

If G,G’,G” are all groups, it then follows, directly from Th. 3.1.3.4, that G>G’ and G’>G” 
imply G>G”. 


In general, let S be the homomorphism of G onto or into G’, and T the homomorphism of G’ onto 
or into α΄. Then, by S, aeGoa’ecG’ and bc¢G> δ'εα' imply abeG> a'b’'cG’, and by T, 
a’eG’o a’eG”" and b’cG’>a’eG” imply a’b’eG’> a’b”eG". Hence, by S and T, αεα- 
a’eG’ and be G> δ΄ eG” imply abe G> a’b”’ eG”, i. there exists a homomorphism of G onto 
or into G”, 


Let 1. be the additive group of all integers; then a mapping f, defined by f(n) =2n, 
is a homomorphism of /+ into 7; under addition. 
PROOF: 
By hypothesis, πὶ > f(m1)=2m and m —> f(n2)=2ne, which together imply, by hypothesis, 
Nitrn. > f(mi + ne) = 2(n1 + m2) = 2ηι + 2n2 = f(ms) + fn) 


proving that f is a homomorphism of 7+ into J+ under addition. 


Verify that a set S= {1,—-1} forms a multiplicative group; then prove that there exists 
a homomorphism of P,, the symmetric group of degree n, onto S. 
PROOF: 


S does form a group under multiplication, as can be immediately verified by the multiplication 
table shown below. 
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Now, let z be the operator defined by Th. 3.1.2.17 (cf. §3.1.2, 
Prob. 20); then 7P,=1 if [δὶ is an even permutation, and 7P, = —1 
if P, is an odd permutation. Also 7P=1~—> 1 and sP=-1-> —1; 
thus (7P = 1)(7P = —1) = (*P ΞΞ --Ἰ) > (1)(—1) =—1, which is ob- 
viously a many-one correspondence. Hence 7 is a homomorphism 
of P, onto S, both under multiplication. 


Verify that the set # of the four roots of «*—1=0, ie. H= {1,-1,2,-7}, forms a 
multiplicative group, then prove that a transformation T, T(n) = 7", is a homomorphism 
of J+ (cf. Prob. 5 above) under addition onto EF under multiplication. 

PROOF: 


Ε΄ is a multiplicative group, as can be proved by the multi- 
plication table at right, and J+ is an additive group. Since, by 
hypothesis, p > JT(p)=7?? and gq > T(q)=i7 for all p,qels, it 
follows that 


prq > Tipt+q) = wre = iit = T(p)T(q) 


which definitely is a many-one correspondence, proving that T is a 
homomorphism of J+ under addition onto Εἰ under multiplication. 


Let S = {So,S1,S2,...,Si} be the group of a regular hexagon obtained by six rotations 
and six reflections (cf. §3.1.2, Prob. 7 and Fig. 3.1.2d) and R= {Ro,R:,R2} be a set 
of axes, Ro,f1,R2 representing AD,BE,CF respectively, in which vertices are reflected. 
Find a homomorphism with respect to R and S. 

Solution: 


Let (Ro R:), for instance, represent the permutation of vertices by reflecting in Ro, then in Ri; 
S is then expressed in terms of the permutation of R as follows: 


So > (1) Ss > (Ro 1) 

Si > (BoB Re) δι > (ΚΕ. R2) 

δ. > (Ro R2R1) Ss > (RoR; R2)(Ri Re) = (RoR) 

S3 > (1) So > (012) 

S4 > (RoR, Re) Sio > (Ft, Re) 

Ss > (RoR2R1) Siu Ὁ (Ro R2R1)(Ri Re) = (RoR1) 
1.6. there are six two-one correspondences, viz., 

50,53 Ὁ (1) δι, 4 7 (RoR: Re) 

S2,56 > (RoR: Εὺ Se, S11 > (RoR) 

S7,Sio > (Ri R2) Ss, Sa “Ὁ (1012) 


Moreover, e.g. SiSs=Ss > (RoR, R2)(RoR:R2) = (RoR2R;), as prescribed by hypothesis; this proves 
a homomorphism of S onto R, both under permutation. 


Prove Th. 3.1.3.7. 

PROOF: 

(3) It follows, directly from Df. 3.1.3.6, that GG, since aceGeacG and beGodbeG imply 
abeGmabeG, ie GOOG. Likewise G’OG and G’OQG". 


(ii) Since αεα 4» α΄ εσ', be GO db'cG, and abeGoa'd’cQ@’ imply a’cG’eacG, b'e Groen 
beG, and a’b’cG’< abeG, it immediately follows that G@G’ implies G’<>G. Likewise 
G’<>G" implies G’ «Ὁ σ΄, and G’ @G implies GO G". 


(ili) aeG<aa’eG’ and a’eG@a’eG” imply, by Df.2.1.1.12, that aeGoa’eG”’. Likewise 
beG <> b’eG’ and b’eG’ «Ὁ δ΄ ε΄ imply beG «Ὁ» b"eG". Hence, by Df.3.1.3.5, αεῷ «» 
a’ eG” and beG «Ὁ b"cG"” imply abeG Cab’ eG", ie. GOOG". 


Isomorphism is thus reflexive, symmetric, and transitive. 
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10. 


11. 


12. 


13. 


14. 


15. 


Prove Th. 3.1.3.9. 
PROOF: 


(ij) aecGea'eG’ and eeGSe’cG' imply, by Th.3.1.3.7, that aecGeae’cG’ and eacGo 
e’a’'e G’. But ae=a and ea=a in G. Hence a’e’=a’' and e’a’=a’ in G’, proving that e’ is 
the identity element of G’. 


(ii) aeGooaeG’ anda'teG<ea’'eG’ imply that αα΄'ξΞξεα τ 'αε α΄ «Ὁ» a’a’*=a'"'a’ eG’, which 
in turn implies aa~!=aJa=eeG & α'α' 'Ξξξα' ἰα το ε α΄. Hence a’! is the inverse of a’ in G’. 


Find an isomorphism between the group & of four roots (cf. Prob. 7 above) and the 
group T of tire rotations (cf. §3.1.2, Prob. 1). 


Solution: 


Observe the four 1-1 correspondences between Εἰ and ΤΊ 10, —1<>1, 12, -—1< 3. Also, in 
general, ifw,yeH and xwy’eT, then x2’ and yoy’ imply χὰ 49 ν΄. Εἰ and T are thus isomorphic. 


Find a group Rk of symmetries of the rectangle (cf. Fig. 3.1.3a below); then establish 
an isomorphism between # and the four group V4. 
Solution: 

Since a 180° rotation yields a transformation B of the 
vertices 1,2,3,4: B= (13)(24), and since there are two reflective 
symmetries: C = (12)(34) and D = (14)(23), ὦ does have four ele- 
ments: A,B,C,D, where A is the identity transformation. F# also 
forms an Abelian group, as can be easily verified by a multipli- 
cation table (cf. §3.1.2, Prob. 12) where, in comparison with the 


multiplication table of V4, the following four 1-1 correspondences 2 D 
ean be observed: Ae, Bea, Cb, Dec. Hence καὶ and Vi, 
are isomorphic. Fig. 3.1.3a 


Prove that the additive group A of all real numbers is isomorphic to the multiplicative 
group M of all positive real numbers, excluding 0. 
PROOF: 


Since 10°= 10" iff a=b, where a,bce A, and since 10%, ae A, has the unique inverse logis 10°, 
there follow αεὰά «Ὁ» 105. ΜἉ2| and be A108 M which together imply (a+b)cA «Ὁ» 10°78 = 
(107)(10°)e M. Hence there exists an isomorphism between A under addition and M under multiplication. 


There exists an isomorphism between the transformation group S of an equilateral 
triangle with respect to symmetries (cf. §3.1.2, Prob. 4) and the permutation group P 
of degree 38. 

PROOF: 


P is of order 3!=6 and has thus 6 elements: (1), (12), (13), (23), (123), (182), which are put into 
1-1 correspondence with the six members of S as follows (ef. §3.1.2, Prob. 6): 


(1)<—> So, (12) «» Ss, (13) <— Ss, (23) Ss, (128) << Si, (1382) «9» 5; 


Hence S is isomorphic to P. 


Generalize Prob. 14, i.e. prove that any rotational group F# of a regular polygon (or 
polyhedron) is isomorphic to a suitable permutation group P. 


PROOF: 
Let the vertices of the regular polygon in general be ai,a2,...,a@,, which are first mapped onto 
G2, d3,...,a1 by a rotation through 360°/n. Represent the first transformation Ri by a permutation P1, 


viz., a= P1(an), ὧδ — P,(a1), ee oy On = P(an-1), 1.6., 
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oe ¢« 8 a * . 
Rio Py -ί δι ἂς an and likewise 
(2 Δ... αἱ 
Re ΒΟ ΞΕ (OE ee Gey and in general 
a3 da... Ag 
R; .» Ρ, = ay de oe. An 
Qit1i GMi+2... Qi 


And, as usual, let the rotation through 0° be 


Ro Ph = Qi ὧς... An 
αι Go 1... An 


Then, since it obviously holds that RiRk:<PiP: or in general RiRi+1- PiPi+1, and since the set 
R= {Ro,ki,...,Rx-1} forms a group, it follows from Th. 3.1.3.8 that the set P = {Po,P1,...,Pn-1}, which 
is isomorphic to R, also forms a group. 


16. If a group G has a multiplicative rule: a2=b?=e and ab—ba for every a,beG, 
then G is isomorphic to Ss. 
PROOF: 
Since e,a,b,b’,b’a =ab are evidently distinct and ab* = b?ab = b’b?a = b°ba = ba, G is of degree 3 
(e,a, δ) and of order 6, which corresponds to the degree and order of S3. Moreover, there exist three 
basic 1-1 correspondences: 


e<(1), αἃ 49 (12), ὁ «Ὁ (123) 
which yield three other distinct 1-1 correspondences with respect to Ss: 
ab «Ὁ» (13), ba «Ὁ» (23), δὲ <> (132) 


completing the proof. 


17. Verify that the four group V4, or any (abstract) group which is isomorphic to V4, is 
isomorphic to a suitable permutation group P. 


PROOF: 
It follows from the multiplication table of V4 (cf. §3.1.2, Prob. 2) that 


oo (Cere\=a 
eabe 


aao({e a b 5.) - (85) = φρο 


ea aa ba ca aecb 
eo» fe α ὃ ὁ =f 8 BON - 
3 CF ab bb τ τς eee) 


co : a ὃ ὁ ) ΞΞ ¢ α ὃ ἐ = (ec)(ab), and that, e.¢., 
ec ac be cc cbae 


Bee α ὃ ὁ Σ᾿ τ 
eab ααὖ bab cab ea aa ba ca /\eab aab bab cab 
_fea be ea be ΠΝ 
τ \ea aa ba ca /\ eb ab bb εὐ} Mea αὐ) ene) 


Hence the four group V.= {e,a,b,c} is isomorphic to the permutation group 


P = {(1), (ea)(ab), (eb)(ae), (ec)(ab)} 
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18. Generalize Prob. 17, i.e. prove Th. 3.1.3.10. 


PROOF: 


Let the general abstract group of order n be the set G = {G1,G2,...,Gn}; then let each element of 
G 1-1 correspond to an element of the set P of permutations of degree n, P = {P:,P2,...,P,}, such that 


Go P= ( % -. {αι ae ἐν. On 
Aipr A:1Pr AezPr ... AnDr 


and G, © P, = αι = {αι ae τὸς VOR 
ips Qips AepPps ... AnPs 


where ap, or aips is obviously the transformation of a; through the permutation P, or Ps, i.e. 
P,(ai) = αἱ: or Ps(ai) = aps; hence 


at a2 eee ~+ Qn 
Q1pr GQ@2epPr ... a a1 Ὑ ΕΝ ἐν. GAnDs 


aa & ae oC a2 ee Gn 
AaPrPps AprDps eae ΝΑ Aipe ὄζει ees An Pt 


where aip: = aip,p.s = P;(P-(si)) which, by the definition of permutations (and also of transformations 
(cf. §2.2.2, Prob. 7)), belongs to the original set of permutations P. That is, in general, Gr,eG <-> P,eP 
and GseG «Ὁ PseP imply 


Gr-G;eG «Ὁ» P,P, = ἃ, τ ..}Ξ As )= - ) = Pep 
iPr Qips iPr Ds Mipe 


Then, since G is a group and P is now isomorphic to G, P is also a group by Th. 3.1.3.8, completing 
the proof. 


G-G:; .«» PrP, 


ll 


Chapter 3.2 


Subgroups 
§3.2.1 Cyclic Subgroups 


Th. 3.2.1.1 A complex (i.e. non-empty subset) S of a group G is a subgroup (ef. Df. 3.1.1.11) 
iff S satisfies ΑἹ, 1.6, iff abe S for every a,beS. (Cf. Prob. 1 below.) 


Example: 


Th. 3.2.1.2 Any complex S of a group G is a subgroup iff acS and δεῖ imply a~JbeS. 
(Cf. Prob. 2.) 
Example: 
The ten subgroups of D4. 


Note. Th.3.2.1.2, as well as Th. 3.2.1.1, is actually a simplified version of Th.3.1.1.13. 


Th. 3.2.1.3 If A and B are two subgroups of a group G, then their meet, AMB, which is 
called the common subgroup of A and B, is also a subgroup of G. (Cf. Prob. 4.) 
Example: 

{0,1, 2,3} and {0,2, 4,5} being the subgroups of D., their meet {0,2} does form a subgroup of 
Ds; or, likewise, {0} is a subgroup of Ds on the strength of its being the meet of {0,2} and {0, 4}, 
for instance. 


Th. 3.2.1.4 If G is a group and ae G where a~e, then a set C of elements a”, where nel 
(the set of all integers), forms a group. (Cf. Prob. 5.) 


Example: 
Cf. Prob. 6,11, ete., below. 


Df. 3.2.1.5 The group C of Th.3.2.1.4 is called the cyclic subgroup generated by a, and 
a itself is called a generator of C. (Cf. Prob. 7,9, 11, 12, etc.) 


Df. 3.2.1.6 The order of an element acG is the order of the cyclic subgroup C, CCG, and 
is the smallest positive number x for which a"=e; if a"*e for any nel, then the 
order of a (or C itself) is said to be infinite. (Cf. Prob. 6,7, 9, etc.) 


Note that the existence or non-existence of » is guaranteed by the Well-ordering 
Principle (cf. Df. 2.2.1.10), and that e itself is the only element of G which is of order 1. 


Th. 3.2.1.7 Any cyclic group is Abelian. (Cf. Prob. 16.) 


The problem of determining all subgroups of a specific group is generally com- 
plicated, but not for cyclic groups, which are taken care of by the following theorem. 


Th. 3.2.1.8 All subgroups of a cyclic group are cyclic. (Cf. Prob. 17.) 


Th. 3.2.1.9 Any homomorph of a cyclic group is cyclic. (Cf. Prob. 20.) 


Many other interesting and important properties of cyclic groups will appear as 
problems (cf. Prob. 6 ff.) in the following pages. 
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1. 


Solved Problems 


Prove Th. 3.2.1.1. 
PROOF: 


Since necessarily ace G if ae S, it immediately follows that a'e G, 1=—0,1,.... But, then, since G 
is a finite group (as is not “stated otherwise’, cf. Prob. 7 below), the elements in the infinite sequence 
a°,a',a?,... cannot be all distinct. Hence it must be the case that a” =a", where m#n; 1.6, αὖτ = 
a"-"=@°=e. Since aa~'=e=a™", it follows that)aa"~""!=e. Now, let m>n; then k = m—n—-1= 0. 
If k>0, then a-!=a*eG; and if k=0, then αἱ Ξ αὐ =eeG. In either case it follows that αἰ ες, 
satisfying the second condition of Th.3.1.1.13. (The second condition, thus deducible from the first 
condition of Th. 3.1.1.13, is now proved to be redundant for finite groups.) 


Thus satisfying both conditions of Th. 3.1.1.1 
elements of S is again in S. 


, 8 is a subgroup of G if the product of any two 


Conversely, if S is a subgroup of G, then a,beS obviously implies abe S, completing the proof 
for Th. 3.2.1.1. 


Note that if m<n, the proof will be kept the same by a trivial revision: k =n—m-—1. Note, 
also, that this proof is valid iff G is a finite group} e.g. if G is the group of all integers under addition 
and S the set of all positive integers under addition, then both G and S satisfy the first condition, 
but not the second. 


Prove Th. 3.2.1.2. 
PROOF: 

(i) If S is a subgroup of G, then, by Th. 3.1.1.13] α,ὖ ε Κ΄ implies αΤὖε δ, hence a-'beS. 

(1) If a,beS imphes a-'beS, then ava=ee which in turn implies a~'e = αἴ ε 5, which then 


implies (a~')"'b=abeG. Hence Gl, G3, |jand G4 are established, and including G2, which 
obviously holds, the proof is complete. 


If a group G is isomorphically mapped into a group G’, then a complex S’ of G’, whose 
elements 1-1 correspond to the elements of a subgroup S of G, is a subgroup of G’. 
PROOF: 


Since a,beS and a’,b’e S’ imply aa’ and ὃ «Ὁ δ΄, and also, by Th. 3.1.3.9, a~'e G and a’~*eG’ 
imply a~'<a’"!, it follows that a~'0<a’~'b’.| But then, by Th. 3.2.1.2, a~1beS; hence a’~'b’ cS’ 
and, again by Th. 3.2.1.2, S’ is a subgroup of G’. 


Prove Th. 3.2.1.3. 
PROOF: 


By Df.2.3.2, ae ANB implies ace A and aeB, and consequently a~'cA and αἷς B. Hence 
aa”~'=eeA and ec B, which proves ANB is not an empty set. 


Furthermore, α,Ῥ ¢ ANB likewise implies ab¢ A and abe B, which together imply abe ANB. 
Hence, by Th. 3.2.1.1, ANB is a subgroup of |G. 


Prove Th. 3.2.1.4. 

PROOF: 

G1: If mnelI and a”,a"eC, then, by Prob. 17 οὗ 83.1.1, a“a" = a™*" and, since m+ne lI, it follows that 
a™t"e C, ie. aa" e C, 

G2: οἵα Ὁ) = (a'a™)a" = aa™a® = alt™*"eC€ 

G3: a°a" = a*a® = a”, and obviously ae C. 

G4: (a")"' =a", by Prob. 18 of §3.1.1, and α ἡ 

Hence C forms a group. 
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Find the order of (i) an element —1 of the multiplicative group G whose elements 
are —1 and 1, and also of (ii) an element 1 of the additive group J whose elements 
are all integers. 

Solution: 

(i) Since (—1)? =1=eeG, the order of —1 is 2. 

(ii) Define the additive operation of 1 as (1)"=7; then, for no positive number ἢ, (1)"=0 which is 


the identity of J. Hence the order of 1 is infinity (cf. Prob. 8 below), and the cyclie additive 
group generated by 1 is an infinite cyclic group. 


In the following pages, as before, groups will be of finite order, unless stated otherwise. 


A cyclic group generated by a is finite if m#n, mynel, implies αὖ τ αὐ, and infinite 
if m#n implies a“ Aa". 
PROOF: 


Since m#n, it is evidently the case that either m>n or m<n. Let m>n (or, with only a very 
slight modification, m <n, ef. Prob. 1 above); then a™"-"=e, m—n>O, if a™= a". Now, let k be the 
smallest of m—n such that a* = 6, and p be any positive number such that p=kqtr, r=0,1,...,k—1; 
then, by Prob. 17, 18 of §3.1.1, 


aP = aitr = atta” = (a*)4a7 = ρα" = ea = αἵ 


1.6, the positive integral exponents of the generator a will always be limited to 0,1,...,k—1. Hence 


the elements of C cannot but be: a°=e,a,a?,...,a"~1, which then of course forms a finite group. 


If mn implies αἷ τέ αὐ, then, because of the proof just completed, C cannot be a finite group, 
1.6. must be an infinite group. 


There exists an isomorphism between any infinite cyclic group C and the additive 
group 1 of all integers. 


PROOF: 


If a",a"eC and mneI where m#n and a™#a" (cf. Prob. 7 above), 1.6. a™ and a” are distinct 
elements of C, then let a™<>m and αὐ ει, which in turn imply a™a"=a™*"eC —& mtnel, com- 
pleting the proof. 


Any infinite cyclic group has exactly two distinct generators: one generator and its 
inverse. 


PROOF: 


Let the one generator be a; then, since a*=(a~1)-" by Prob. 14 of 88.1.1, α΄ is obviously the 
other generator. 


They are distinct, ic. a¥a7!, since a=a~! implies aa-!=a2=e (i.e. a finite cyclic group of 
order 2), which is a contradiction. 


They also defy the existence of any other possible generators for the following reason. Suppose 
there exists the third generator ὃ of the same group; then a= δ' and b=ai (since both a and ὃ are 
nerators), Le., ‘ 
ge ) an (αὖ) -- a? 
but, by Prob. 7 above (“mn implies a” τέ a”” is, by the contrapositive rule, cf. MTh. 1.1.1.12, logically 
equivalent to “a” = a” implies m= 7”), it must be the case that 1= jt, where i and j are both integers. 


Hence 7 must be either 1 or —1, ie. b=a or b=a~, proving that a and a~! exhaust all possible 
generators. 


The additive group R* of all real numbers is not cyclic; nor is the octic group D, of 
the square (cf. Prob. 5 of §3.1.2). 


PROOF: 


(i) Suppose R* be cyclic, and let a*0ceR* bea generator; then, if the additive operation of R* 
is defined as (a)"=na, where nel (cf. Prob. 6 above), it follows that [(a)"| = lal, 1.6. any real 
number smaller than |a| cannot belong to R*, which is a contradiction. Hence the additive 
group R* in its entirety cannot be cyclic. 
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11. 


12. 


13. 


14, 


15. 


(ii) ΟΥ̓ the right transformations with respect to|rotational and reflective symmetries: 0,1,2,3,4,5,6,7, 
none can generate the other seven; hence, by /definition, it is not cyclic. 


(Note, however, that the group can be generated by two: 1 and 5; viz. 0 ΞΞ 15, 1=1,2=1’, 3= 1" 
ἅ ΞΞ: Ὶ. δξξι 5. ΞΞ51. ἼΞΞΘ1 


Verify that the multiplication table on the right speci- 
fies a cyclic group, by finding its generator (or gener- 
ators). 
PROOF: 
(i) a=a, αὐ ΞΟ a=d, at=a’=b. 


(11) d=d, @=c, d=a, α΄ Ξ αΞ ὃ. 


If a is a generator of a cyclic group C οὗ jorder k, then a,a’,...,a*=e are all distinct 
elements of C; and if in general a?=e, then p is divisible by k. 
PROOF: 


(i) If the elements of C are not distinct, i.e. if same, eg. αἱ and α΄, are identical, then a‘*~’? = 6, which 
implies that i—j7 (if i> Jj, or what is the same: j—7 if i<j) is smaller than k, ie. that Καὶ is not 
the smallest positive integer for which a* =le, contradictory to Df.3.2.1.6. Hence the elements 
of C must be all distinct. 


(ii) Since a? =a’=e for any positive number p such that p = kq+r (ef. Prob. 7 above), r must 
be now either smaller than k, which is against Df. 3.2.1.6, or 0. Hence r must be 0, ie. p=kq, 
which is evidently divisible by k. 


Let the group R of all rotations of a regular octagon through 7/4 be Ro, Ai, Re, R3, Ra, 
R;,Re, Rz, and find the elements among them which generate R. 
Solution: 


Since Ri2=Ro=(1), Ri is a generator which does generate the other seven distinct elements; 
but R2,Ri,Re are not, since R.* = ΚΞ = εἶ = (1), against the conditions prescribed by Prob. 12 above. 
Rs, however, generates distinct elements, viz. Rs! = Ro, Κα = Κι, Rs® = Ro, Rs! = Rs, R3t = Ra, Rs' = Rs, 
R; = Re, R;° = Ry. 


Likewise, Rs; and R; generate C. 


Note, as will be generalized below, that the greatest common divisor of the exponents of the 
generators, i.e. 1,3,5,7, and the order of R, namely 8, is 1. 


If a cyclic group C is generated by an element a of order ἢ, then a” generates C iff 
the greatest common divisor of m and ἢ 15 1. 
PROOF: 


The ἢ elements, a™”,a’",...,a"° P-™, a" =e, 
and i>? (cf. Prob. 1, 7, above), then 


are all distinct. For, if eg. a'™=a’", 0=i, j=Hn 


qim— im = αὖ 15 ΞΞ 6 


where, by Prob. 12, ({— 7)m must be divisible by Ἢ and, by hypothesis (viz. the g.c.d. of m and Ἢ is 1), 
i—j itself must be divisible by ». But then, by the original stipulation, ὁ -- 7 is a positive integer 
smaller than n, which brings forth a contradietion. Hence the ἢ elements a”,a’”,...,a" 6 
are all distinct; 1.6. a” is a generator of C. 


Conversely, if a” is a generator of C, let the| g.c.d. of m and n be d and d#1, i.e. d>1. Then, 
since m/d and n/d must be positive integers and also, by Prob. 12, a*=e, 


(a™)r/4 — (a” πὰ — emia ΞΞ 6 


where 7/d is necessarily a positive integer smaller than πὶ itself. But then, again by Prob. 12, αὖ 
cannot be a generator of C, contrary to the assumption. Hence d must be 1, completing the proof. 


Any group G of order 3 is cyclic. 
PROOF: 


Since G is of order 3, it must have elements other than 6. Let a#eeG, then a’?*a; for, other- 
wise, it must be the case that a =e (cf. 83.1.1, Prob. 7), contrary to the assumption. 
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Also αὐ τέ ὁ; for, otherwise (1.6. if a? =e), it must be the case, by definition (of a group), that 
ab =a or ab=b or ab=e for the third element ὃ of G, ie. b#e and b#a. But if αὖ -- a, then b= e, 
and if αὖ τ δ, then a=e, both contrary to the assumption. Hence, eliminating the two cases out of 
three, it must be the case that ab =e. But then, if a2?=e, it follows that a’ =ab, ie. a=), again 
contrary to the assumption. Hence a’+*a, and e,a,a? are three distinct elements of G. 


Since, then, ae? = αὖ = 6, it follows that a must be the generator of G; hence G is cyclic, completing 
the proof. 


Any cyclic group is Abelian. 
PROOF: 
If a is a generator of a cyclic group C, ie. a",a"eC, for any mnel, then 
a"a® = amt ™ = grt™m = gryn 


Hence C is Abelian. 


Any subgroup of a cyclic group is also cyclic. 
PROOF: 


Let S be a subgroup of a cyclic group C; then aeC implies that the elements of S are all given 
in terms of a’, where p>0O. Given in general p=kqtr, 0=r<k, p must always be divisible by k, 
le. r=0, if k is to be the smallest of p. Hence a? =(a*)1, which proves a* to be a generator of S. 
S itself, then, is a cyclic group. 


Note, as in Prob. 1,7,14, etc., that the case of »<0 does not affect the proof as a whole; for, 
then, a-’eS, —p>0, and a-? = (a*)4, 1.6. a? = (a*)-9 2S. 


Set up a homomorphism between the alternating group A, (cf. Df.3.1.2.18) and the 
cyclic group of order 8. 
Solution: 

Given A.: (1), (128), (182), (124), (142), (184), (143), (234), (243), (12)(34), (13)(24), (14)(23), it is at once 


observed that (123)? = (132), (124)? = (142), (184)? = (143), (234) -- (248), and also that ((12)(34))3 = 
(12)(34), ((18)(24))* = (13)(24), ((14)(23))* = (14)(23), and of course (1)? = (1). 


Hence, the cyclic group of order 3 being the set {a,a?,a?—e}, there exists a homomorphism of 
three four-to-one correspondences: 
(1), (12)(84), (18)(24), (14)(23) > e=a% 
(123), (124), (184), (234) > a 
(123)?, (124), (134)?, (234)? > @ 


Verify the homomorphism of the cyclic group of order 2 onto the dihedral group D, 
(1.6. the octic group of the square). 
PROOF: 
Referring to §3.1.2, Prob. 5, 6, rewrite: 
e=(1), a=(1234), b=(18)(24), e=(1432), d=(12)(34), f=(14)(23), g=(13), h= (24) 
which in turn are reduced to 


e=a@’, a=-a, b=a, c=a, d=af, P=e, g=af, h=af 


Hence there exists a homomorphism of two four-to-one correspondences, Viz., 


a,v,a,at > ὁ and af,a*f,a*f,aif > a 


Prove Th. 3.2.1.9. 


PROOF: 

Since, by Th.3.1.3.1 and Th. 3.1.3.3, any homomorphism H: G->G’ maps the identity and the 
inverses of G onto their counterparts of G’, it is always the case that (a")’ = (a’)", nel, under H if a 
is the generator of G. Hence the powers (a’)"=(a")’ of a’ exhaust G’ as the powers a” exhaust G. 
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§3.2.2 Cosets and Conjugates 


Df. 3.2.2.1 The product of two complexes Κι and Kz, denoted by KiK2, of a group G is 
the set K of all elements of the form kik;, where kie Ki, kje Ko, and kik; may not be 
all distinct. 

If K, and Ke are both finite, 1.6. 1=1,2,...,m and 7=1,2,...,n, then K has mn 
elements, not all of them distinct; e.g. if G is the symmetric group Ss of degree ὃ, 
Κι = {(1), (12), (123)}, and Kz = {(13),(182)}, then Καὶ has 2-3 =6 elements, of which 
only 4 elements are distinct, viz. (1)(13) = (12)(182) = (18), (1)(182) = (12)(13) = (182), 
(123)(18) = (23), (123)(132) = (1). 

Complexes are special subsets, since they are specified as “non-empty” subsets 
(cf. Df.3.1.1.11), and as such need a slight modification, as has already been observed 
in Df.3.2.2.1, with respect to their joins and meets. The products of complexes, in 
fact, are no longer the meets as defined|in Df.2.3.2, but the sums of complexes are 
still the joins as defined in Df.2.3.1; viz, for every K:,K2,K3sCG, 


K,UK, - Κι, Κι Κα — K2VK,, K,U(K2U Ks) - (K,UK2)UKs 


Multiplication of complexes is generally non-commutative, but definitely associa- 
tive and distributive, as is plainly justified by Df.3.2.2.1, viz., 


Ki (K2Ks) = (Κι Κα), Ki (K2U Ks) = Κι Κορ Καὶ ΚΞ, (K2U Ks)K1 = KekiVK3Ki1 


The inclusion relation also holds; viz. if each element of Κι is an element of Ko, 
then Κις Ko, and if the converse KeCKi simultaneously holds, then K:i= Ko. 

The cancellation law does not hold |here; ie. KiK2=KiKs or K2Ki=K3K; does 
not imply Ko= Ks, although, conversely, K2= K3 implies K:K2e= KiK3 and K2Ki=K3K1 
iff K; consists of a single element. 


Df. 3.2.22 If Gi is a subgroup of G and Kj a single-element complex of G, then Κισι 
is called a left-coset, and GiK: a right-coset, of Gi in 6. 

G, itself is both a left- and right-coset of Gi: in G, since eGi= Gie=G, for Ki= {e}; 
also, if Κι is any single-element complex of G, both K:G, and Giki must contain 
Κι itself, since ee Gi. 

Note. “Right-coset’” and “left-coset’’) are duals, as is implied by Df.3.2.2.2 which, 
together with Df.3.1.1.7, also implies that such an orientation of right and left is 
needed only for non-commutative groups; for, in an Abelian group, right-cosets and 
left-cosets cannot but coincide. Any of the following theorems stated in terms of 
left-cosets will thus have a counterpart in terms of right-cosets. 

In the following theorems the single-element complexes K; will be replaced by 
single letters a,0,c,.... 


Th. 3.2.2.3 There exists a 1-1 correspondence between a subgroup G: of G and a left- 
coset aG: in G (cf. Prob. 1). 


Th. 3.2.2.4 Iff a~'beGui, then aG:=bGi (ef. Prob. 2). 
As a matter of fact, a~!b«G.: implies a=b (cf. Prob. 3). 


Th. 3.2.2.5 If aGi+bGi, then aG, and 0G: are disjoint (cf. Prob. 4). 


Th. 3.2.2.4 and Th.3.2.2.5, when put together, assert: any two left-cosets aG: 
and bG, are either identical or without;}common elements. 
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Th. 3.2.2.6 There exists a partition (cf. Df. 2.3.13) of G, 
G = a1GiVaeGiU...UanGi 


_ where G is decomposed into a join of a finite number of disjoint cosets (cf. Prob. 6-7). 


Df. 3.2.2.7 The partition in Th. 3.2.2.6 is called the left-decomposition of G with respect 
to Gi, and an arbitrary element a; of each left-ccset is called a representative (cf. 
Df. 2.1.15) of that coset. The equation of the partition itself is called a class equation. 


The orientation of right and left is necessary for the decomposition of non- 
commutative groups, because right and left decompositions may turn out to be 
distinct. (Cf. Prob. 7,10, 11.) 


Th. 3.2.2.8 If, as in Th.3.2.2.6, G = aiGiUasGiU...UanGi, then 
G = Giay!UGiazg!U...UGia;z! 


Df. 3.2.2.9 The number ἢ of distinct left-cosets of G: in G is called the index of G: in G, 
denoted by n=(G:G1). 
Example: 


The index of the left-cosets of Gi in G above, in Th. 3.2.2.8, equals the index of the right-cosets 
of G; (cf. Prob. 9). In the case of infinite groups, however, the sets of right and left cosets with 
respect to a subgroup are said to have the same cardinal number. 


Th. 3.2.2.10 (by Lagrange). The order of a subgroup G: of a group G is a divisor of the 
order of G (cf. Prob. 12-13). 


Conversely, however, a group of order Ἢ may not have a subgroup of order k 
even if k 1s a divisor of n; e.g. a permutation group of order 12, 


(1), (123), (124), (182), (142), (234), (243), (184), (143), (12)(34), (13)(24), (14)(23) 


has no subgroup of order 6, although it does have subgroups of orders 2, 3, 4. (The 
converse holds if / is a prime or prime power; the existence and number of such 
subgroups is studied by the Sylow theorems, which are beyond the scope of this book.) 


Th. 3.2.2.11. The order of an element acG is a factor of the order of G. (Cf. Prob. 14.) 


Example: 


In the octic group of the square (cf. §3.1.2, Prob. 5) the transformation 1 has order 4 and other 
transformations also have orders (such as 2) which are factors of 8. 


Th. 3.2.2.12 Any group of prime order is cyclic and has no proper subgroups. (Cf. 
Prob. 15.) 


τς ᾿ς ἧς ἧς * 


Df. 3.2.2.13 If K is a complex of a group G, then the set H whose elements are of the 
form x~'kx, for some «x and all keK, is called the transform of K by «x, denoted by 
H=2a"'Kx or H=K*; the element x, which need not be unique, is called the trans- 
forming element. 


Df. 3.2.2.14 If both H and K are complexes of G in Df.3.2.2.13, and if Gi is a subgroup 
of G such that «eG, then H is said to be the conjugate of Καὶ under Gi; all H con- 
jugate to K under αι constitutes a class of conjugates. 

Example: 


If G is Ss, Gi = {(1), (12)}, and Καὶ = {(12), (18), (23)}, then two sets of conjugates of K under Gi: 
Ay, = (1)7*{(12), (18), (23)}(1) and Hz = (12)7?{(12), (13), (23)}(12) yield a class of conjugates. _ 


Sec. 8.2.2] SUBGROUPS — COSETS AND CONJUGATES 97 


If a,b,ceG, then the conjugate c οὗ ὃ by a under G is c=a~’ba. 


Example: 
In Ss, (23) is the conjugate of (12) by (123), since (23) = (123)~1(12)(128). 
In general, if 
— (%1%2...0n\ sng ᾳ -- (U%-- δι bz... On then g@! = ( σ' 5:6» 
bi bo... On Ci C2. di de.. : αι A2...Qn 


(cf. Th. 3.1.2.6) 


nd = -1 -Ξ C1 Cz2...€n ty Ae...an δι be... On = C1 ὃς... ὅπ 
a r q pq @ gone ἢ be... On di dz. ..dn di dz. ..dn 


Th. 3.2.2.15 Conjugacy is an equivalence relation. (Cf. Prob. 16.) 


Th. 3.2.2.16 Καὶ and Κα in Df.3.2.2.13 are of |the same order. (Cf. Prob. 17.) 


Th. 3.2.2.17 If S is the set of all cycles of length n, then S=S* (cf. Prob. 18). 


Th. 3.2.2.18 The order of an element ceG which is conjugate to an element αε equals 


1. 


the order of a itself. (Cf. Prob. 21.) 


Solved Problems 


Prove Th. 3.2.2.3. 
PROOF: 

Let gic Gi and agie aGi; then, since agi= ag, at once implies gi= 9)» the correspondence gi agi 
must be 1-1. 


Stated otherwise: each element αἱ Ξε αι of the coset aG: is in fact the unique image of a distinct 
element gi of Gi, viz. ριξε α΄ αι. Hence gi ai, jor what is the same, a ‘ai agi. 


Prove Th. 3.2.2.4. 
PROOF: 

If a-'be Gi, then (α΄ 18) 1ε G:. Let a 'b=gi as in general gieGi,i=1,2,...,; then (a~*b) 1 = 
b-'(a-)-1= ba (ef. 83.1.1, Prob. 19), ie. bo'a@=(a-7b)"*=grteG.. Also, if a;eaGi, 7 =1,2,...,%, 
then 

a; = agi = (bb-)agi = b(b-'a)gi = boy 'giebGs, 1.6. ajeaGi > aye αι 
Hence aG:CbG:. Likewise, bG:CaG:, starting with ὃ;ε δι to arrive at bje aGi. Hence aGi= bG1. 


Conversely, if aGi= 6G: to begin with, then gie Gi and agi=bgi, which implies atagi=a‘bhgi, 
which in turn implies gi=a~'bgi, which further implies a~'b = gigi’eG:. Hence aG:i— δι implies 
a 'be Gi. 


Examine a~!beG; in terms of an equivalence relation. 


Solution: 
(i)  Reflexivity: a=a implies αἶα = eeGh. 
(ii) Symmetry: a =b implies a~'be G:, which in turn implies 6~'a = (α δ) ᾽ ε Gi, which further 


implies ὃ = a. 


(iii) Transitivity: a Ξε ὃ and b=c imply a-‘beG: and b7'ceG., which in turn imply ἃ ὁ = 
(a—1b)(b-*c)e G1, which further implies a = σ. 


Furthermore, since the implications in (i)-(iii) can be readily reversed, the converses of (1)- (111) also 


hold. Hence there exists not only an equivalence relation with respect to a ‘b, but also the latter 


implies a= 6 in Gi. 
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Prove Th. 3.2.2.5. 
PROOF: 


Suppose a@GinbG, τ @, i.e. suppose that aG, and δι do have an element x in common; then 
x = a9, —bg, for some p and q where agy,bg,2G:. Hence a” "agp = a ὃς, i.e. α΄ ὃ = σρσς ἵει, and, 
by Th. 3.2.2.4, αι τ δι, contrary to the initial assumption. Hence it must be the case that 
aGinbG, = (. 


A subgroup G; of a group G is the only coset which in itself is a subgroup of G. 


PROOF: 
Let any coset of Gi be aGi; then, if aG; is a subgroup, ee Gi implies ee aG, (cf. 83.1.1, Prob. 8), 
le. GiCaGi, and conversely, ie. aG:CG:. Hence aG: = Gi. 


Prove Th. 3.2.2.6. 


PROOF: 


Let the elements of G be 061, bs, ...,6,, 7 =n: then there follow r left-cosets 01G:, boG1, ...,b-Gi, 
which may not be mutually exclusive (cf. Th. 3.2.2. 5-6). Hence choose out of r left-cosets only ἢ 
non-overlapping left-cosets a:G:, i= 1,2,.. ον, and 


G = Use, iG, I= {1,2,...,n} 


Find the left decomposition of the octic group D4, of the square (cf. 88.1.2, Prob. 5, 6): 
e=(1), a= (1234), b= (18)(24), c= (1432), d= (12)(34), f= (14)(23), g= (13), h= (24), 
with respect to a subgroup Gi = {e,h}. 
Solution: 
Since there are eight elements in Dy: e,a, b,c, d,f,g,h (corresponding to bi, bs,...,b, in Prob. 6 

above), there follow eight left cosets (corresponding to 6:G1, b2Gi, ..., 6G), viz., 

eG: = {ee, eh} = {e, h} aG; = {ae,ah} = {a, ft bGi = {be, bh} = {b, 9} 

σαι = {ce,ch} = {c,d} dG, = {de,dh} = {d,c} fG, = {fe,eh} = ff, a} 

σαι = {ge,gh} ={g,b}  hGi = {he, hh} = fh, e}. | 


The eight left-cosets, however, are not mutually exclusive, as can be readily observed, since 
eGi=hGi, aGi=fGi, 6G: =g9G1, cG:=dG,. Hence choose only 4 disjoint left-cosets (corresponding to 
aGi, 1=1,2,3,4) out of eight, viz. either the set of eG, aG1,6G1,cGi, or the set of hGi, fGi,9Gi,dGi. 
In either case the partition of Ds is complete, viz., 


De = eG:UaGiUbGiucG; = dG UfGiUgGiUhG: 


Prove Th. 3.2.2.8. 


PROOF: 
If be Gi, then b-'caiGi, i=1,2,...,n, which implies that there exists geG: such that δ᾽ -Ξξ αἷσ. 
Since b= (b~')"'=(aig)"'=g~'az', where g~!e Gui, it follows that be αἰαῖ". Hence 


G = GiartUGiaz!U...UGiaz} 


where all right-cosets are mutually exclusive. For, if Giazy'NGiaz! # ἢ and there thus exists ce G 
such that ce Gia;* and ce Giaj', then c= giaz! and c=g2.a;' for some gi,g2¢ Gi: hence 


αιρι = (σιαῖ τ} = (graz')-! = ajgz? 


which implies aiGinaj;G: τῇ @, contrary to the original hypothesis. Hence the  right-cosets must be 
all mutually exclusive, and there now exists the right decomposition of G with respect to G:, where 
the number of right-cosets is equal to that of left-cosets. 


There exists a 1-1 correspondence between the right and left cosets of G: in G. 


PROOF: 


It immediately follows, from Prob. 8 above, that there exists a 1-1 correspondence of the form 
aiGi «Ὁ στα]. 
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10. 


11 


12. 


13. 


14. 


15. 


Decompose the octic group of the square in Prob.6 into a join of right-cosets. 
Solution: 
Since e-!=e, a !=c, b'=b, c1=a,d'ed, f'=f, g '=g, h*=h, it follows that 
G = eGivaG,vVbGiveGi = GieUG:a—-!UGib 'UGic™ = GieUGicUGibUGia 

and also, likewise, G = dGiUfGivgGiUhG: = GidUGifUGigUGiR. 


Find the difference, if any, between the right and left decompositions of the symmetric 
group G of degree 3, viz. (1), (12), (13), (23), (123), (132), with respect to a subgroup 
Gi = {(1), (12)}. 
Solution: 
According to the left decomposition: 
G = (1)G,U(13)Gi:U(23)G, = {(1), (12)} U {(18), (182)} U {(23), (123)} 
and according to the right decomposition: 
G = G.(1)UGi(13)UGi(23) = {(1), (12)} U {(18), (123)} U {(23), (132)} 


Hence the two decompositions are distinct, although they do consist of the same number of cosets. 


The order of a group G equals the product of the index of a subgroup Gi in α and 
the order of Gi. 


PROOF: 


Since there always exists a partition of G into ἡ disjoint cosets (ef. Prob. 6-7), each of which in 
turn has exactly m elements, m being the order of G; itself (cf. Th. 3.2.2.3), mn must be the order of G. 


Prove Th. 3.2.2.10. 


PROOF: 


Since {e}, the set which consists of e alone, is a subgroup of any group, the orders of G and G: 
may be written in terms of indices, viz. (G:{e}) jand (Οἱ: {e}) respectively (cf. Df. 3.2.2.9, and also note 
that any coset aG: contains a=ac). Then, by Prob. 12 above, 


(G:{e}) = (Gi:te})(G: G1) 
Hence the index (G:G:) must be a divisor of the| index (G: {e}). 


Prove Th. 3.2.2.11. 


PROOF: 


If aeG, then a cyclic subgroup generated by a has the same order as the order of a itself 
(ef. Df. 3.2.1.6). Hence, by Th. 3.2.2.10, the order of a divides the order of G. 


Prove Th. 3.2.2.12. 


PROOF: 


Since, by Th. 3.2.2.11, the order of a cyclic subgroup G: generated by an element ae G (ae) must 
be a factor of the prime order p of G, when p|has as its factors only 1 and p itself, the order of G1 
must be p. (Note. aXe, ie. Gi has a as wellljas 6, and as such cannot be of order 1.) Hence, the 
orders of G and G: being the same, G= Gu, and) G must then be cyclic. 


If G has a proper subgroup G2, then the order k of G2 must be a factor of the order p of G. 
But then, since & can be neither p nor 1 (cf. Df.3.1.1.12), it is self-contradictory. Hence G cannot 
have any proper subgroup. 
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16. Prove Th. 3.2.2.15. 
PROOF: 
(i) Reflexivity: a:=e~'a:e, where aie G; ie. a1 is the conjugate of itself by e. 


(1) Symmetry: If, for a:,a2¢G and for some δ, di =b~'a2b, then (67')~!a,b-) = (67*)~"(b7'a2b)b-1 = ap; 
1.6. if ai is the conjugate of ας by b, so is as of ar by δ΄". 


(iii) Transitivity: If, for ai,a.,as;eG and for some b,c, d1=b7'a2b and a2=ec™ asc, then ατ- 
b~*(e~'asc)b = (cb)~'a3(eb); 1.6. if a: is the conjugate of ας by ὃ, and az the conjugate of a; by c, 
then a: is the conjugate of as by cb. 


17. Prove Th. 3.2.2.16. 


PROOF: 


Since there exists a correspondence, for any seS,reR, and some x¢S, such that s>r= α΄ "so, 
and conversely that r> xrx-!=x2(x-'sx)u-1= 5, the correspondence between S and S*=R is one-one. 
Hence both sets have the same number of elements. 


18. Prove Th. 3.2.2.17. 
PROOF: 


Let s = (αι @2...aQn) and ὦ = paar. then 


pelea. τὰ δι be... Bn... be \( 1 αν... «αὐ... «αἰ αι αν... On. . «αν 
αι @2...An...ar Qe &3...0@1...ar δι δι... .δ.....ὃ, 


δι be one δ «oe ὃ, —s 
= ε = (δι be... bn 
e bs see δι eae . ( : i ) 


‘Hence any element of S* is also a cycle of length ἢ. 
Conversely, it is clear that there exists some x such that x-'sx = r for any reS*. 
Hence S = 55, 


19. If a set S consists of the permutations of the form: S = @102...4n Where @1,d2....,Qn 
are disjoint cycles of lengths 01,02,.. -,On respectively, then the set of all permuta- 
tions conjugate to S contains the elements of the form: r= bi1b2...6n where 01,b2,...,bn 
are disjoint cycles of lengths 01,02,...,0n respectively. 


PROOF: 
For some c, r = σ΄ ἷ86 = ο΄ 'aiae...a,)e = ο΄ '(ai(ee™*)ax(ce™).. (ee )an)e = (c~ta1¢)({c~1ae2ec)... 
(¢~'anc), where all conjugates of ai, i= 1,2,...,.n, by 5 are disjoint since the set of a; consists of 


disjoint cycles. Also, by Th. 2.2.2.17, each of e7a:¢c must have the length of a; itself, and conversely, 
by Th. 3.2.2.16-17. Hence there exists a 1-1 correspondence between the two sets of disjoint cycles of 
the same lengths: ai< δι, a2< bo, ..., Qn dn 


20. Classify the classes of conjugates in the symmetric groups of degree 8, 4,5. 


Solution: 
(i) Ss has six elements: (1), (12), (13), (23), (123), (132), the conjugates of which are subdivided into 
three sets: 


(a) (1). This is trivial, since it always holds that α΄ (1). = (1). 

(6) (12),(18),(28). E.g. (1)71(12)(1) = (12); (23)~"(12)(23) = (23), (182)~1(12)(182) = (18); ie. the 
conjugates of three transpositions of Ss are also transpositions, as can be deduced from 
Th. 3.2.2.17 and Prob. 19. 

(c) (128), (132). E.g. (1)~1(123)(1) = (123); (23)~*(123)(23) = (132); (132)~1(128)(132) = (123), which 
is indeed the expected result: i.e. the conjugates of the cycles in 55 of length 3 are also the 
cycles of length 3. 


(ii) The conjugates of ὅς, likewise, are subdivided into five types: (a) the identity permutation (1); 
(6) the transpositions, e.g. (12); (c) the cycles of length 3, eg. (123); (d) the cycles of length 4, 
e.g. (1234); (e) the product of two disjoint transpositions, e.g. (12)(34). . 
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(iii) The conjugates of Ss, likewise, are classified into seven patterns: (a),(6),(c),(d),(e) as in (ii), 
and (f) the cycles of length 5, e.g. (12345), (g) the products of one transposition and one cycle 
of length 3 which are disjoint, e.g. (12)(345). 


21. Prove Th. 3.2.2.18. 
PROOF: 

If c= δ΄ 'αδ for some ὃ and a* =e, then, since for n=2: (b~1ab)? = (b-'ab)(b-'ab) = b-'a?b, sup- 
pose for n=k: (δ᾽ ᾿αδ)" τῷ 8. 'α"δ. Then, for n=k+1, (b7!ab)**! = (b-ab)*(b~1ab) = (b-1a*b)(b-1ab) = 
b-'a***b, and in general, (b~'ab)"=6"'a"hb=b-'eb=e. Hence the order of c=—b6-!ab cannot be 
greater than that of a. 

Conversely, if (6~'ab)" =e, then b~'a"b = 6. 

Hence a"= (bcb~')* = be*b-! = b(b71ab)"b-1 = b(b1a"b)b-! = beb-1 =e, and the order of a cannot 
be greater than that of ec. 


Thus a and ὁ must have the same order. 


*§3.2.3 Normalizers and Centralizers 


Th. 3.2.3.1 Given a subgroup G; of a group G, the complex Καὶ of all xeG such that 
Gi*=G, is a subgroup of G. (Cf. Prob. 1.) 


Since Gi*=Gi, Le. χα, Ξε σι, is |logically equivalent to Givx=2xG., Th.3.2.3.1 
has an alternative form: a complex K,|K CG, which consists of those elements of G 
that commute with every element of Gi is a subgroup of G. 


Df.3.2.3.2 The complex K of Th.3.2.3.1 is lecalled the normalizer of G: in G, denoted by 
Ne,(&) or simply N(K). 
Example: 


If G is the symmetric group 35 = {(1), (12), (13), (28), (132), (182)} and Gi = {(123), (132)}, then 
the normalizer Ne,(K) is the complex K = {{(1), (123), (182)}, since (1)(123) = (123)(1), (1)(482) = 
(182)(1), (123)(123) = (123)(123), (128)(1382) = (192)(123), (182)(123) = (123)(132), (132)(132) = (132)(132). 
Manifestly, N(K) is a subgroup of G; note, also, that N(K) is Abelian. 


N(K) may consist of only one element of G or, if G is an Abelian group itself, 
all elements of G. 


Th. 3.2.3.3 Given a subgroup G:; of a group G, the complex Καὶ of all xeG: such that 
G:*=Gi is a subgroup of G. (Cf. Prob) 2.) 


Df. 3.2.3.4 The complex K of Th.3.2.3.3 is called the centralizer of Gi in G, denoted by 
Cc,(K) or simply C(K). 
Example: 
If, again, G is Ss and G: = {(128), (132)}, then 


Ce,(K) = ((128),(182)} jvs. Ne, (K) = {(1), (128), (182)} 


As is exemplified above and also explicit in Df.3.2.3.2 and Df. 3.2.3.4, it is always 
the case that C(K) CN(K) in any group 
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Df. 3.2.3.5 If Gi=G in Th.3.2.3.3, then C(K) is called the center of G, and the elements 
of C(K) are called the central elements of G. 
Example: 

If Gi=G in the examples of Df. 3.2.3.2 and 3.2.3.4 above, then C(K) = N(K) = {(1)}, as can be 
readily verified by the multiplication table of S3. (The center, of course, may be of more than one 
element; cf. Prob. 3 and also Th. 3.2.3.8.) 

In general, C(K) and N(K) coincide if Gi=G — which is obvious from their 
definitions — just as they do when they consist of a single element. It is then self- 
explanatory to speak only of the normalizer or the centralizer of G if G=G1. 


Th. 3.2.3.6 The normalizer (or centralizer) of G: in G contains σι in itself. (Cf. Prob. 4.) 


Th. 3.2.3.7 The number of the conjugates of a complex K contained in a group G is 
(G: N(K)), 1.6. the index in G of the normalizer of K in G; the index is also a divisor 
of the order of G. (Cf. Prob. 7.) 


Th. 3.2.3.8 The center of a group G, where G+ (6), whose order is of p", where p is a 
prime and n any integer, is greater than the identity alone. (Cf. Prob. 11.) 


Df. 3.2.3.9 If the order of every element except the identity of a group G is of a power 
of a prime p/p (as in Th.3.2.3.8), G is called a p-group. 


Th. 3.2.3.10 Any group G whose order is of p?, where p is a prime, is Abelian. (Cf. 
Prob. 12.) 


Solved Problems 


1. Prove Th. 3.2.3.1. 
PROOF: 


Since «"'gu=g for all xeG and all geG:, it immediately follows that g = ρα" = (α ἢ) Ἰσί(α ἢ). 
Hence, if «eK, then also στε Κα. Moreover, if y~'gy=g, then (xy)~'g9(ay) = y~"a-1gx)y = y gy = g. 
Hence xye Καὶ, satisfying the conditions of Th. 2.1.1.13, which proves K to be a subgroup of G. 


2. Prove Th. 3.2.3.3. 
PROOF: 
The proof will be the same as above, only with a slight modification, since the only difference 
between these two theorems is a small (but important) stipulation: “xe G.”’ vs. “xe G”. 
The proof, however, may be given in a nominally different way, for instance, as follows: 


If xyeK, 1.6. xg = ρα and yg = gy for all x,y,geGi, then (xy)g = x(yg) = x(gy) = (xg)y = (gx)y = 
g(xy), which implies «ye K. Also, it follows from xg τε σὰ that gx~1=«x~-'g, which implies «~‘'e K. 
Hence, by Th. 3.1.1.18, K is proved to be a subgroup of G. 


3. Find the center, the centralizers, and the normalizers of the octic group G of the square 
(cf. §3.1.2, Prob. 6): 0=(a)(b)(c)(d), 1=(abed), 2=(ac)(bd), 3=(adcb), 4=(ab)(ed), 
5 = (ad)(bc), 6= (ac), T= (bd). 
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Solution: 


Let K:= {0}; then, using the multiplication table of G, Κι is at once found to be the centralizer, 
in fact the center, of G in G itself. Obviously, then, K: is also the normalizer of G itself in G; further- 
more, since K; is a subgroup of G, Κι is the normalizer of Κι itself in 6. 


Likewise Kz = {0,2}, which is a subgroup οὗ G, is the center, the centralizer, and the normalizer 
of G in G itself; also, Ke is the normalizer of Ky (as a subgroup) in G. 


Let K; = {0,1,2,3}, which, again, is a subgroup of G; then the complex Ks; is the centralizer, and 
also the normalizer, of the subgroup K; in G; moreover, K3; may be considered the normalizer of Κι, 
or K2 in G. 


Κα may be replaced by K. = {0,2,4,5} or Ks = {0,2,6,7}. 


Likewise Ks = {0,4} (or K7= {0,5}) is the centralizer as well as the normalizer of Ke (or K7) in G 
or in Κὶς; Ke (or Kz) may be considered the normalizer of K: in G or in Kz, or in Keg itself. 


Ks = {0,6} (or Ko = {0,7}) has the same characteristics as Ke (or K7) with respect to centralizers 
and normalizers. 


Prove Th. 3.2.3.6. 


PROOF: 


By definition, the normalizer (or the centralizer) consists of those elements of the whole group G 
(or a subgroup G: of G) that commute with every element of Gi; it must then contain G: in itself, 
since a subgroup always commutes with each οὗ its elements. 


This 15 true even if Gi consists of a single element, since an element of a group always commutes 
with itself. 


Given a cyclic group S generated by an element g of a group G, N(S) contains all σ", 
where nel, and the order of N(S) is a multiple of the order of g. 


PROOF: 


Since (g")~!g9(g") =g, i.e. g(g") = (g")g, it follows that g" for any ne I must be contained in N(S). 
Also, since the cyclic group S generated by g ig now proved to be a subgroup of N(S), the order of 
N(S) must be divisible by the order of g. 


Note. g belongs to the center of N(S) of Gi hence N(S) evidently contains the center of G. 


There exists a 1-1 correspondence between the conjugates of an element g of a group 
G and the right cosets of the normalizer N of g. 


PROOF: 
Let the right cosets of N be Nx, where xe G, and also ate αν for ac N; then, since a 'ga=gQ, 


(ax) 'g(ax) = x la 'gax = x '(a-lga)jx = a 9α 
Now, assume αἱ ᾽σαι = 27'gv2 when there are two distinct right-cosets αὐ δ and x#2N; then 
(σα) ρα," = me, igre’ = mwa gue = g 


implying that wexyte N, 1.6. wee Nai, which in turn implies that Naz= Na, contradictory to the 
assumption. Hence the right-cosets are distinct, and to each right-coset of g there corresponds a 
distinct conjugate of g. 


Prove Th. 3.2.3.7. 


PROOF: 
Since the index in G of the normalizer N of K is presumed, as usual, to be finite, G has a right 


decomposition 
᾿ G = NaejUNxVU...UN2m 


where there exists, as proved above (Prob. 6), a [|-1 correspondence: Nxi<2;'gx; Hence the number 
of the conjugates of K must be m=(G:N(K)). 


It also immediately follows, by Df. 3.2.2.9, that m is a divisor of the order of G. 
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8. Given the symmetric group S;= {a,b,c,d,e}, find the number of the conjugates of 
p = (abcde) in Ss. 
Solution: 
Since (abede) = (bedea) = (cdeab) = (deabe) = (eabed), the permutations through which p remain 


unvaried are 
o_ » — [abede _ f{abede 2. fabede 
Ξ Cees ἡ Capea . ae 
s _ {abcde .«. /fabede 
ἡ Chee) ᾿ Ga 
Hence the order of the normalizer of p is 5 and, by Th. 3.2.3.7, the index is 5!/5 = 24. 


J. Find the number of the conjugates of 8 = (abc)(def) in Ss= {a,b,c,d,e,f}. 
Solution: 
Let s:= (abe) and 85 ΞΞ (def); then, since (abc) = (bca) = (cab) and (def) = (efd) = (fde), the set P 
of all permutations which do not change s: and 85 are: 
$1° 82°, 81' 82°, $1" 82°; $1°S2', $11 82ἷ, $17 82}: 819 82", $1' 827, $1" 82” 
Since the normalizer N of 8 in Ss, of which N is obviously a subset, also contains another subset Ὁ 
in which s: and 85 interchange themselves, it follows that N = PUQq, where q = (14)(25)(36). But 


the order of P is 9 and, consequently, that of Qq is 9. Hence the order of N is 18, and the number 
of the conjugates of s in δε is 6!/18 = 40. 


10. Generalize the result of Prob. 8-9. 


PROOF: 
Let s in δὰ consist of δι cycles of length 1, cz cycles of length 2,...,ck cycles of length k; then, 


bviously, 
obviously nm = 1ea+2e+ ... + ke 


Now, the permutations of distinct letters taken all at a time is !, and since a cycle of length οἱ 
may be freely permuted without changing s as a whole, the same permutation occurs ¢1!¢2!... δκ! 
times if all πὶ! cases are considered. Moreover, since a cycle of length οἱ may be written in ¢; different 
ways and allows thus 7° equivalent cases, each permutation has been repeatedly considered 1°12°2...k°% 
times. Hence the number of distinct permutations is 


m!/(1%1 οι! 2°2 co! .-. hee ex!) 


which is also the number of the conjugates of s in Sy. 


11. The center C of a group G is a subgroup of G and, if G is Abelian, is G itself. 


PROOF: 

For every σεῦ, x,yeC implies gag =x and g™'yg=y, which in turn implies ἡ 'ασο ἰα ἷσ = 
gtxa~"g = e. Hence g™'x'g = (g-'xg)"' = a1, and consequently g™(a-'y)g = g ie gg-tyg = 
α΄ με, proving that C is a subgroup of G. 


If G is Abelian, then every element of G commutes with all other elements of G; hence C coincides 
with G. 


(E.g. Sz, which consists of e and a transposition, constituting an Abelian group, is the center of 
S2 itself. If n = 3, however, the center of S, consists of {e} alone, just as any non-commutative simple 
groups (cf. Df. 3.2.5.2a). 


12. Prove Th. 3.2.3.8. 


PROOF: 
Decompose G into a class equation 


GS ον Cy 
and let ai be the number of elements in Οἱ; then 


8" = G1 + ἂς + --» + Om 
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Assume that some of C; are the identity (which is always a class in itself and naturally belongs to 
the center of G). Then k=1, k denoting the number of such identity classes. This implies, by 
Th, 3.2.3.7, that p" must be divisible by (m— k), |the number of non-identity classes, i.e., 

op = k+(m—k) |= k+ip, i=1,2,...,n 


since p” is obviously divisible by p itself. Hence k also must be a multiple of p, 1.6. Καὶ > 1, completing 
the proof. 


13. Prove Th. 3.2.3.10. 
PROOF: 


The order ᾳ of the center C of a group G is greater than 1, as has been proved by Th. 3.2.3.8. Also, 
since C is a subgroup of G, the order p’? of G must be divisible by g. Hence q=p* or g=p. 


If gq=p’, then C=G and, by definition, eyery element which belongs to G becomes permutable 
with every element of G. Hence G must be an| Abelian group. 


If q=p, assume ae G and a¢C. But, then; since the centralizer C’ of a must contain C and also 
all powers of a, the order q’ of C’ is greater than Ὁ, which implies q’ = p? (for p? must be divisible by 
q). Hence a must belong to C, contradictory to the assumption. 


Hence it must be the case that q =p’, which proves G to be Abelian. 


*§3.2.4 Endomorphism and Automorphism 


Df.3.2.4.1 A homomorphism (cf. Df.3.1.3.1-2) of a group G onto G itself or into a sub- 
group Gi of G is called an endomorphism (cf. Df.2.2.2.10) of G or an operator on G. 


Stated otherwise, a transformatio T: G>G (or Gi) is an endomorphism of 
G if T(ab)=T(a)T(b) for every a,beG; 1.6. there exists a correspondence: a> da’, 
b> 0b’,..., for a,b,...eG and also a’jb’,...(not necessarily distinct)eG, such that 
a>a’ and ὃ -» δ' imply ab-a’b’. 

An endomorphism of G is logically equivalent to an operator on G which in effect 
is a mapping f: f(a)=a’,f(b)=b’,.|.. which entails the distributive property: 
F(ab) = f(a)f(b) =a’b’. 


Df. 3.2.4.22 Every group G has at least two operators: the identity operator I such that 
I(a) =a for any aeG, and the null operator N(a) =e which is the identity element of G. 


Th. 3.2.43 Every endomorphism maps every subgroup G; of G onto or into a subgroup 
(Gi) of G. (Cf. Prob. 1.) 


Th. 3.2.4.4 The product of two endomorphisms is in itself an endomorphism. (Cf. Prob. 2.) 


Operators as such; when put together, are associative. (Cf. Prob. 3.) 


Df. 3.2.4.5 If an endomorphism of G is 1-1, then it is an automorphism of G. 


Stated otherwise, an automorphism) of G is an isomorphism of G into and onto G 
itself, viz. a transformation ΤΊ GG where T(ab)=T(a)T(b) for every a,beG; 
i.e. there exists a 1-1. correspondence |between G and G itself such that, for every 
a,a’,0,b’,...eG, aoa’ and bed’ imply αὖ «» α’ δ’. 
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In general, if T(a)=T7(b) implies a=b for every a,beG, the endomorphism is an 
isomorphism which in turn, in a finite group, is necessarily an automorphism. (This 
is not the case in an infinite group F where F may be isomorphic to a proper sub- 
group; e.g. «>nx for some integer n is an endomorphism which in itself is an 
isomorphism of the additive group of 1, the set of all integers, but this endomorphism 
cannot be an automorphism. Conversely, however, every isomorphism between a 
group and one of its proper subgroup is also an endomorphism, but not an auto- 
morphism.) 


Th. 3.2.4.6 The composite (or product) of two automorphisms is also an automorphism. 
(Cf. Prob. 4.) 


Th. 3.2.4.7 A(G), which denotes the class of all automorphisms of a group G, forms a 
group. (Cf. Prob. 5.) 


Note. A(G) is in fact a subgroup of T(G), the class of all possible transformations 
of G, one of which is exemplified below. 


Th. 3.2.4.8 The transformation C of the conjugates στρα σὰ for some x and any 
element g of a group G is an automorphism of G. (Cf. Prob. 6.) 


Df. 3.2.4.9 The automorphism C of the form gox'gx in Th.3.2.4.8 is called an inner 
automorphism. 


Note. All inner automorphisms of an Abelian group are necessarily reduced to 
the identical transformation. (Cf. Prob. 7.) 


Th. 3.2.4.10 The inner automorphisms of a group G form a subgroup of A(G), denoted 
by C(G). (Cf. Th.3.2.3.8 and Prob. 8.) 


Df. 3.2.4.11 Any automorphism which does not belong to C(G) is an outer automorphism. 

In general, an outer automorphism is an automorphism which is not mapped by 

a single element; e.g. the mapping in the four group V4: eoe(=a?=b’), aod, boa, 
ab<>ba, is an outer automorphism. 


Solved Problems 


1. Prove Th. 3.2.4.3. 


PROOF: 
Gl. Let aibie Gi; then, by Df. 3.2.3.1, a:> ai= f(a) and ὃ, -Ὁ δὲ = f(b), where f(a,),f(b) ε f(Gi), imply 
aibie G; > flaibi) = f(a)f(bi) = ai bie f(Gi). 


G2. If aibicieG, then ai(bicei:) = (aibi)e; > f(ai(biei)) = f((aibi)e) > f(ai)(f(b:)f(ei)) = (F(ai) f(bi)) fle,) > 
ai(bici) = (aibi)ei, where ai,bi,c! ε f(G:). 


G3: Since f(e)=e and f(a) = f(aie) = f(a)fle), it follows that ae -Ξ αἰ. 
G4: Since e = f(e) = f(aia;') = f(a) (αἴ 7), it follows that αἰαί 1 ΞΞ 6. 
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2. 


Prove Th. 8.2.4.4. 


PROOF: 


Given two endomorphisms EF: and E2 of G, defined as Ei: a’ eGo Hi(a’)=a"’eG, Ex aeGno 
E.(a)=a'eG, respectively, it follows that Fike: acG > E,E.(a) = Ei(E.(a)) = Ei(a’) =a" eG. 


Likewise 
be G > Eik2(b) = Ei(E2(b)) = Ε.(δ᾽) = δ εα 
and abe G > EiE.(ab) = Ei(E2(ab)) = E\(E.(a)E2{a)) = Ei(a’'b’) = Esa’ )Ei(b’) = a’b" eG 


Hence the composite (or product) of Εἰ and E,2 is also an endomorphism of G. 


The composition (or multiplication) of endomorphisms is associative. 
PROOF: 

Let, as in Prob. 2 above, Es: acG->E;(a)=a’eG, Es: a e&GoeEa’)=a’eG, Ey aeGo 
Ei(a”)=a'"eG. Then £,(E2E3) = Ei(B2fs)(a) = Ε1(ΕΦ(Ε 4((α}}) = Ei(E2(@’)) = Ei(a”’”) = a’” and likewise 
(Ε΄ 1} = (Ε.Ε.} «(α) ΞΞ (EE 2)a’ = E,(£2(a’)) = E;(a”’) =a. Hence E\(E2E3) = (HE 2) Es. 


Prove Th. 3.2.4.6. 


PROOF: 


Given two automorphisms A: and 42 of G, defined as Az: acG «Ὁ» A2(a)=a’eG and Ai: a’ eGo 
A,(a’) = a’’eG; then, replacing only “>” of Prob. 2 above by “<>”, the desired result is obtained, 
viz. acG 49 AAX{a)=a"’eG and δε «Ὁ A:A2(b)=b" eG imply abeG & A,A2(ab) ΞΞ α'᾽δ'' ε 6. 


Prove Th. 3.2.4.7. 

PROOF: 

G1, the closure property, is provided by Th. 3.2.3.6. 

G2 for A(G) is obtained from Prob. 3 above with a slight modification, viz. replacing “>” by “=”. 

G3. ICA(G), since the identity transformation /{Ai)= Ai, AicA(G), is clearly an automorphism. 

G4. By Df.3.2.4.5, Ai << Δ΄ (ΑΞ ΑΙ' and A; <— A™'(A;)=A;' imply : 
A-'(A:A;) = A™1(AA™*(AiA;)) = A\(A(A7'(A)A(Aj))) = AU'(A)A (A) = ΑΓΑΓ! 


Hence A(G) forms a group. 


Prove Th. 3.2.4.8. 
PROOF: 


For any 9ιθεε σα, σι @Clgi) =x“ ἷσις and ρ. «9 C(g2) =x 192% do imply gig2 Ὁ C(gig2) = 
(χα 'σια)ία γε.) = χα 'gigex. Hence the mapping C is an automorphism. 


In an Abelian group all inner automorphisms become the identity transformation. 
PROOF: 
Let Ai: gi 49 Ai(gi) = x 'gix for some x and every gie G; then, if G is Abelian, 


Ai(gi) = x lgix = x tugs = gi = I(Qi) 


Prove Th. 3.2.4.10. 
PROOF: 


Let 91,92,.93°G and Ci: σι © Cil(gi) = e-'gix, Οὐ: g2 «9 C2 (g2) = x ' goa, (5: 93 4» C3(g3) = α΄ gsm; 
then 


αΙ. gige «9 C1(g1)C2(g2) = «7 '(gigz)x (ef. Prob. 6). 

G2. By G1 immediately above, Ci(C2Cs) = x27 '(gi(g2g3))e = «1 ((gige)gs)x = (C1 C2)Cs. 
G3. gie=gi & Cil(gi)C.(e) = (a g1x)(x-'ex) = a Mgiele =x 191% = Ci(gi). 

G4. gigi =e & Ci(gi)Ci(gi') = (a giz)\(x'gi' x2) =a “gigi γα τε α ex =e. 


Hence the class of inner automorphisms forms a group, denoted by C(G); moreover, since G1 above 
of C(G) satisfies Th. 3.2.1.1, C(G) is a subgroup of A(G). 


108 


10. 


PART 3— ALGEBRA OF GROUPS [CHAP. 3.2 


Second proof. Since, by Th. 3.2.4.7, A(G) is already a group and C(G) is obviously a non-empty sub- 
class of A(G), by Df. 3.2.4.9, C(G) is a subgroup of A(G) iff Ci(G),C\(G) C C(G) implies Cr (G)CG) Cc C(G). 
This is exactly the case, since for some x and any gcG, 


Οτ (6) CG) = (at gia) (alga) = (a Ἰ σιαγία tgs ta) = ατὶσιρΓὶα = x gix = Ce(G)CC(G) 


The converse is obvious, completing the proof. 


Find, if any, inner and outer automorphisms in (1) the cyclic group of order 3, and 

(ii) the symmetric group of order 3. 

Solution: 

(i) «=e is obviously an inner automorphism, since any identity transformation is an inner auto- 
morphism, as can be readily verified, but no other elements have the same kind of transformations. 
Between x and αὐ, however, there exists an automorphism S of squaring, ᾧἁ < S(x)=2? and 
a” <> δία a, which together imply xx”? =e 4» S(xx?) = S(x)S(x”) = 22a=e. Since S is evidently 
not an inner automorphism, it must be an outer automorphism, satisfying the definition 
(cf. Df. 3.2.3.11). 


(ii) Ss consists of six inner automorphisms, thus denying any occurrence of outer automorphisms; 
viz., for x δα 49 8, 


{1}. ΞΞ 11): (li) χα = (12): (ili) oa» = (18): 


(1) = (1) (1) = (1) (1) = (1) 
(12) — (12) (12) <> (12) (12) < (12) 
(18) © (18) (13) <> (13) (13) <> (13) 
(23) <> (28) (23) <> (23) (23) <> (23) 

(128) <> (128) (123) <> (123) (123) <> (123) 
(132) — (132) (132) <> (132) (132) <> (132) 


Likewise for « = (28), (123), (132). 


If a group G is defined by the following multiplicative rules, 
αϑτὸ δ τ οὗτερ, ab=ba=c, be=cb=a, ca=ac=b 


G has then only one inner automorphism and five outer automorphisms. 


PROOF: 


G is octic and also Abelian, as is explicitly defined above; hence, by Prob. 7, G has only one inner 
automorphism which is the identity transformation. 
Other automorphisms of G, which by definition are outer automorphisms, are as follows: 


Αι: A:(a)=b, Ai(b) =a, Α,(ς9) -Ξ- ὁ 
Az As(a)=c, A2(b)=b, Α.Ψ(ο) Ξε α 
As: As(a)=a, As(b)=c, As(e)=b 
As: As(a)= 6, As(b)=c, Aasl(c) =a 
As: As(a)=c, As(b)=a, As(e)=b 


G of Prob. 10 is an octic group, but not the octic group of the square; other four octic groups, 
vs. the Dihedral group, Dz, are shown below. 
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1. Dihedral Group, characterized by at=b?=e, θα ΞΞ αἷῦ (which, incidentally, has four inner and four 
outer automorphisms): 


2. Quaternion Group: a‘t=e, a= δ᾽, δα -- αὖ ΟΡ 


a? b ab a®b αϑῦ 
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*§3.2.5 Normal Subgroups 


Df. 3.2.5.1 The conjugate subgroups (cf. Df.3.2.2.14, Df.3.2.4.9-10) of a group G are of 
the form ο΄ σι, for every σεῦ, where Gi is any subgroup of G. 
Example: 


A subgroup G: conjugate to a subgroup G2 = {(1),(128),(123)?} under the symmetric group 8. 
may be obtained by a transforming element, say, (14): (14)-1(1)(14) = (1): (14)~*(123)(14) = (423); 
(14)~*(132)(14) = (482). (Cf. Prob. 4.) 


Df. 3.2.5.2 Any conjugate subgroup G; of a group G is called normal (or self-conjugate 
or invariant) iff Gi, = Gi, ie. x—'Gix = Gi, for all xeG. 
Stated otherwise: a subgroup G: of a group G is normal (in G) iff σι remains the 
same under all inner automorphisms of G. 


Example: 


The subgroup {(1), (13)(24)} of the dihedral group (cf. Prob. 5 below) is normal; so are G itself 
and {e}, as is self-explanatory in Df. 3.2.5.2 itself. 


Hence the following ramification: 


Df. 3.2.5.2a A group containing none of proper normal subgroups, except itself and {e}, 
is called a simple group. (Cf. Prob. 24.) 
All Abelian groups are necessarily normal, since x-!9g%=gx-!x%=g9 in any 
Abelian group; so is every subgroup of an Abelian group. But not conversely, since 
there does exist a family of non-Abelian groups, every subgroup of which is normal. 
Hence, again, a ramification as follows: 


Df.3.2.5.2b A non-Abelian group, all of whose subgroups are normal, is called a 
Hamiltonian group. 

One member of this family, viz. the quaternion group, has already been observed 
(cf. 88.2.4, Prob. 10 note, and also Prob. 28 below), but other members at large are 
beyond the scope of the present study. 

In general, the normalizer N(Gi) of a subgroup G: of a group G is plainly the 
maximal subgroup of G in which G; is normal; thus, the normalizer of G; is G itself 
iff Gi is normal in G, ie. N(Gi1)=G (cf. 88.2.8, Prob. 8, and also Prob. 5-6 below). 
As is obvious from their definitions, the centralizer C(G:) is a normal subgroup of N(Gi). 

Normal subgroups may be characterized otherwise, e.g. as in the following 
theorems. 


Th. 3.2.5.3 A subgroup G: of a group G is normal iff gG:=G.g for every geG. (Cf. 
Prob. 8.) 


Th. 3.2.5.4 Any subgroup of index 2 (cf. Df.3.2.2.9) is necessarily normal. (Cf. Prob. 10.) 
Stated otherwise: every subgroup G; of G is normal if G; has only one other 
coset; all g; such that g;¢G and g;¢G; will then form the right and left coset of G; 

in G. This is most clearly exemplified in the following theorem. 


Th. 83.2.55 The alternating group A, of the symmetric group S, is normal. (Cf. Df.3.1.2.18, 
and Prob. 11 below.) 


Example: 
The symmetric group δε has the alternating group 
A, = {(1), (128), (123)?, (124), (124)?, (184), (134)?, (234), (234)?, (12)(34), (13)(24), (14)(28)} 


which is normal, as can be individually verified without difficulty. Note, also, that Az itself has a 
normal subgroup, viz. the Vierergruppe (cf. 83.1.2, Prob. 2,12; §3.1.3, Prob. 12), 


Ve = {(1), (12)(34), (18)(24), (14)(23)} 
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Th. 3.2.5.6 For every complex K of a group G and every normal subgroup N of 6, 
KN=NK. (Cf. Prob. 14.) 


Th. 3.2.5.7. For every subgroup S of a group G and every normal subgroup Ν of G, 
SN=NS is a normal subgroup of G. (Cf. Prob. 15.) 


Th. 3.2.5.8 (First Theorem on Homomorphism). If a group G’ is a homomorph of a group 
G under a homomorphism H, then a complex K of every element k, keG, whose 
homomorph is the identity e’, where e’ceG’, forms a normal subgroup of G. (Cf. 
Prob. 16.) 


Df. 3.2.5.9 The normal subgroup of Th. 3.2.5.8 is called the kernel of the homomorphism ἢ. 


Example: 


The homomorphism H of the alternating group A, onto the cyclic group of order 3 (cf. 88.2.1, 
Prob. 18) has the kernel: {(1), (12)(34), (18)(24), (14)(23)}. 


Th. 3.2.5.10 Any two elements of a group G have the same image in a homomorph G’ 
of G iff they are in the same coset of the kernel S. (Cf. Prob. 17.) 


Th. 3.2.5.}} Th.3.2.5.10 implies (xS)(yS) = ayS, where z,yeG. (Cf. Prob. 18.) 


This theorem holds, more generally, also for any normal subgroup N of a group 
G, as is quite explicit in the proof. 


Th. 3.2.5.12 If there exists a homomorphism H of a group G onto or into a group G’, and 
if Gi is a subgroup of G, then H(G:) is a subgroup of G’, i.e. H(G); if Gi is a normal 
subgroup of G, so is then H(G:) of H(G). (Cf. Prob. 19.) 


Solved Problems 


1. If a subgroup G: of G is Abelian, so is a subgroup Gz conjugate to Gi under G. 
PROOF: 


Let a,be Gi; then ab=ba and also (g~'ag),(g~‘bg)e Ge for every geG. Now, (g7'ag)(g~*bg) = 
g'abg = g~'bag = 9 ‘bgg™'ag = (σα 'bg)(g~'ag). Hence G: is also Abelian. 


2. The order and the index in G of a subgroup G: equal those of a subgroup Gz conjugate 
to Gi under G. 
PROOF: 
Let the order of G: be ™, i.e. @1,@2,...,@me Gi; then, for every geG, 
G = g'Gig = {g-'ag,g 'ag,..., gang} 


each element of which must be proved to be distinct. 


If g°tag=g 'ajg, 1=14*%j7 =m, then 
1 1 


a = gg 'agg"' = gg 'agg'* = 4a; 


contradictory to the assumption. Hence the elements of G2 are all distinct, providing a 1-1 corre- 
spondence: ai — σ΄ aig. 


Thus if the order of G is n, the index in G of Οἱ is n/m, which is also the index in G of Go. 
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A subgroup Gz conjugate to a cyclic subgroup G, of a group G is also cyclic; the 
generator of Gz is g~1ag for every σε if the generator of G, is a. 
PROOF: 

The problem is to establish a 1-1 correspondence: αὐ 49 (σ᾽ ᾽αρ)" το σ΄ Ἰαΐσ. 

If n=1, then clearly a< g~ag. 

Suppose αὐ <> (g-‘ag)*=g"'a*g for n=k; then, for n = k+1, 


gag = gtagg"')ag = (g-tatg)g-'ag = (g-tag)*t? 


Also, if n=0, then g~'a°g=g-'eg =e =(g- ag), and if n=—1, then g ‘a~'g=(g-'ag)~! since 
(g-‘ag)(g~-'a~19) =e; for n<0 in general, since —n > 0, 


9Γ᾽α = σ'(α "τσ = (g"ta-*g)* = ((σ 'αρ).  )  -- (σ΄ 1αρ)" 


Hence it is always the case that (g~'ag)"=g~'a"g for any integer n and, since Prob. 2 above 
assures the 1-1 correspondence a"e Gi ἐὺ g~'a"geGs, there also exists the 1-1 correspondence 


a"e Gi 49 (σ΄ 'α9)"ε Ge 
completing the proof. 


Find all subgroups conjugate to a cyclic group C generated by (123) under the sym- 
metric group S4= {1,2,3,4}. 
Solution: 


The cyclic group C consists of (1), (123), (123)? = (182), and d-!1Cd=C for every transforming 
element de D = {(14), (24), (34), (4)}. Hence the conjugate subgroups are: (14)~!C(14) = {(1), (423), 
(432);, (24)~*C(24) = {(1), (148), (184)}, (84)-1C(84) = {(1), (124), (142)}, (4)-1C(4) = {(1), (123), (182)}. 


Find the normal subgroups of the octic group of the square. 
Solution: 
Referring to 88.2.8, Prob. 8, the subgroup {0} is at once found to be normal; {0,2} is also normal. 


Note. The normalizer N, e.g. {0,1, 2,3}, is evidently the largest of all subgroups of G which 
contain {0, 1, 2,3} as a normal subgroup. Likewise, N (Gi) of Gi = {0,2} is the maximal subgroup of G 
in which ΟἹ is normal. 


Let A be a subgroup of a group B which in turn is a subgroup of G; then, if A is normal 
in G, so is A in B. 
PROOF: 


By hypothesis, g~'ag=a for every ac A and every geG. Since B is a subgroup of G, every 
ὃς B implies every be G; hence b-'ab=a, ie. A is normal in B. 


If two subsets αι and G2 of a group G are normal, so are GiGs and G:iNG. 
PROOF: 
By hypothesis, 9°-'Gig=G: (or αι Ξε σαι ἢ and g~'Gog=Gz (or Ge= gGeg™"). 
(i) 9 '*GiGeg = 97" (σαι (συν ἢ = GiGs, ie. GiGs is normal in G. 
(ii) Obviously, 97?(GinGs)g C (9°-*Gig)N(g-'Geg). Conversely, if ae (σ *Gig)N(g7'Geg), then 


a—g~‘bg implies be (GiNG2) and, consequently, αερ (GiNnG2)g. Hence (g-'Gig)N(g7!Geg) C 
g~*(GiN Ga)g. 


Hence, altogether, g—(GinG.)g = (9~*Gig) N(9~'Gog) = GinGs, i.e. the meet of Gi and G is 
also normal in G. 


Prove Th. 3.2.5.3. 


PROOF: 
If gG:= Gig for every ge G, then g~'Gig = Gi, which complies with Df. 3.2.5.2. 


Conversely, if Gi: is normal in G, i.e. g~'Gig = Gi, then 9G: = 9(9~'Gig) = Gig. 
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10. 


11. 


12. 


13. 


A subgroup G: of a group G is normal in G if g-'Gig CG for every geG. 
PROOF: 
Since σ΄ στρ = G: for every geG, replace g by g ‘eG, and 
g'Gig > (9g *) Gilg’) = gGig™* CG: 
Hence Gi = g'(9Gig™")g © gGig™ 
and together with the original hypothesis g='GigGG:, it now follows that Gi=gGig™, 1.6. 
gGi=Gig, completing the proof. 


Note. The stipulation “g~'GigCG.’’, when used for defining G: to be a normal subgroup, is 
manifestly weaker than “g~'Gig = G1”; but, as proved above, the latter is deducible from the former, 
and the simpler form of the former may often be used for finding normal subgroups (cf. Prob. 16, 19 
below). 


Prove Th. 3.2.5.4. 
PROOF: 
The left-decomposition of G is, by hypothesis, 
G = Gi pGi 


where p is an odd permutation in Ss and ρα has no element in common with Gi, while the right- 
decomposition is 
G = GiUGip 


Hence pGi=Gip and, by Th. 3.2.5.3, Gi must be normal in G. 


Prove Th. 3.2.5.5. 
PROOF: 


By Df. 3.1.2.18 and Th. 3.1.2.19, A,» is a subgroup of S,» which consists of An» itself and but one 
coset of A»; hence, by Th. 3.2.5.4, A, is necessarily normal in Sn. 


Second proof (without resorting to Th. 3.2.5.4). Let p be an even permutation, ie. p= pipe...Dn 
where n is an even number and p; is a transposition; then, for any permutation qe Sn, 


q'pq = q(pips...prq = (q™'piag)(q™'peq)...(q ' png) 


where q 'Ριᾳ is evidently a transposition. Hence q™‘pq is again an even permutation and, A, being 
the subgroup of all even permutations in Sin, q™~'AngCAn. 


Conversely, for any even permutation ρ΄, qgp’q>'=(q™")"'p’q"* is an even permutation; hence 
p’ = ᾳ '(ᾳρ'ᾳφ ἥφεφ 'Ang, which implies AnC q ‘Ang. 


Hence A, = q™1A.qg, which proves A, to be normal. 


Any proper subgroup of Ss which is not an alternating group is not a normal subgroup. 
PROOF: 

Of all subgroups of Ss, As = {(1), (123), (182)} is an alternating group which, by Th. 3.2.5.5, is 
also normal. 


Other proper subgroups: {(1), (12)}, {(1), (13)}, {(1), (23)}, however, are conjugate to each other; 
hence they cannot be normal, a normal subgroup being a subgroup conjugate only to itself. 


A normal subgroup N of a group G is a class of conjugates, i.e. a Join of one or more 
conjugate sets in G. 
PROOF: 


If mie N, then g-'ng Cg" 'Ng = N for every gcG; i.e. any element which belongs to the complex 
σ᾽ ‘ng also belongs to N. This holds for each nice N, 7=1,2,...,k. Hence N is the join of k conjugate 
sets, 1.6. a conjugate class. 
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Prove Th. 3.2.5.6. 
PROOF: 


Since every element of KN is of the form kn for every ke K and neN, and since N is a normal 
subgroup, it immediately follows that kN=WNk, i.e. kn=nk' for some k’c K. Hence kne NK which 
implies KNCNK. Similarly, NKCKN. Hence KN=NK. 


Prove Th. 3.2.5.7. 
PROOF: 
Since any subgroup of a group G is a complex of G, it is evident, by Th. 3.2.5.6, that SN = NS. 
If x,ye SN, then x = sim; and y = Sone, where 81,828 S and ni,nee N. Moreover, xy~* = (8171)(s2n2)~1 = 
$1NiN2*8y*=s81N3s7' where ninz!=nzseN. Likewise, nssz!= 833, where 851. = sseS, since SN=NS. 


Hence xy 7’ = syns82* = 81N383 = 81833 = (8183) 5 ε SN, and conversely, which, by Th. 3.2.1.2, proves 
SN = NS to be a normal subgroup of G. 


Prove Th. 3.2.5.8. 
PROOF: 
Since a,b ε Καὶ implies, by hypothesis, a > e’ and ὃ > e’, it follows from Th. 3.1.3.3 that α΄ — e’-!= ρ' 
and a~'b > e’e’=e', which implies a~!beK, and conversely. Hence K is a subgroup of G’. 
Moreover, again by Th. 3.1.3.8, geG->g’eG’ implies g-'— g’—'!, which in turn implies g ‘kg > 
σ᾽ Κρ’ > g’*e'g’ =e’, for every keK-~e’. But, then, g-'kgeK. Hence g Kg CK and, by 
Prob. 9, K is a normal subgroup of G. 


Prove Th. 3.2.5.10. 
PROOF: 

If 91> 9’ and g2—> 9’, where 91,92eG and g’eG, then gigy!—> e and gig2 ‘eS, i. gie Sge2, which 
proves that σι and 92 are in the same coset of S. 

Conversely, if gieSg2, then g1=sg2, where se 5; and if g2—>g’, then gi— σ᾽ since s~>e, proving 
that σι and g2 have the same homomorphic image in G’, completing the proof. 


Note. Since this theorem is an immediate result of Th. 3.2.5.8, the former often appears as a part 
of the latter, i.e. the First Theorem on Homomorphism. 


Prove Th. 3.2.5.11. 
PROOF: 


Since, by Th. 2.2.5.10, xS=Szx for every σε, it follows that («S)(yS) = xSyS = aySS. But 
SS = S for any subgroup S of a group G, since, by Df. 3.2.2.1, SS is the complex of all elements of 
the form ss, for any se S, which then, by the closure property of S, yields all distinct elements of S. 
Hence (xS)(yS) = axyS. 


Prove Th. 3.2.5.12. 

PROOF: 

(i) If a,beG,, then a->a’ and b>6b’, a’,b’c H(G:), under H: GG’ and also abe G, > a’~'b’e 
A(G:), proving that H(G:) is a subgroup of H(G). 

If Gi=G, then H(G:) = H(G) is a subgroup of G’, i.e. a subgroup of the homomorph of G itself. 

(ii) Since geG>g’eG’ and heGi>h'ecH(G,), it follows that g *hg > g’"*h’g’, which implies 
g’th'g’e H(G:) since g™'thgeG:. Hence g’~'H(Gi)g’ Cc A(G:), proving that, by Prob. 9 above, 
f1(G:) is a normal subgroup of H(G). 


Given the multiplicative group R* of all real numbers and xeh*, find homomorphisms 
and their kernels in the following correspondences: (i) «> |x|, (ii) 2 > 1/22. 
Solution: 


(i) Since there generally exists a two-one correspondence: 2x,—«— |x|, where «> |x] and y>|yl imply 
ay > |xy| = |x| |yl, this is a homomorphism whose kernel is a complex {1,—1} which does form a 
normal subgroup. 


(ii) A homomorphism is defined here likewise, since 2—1/x? and y>1/y’? do imply xy > 1/(xy)? = 
(1/x?)(1/y’?) in a two-one correspondence; the kernel is here again {1,—1}. 
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21. 


22. 


29. 


24, 


In a homomorphism Η of a group G onto or into a group G’, the complex C of all elements 

of G corresponding to the elements of a complex C’, c’CG’, is the join of all cosets of 

the kernel K of H. If C’ is a subgroup of G’, then C is a subgroup of G, and if C’ 

is a normal subgroup of G’, so is C of G. 

PROOF: 

(i) Since ceC-> c’ceC’ under H, and since ke κ- e’cG’, it follows that ckecK— e’c’ =e’ eC. 
Hence cke C, which implies cK CC, proving that C is the join of all cosets cK, ceC. 

(ii) If C’ is a subgroup of G’, then aeC>a’eC’ and beC-> b’eC’ under H, which implies 
a-'be C > α' δ' ε C’, proving that C must be a subgroup of G if C’ is a subgroup of G’. 

(iii) Likewise, geGog’ecG’ and ceC->ec’ecC’ imply gege C’> g’~e'g’e C’, which in turn 
implies g~'Cg CC since g-'cgeC. Hence C is a normal subgroup of G if ©’ is a normal 
subgroup of G’. 


If G is an Abelian group and G, is a set which consists of all g', where geG,171=1,2,...,n, 
then there exists a homomorphism H of G onto Gn where the kernel A of H is the set 
of every element ἢ such that k"=e. 


PROOF: 


The homomorphism H does exist since aeG> a*eG, and beG~ b"eG, imply abe G> (ab)"= 
a™b"eG, where the kernel K of H cannot but be the set of kK such that k* =e. 


The quaternion group ΟΞ {e,a,a’,a3,b,ab,a7b,a°b}, defined by e=at, a=b=c, a=be, 
b=ca, c=ab, is a non-commutative group of order 8. Verify that all subgroups of 
Q are normal. 

PROOF: 


Q has four proper subgroups; one, of order 2, is (αὖ, and the other three, of order 4, are 
{a}, {b}, and {ab}, which are indeed all normal, as can be easily verified by computation with the 
multiplication table at the end of 88.2.4. 


Note. The eight elements of Q, ¢,a,a’,a®,b,ab,a’b,a*b may be transformed into 1,1, --, --ἶ,7, 
k,—37,--k, respectively, where the quaternions have the following properties: 


=P =M=-1, =ka-ji, jk=i=—kj, ki=j=—ik 


If an Abelian group G is simple, the order of G is a prime. 


PROOF: 


All subgroups of αἰ τὰ {6} are also Abelian and, consequently, normal. Hence, by Th. 3.2.2.12, the 
order of G is of a prime. 


*§3.2.6 Quotient Groups 


Th. 3.2.6.1 The cosets of any normal subgroups G: of a group G form a group under 


complex multiplication (cf. Df.3.2.2.1, and Prob. 1 below). 


Df. 3.2.6.2 The group of cosets of G; in Th.3.2.6.1 is called the quotient group of G by 


Gi, or the factor group of σι in G, denoted by G/Gi. 


Example: 


In the example of Th. 3.2.5.5, Vs is a normal subgroup of A. and necessarily also of Ss, which 
then has the following decomposition, considering Οἱ εὐ δὲ, and Gi@ Vs. in Df. 3.2.5.1: 
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Sa 


Ι 


(1)Va U (12)V4 U (13)V4 U (14) V4 U (28). (182}Ψ. 
((1), (12)(84), (18)(24), (14)(28)) U ((12), (34), (1324), (1423)) 
U ((18), (1284), (24), (1423)) ὦ ((14), (1243), (1342), (23)) 
‘U ((128), (184), (243), (142)) ὦ ((182), (234), (124), (142)) 


= YV,(1) U V4(12) U V4(13) U V4(14) U V4(123) U V4(132) 


I 


Ss, then, decomposed into six cosets of V:, yields the quotient group of Ss by V4, denoted by 
Sa/Vai (1)V4, (12)V4, (18)V4, (14)Va, (123)Va, (182)V 4 


Df.3.2.6.3 If G and Gi are of order m and n respectively, then the quotient group G/G; 
is of order m/n, i.e. the index of G; in G. 
Example: 


S4/V, is of order 24/4 = 6, as is quite obvious in the above example. Not so obvious, perhaps, but 
more important in the same example is what is implicit there, viz. an isomorphism between S4/V4 
and Ss, both of which are of order 6 (cf. Prob. 2). 


Df.3.2.6.4 If the quotient group G/G; is considered in terms of addition (instead of the 
usual multiplication), it is then called the difference group of G by Gi, denoted by G — Gi. 
Example: 


If G represents the set 1 of all integers, which is a module, i.e. an Abelian additive group, then 
the complex Gi={n}, ie. the set of all multiples of positive integer ἢ, is by definition a normal 
subgroup. The difference group I—{n} then consists of the cosets of the form: a+{n}, ael. 


Th. 3.2.6.5 The difference group in 1, I — {n}, is isomorphic to 1 itself. (Cf. Prob. 7.) 


Df. 3.2.6.6 The coset of the form a+{n}, acl, in the example of Df. 3.2.6.4 is called the 
residue class modulo n, and the difference group in Th. 3.2.6.5 is called the additive 
group of residue class modulo n. (Cf. Prob. 4, 8-10.) 


Example: 
For n= 4, I is decomposed into the following 4 cosets: 
cele, = 8,47 0,-4.8; 1200 ἸΞΞῚ {0}. = AR = My 
ἐπ 11.» = Ty, 8.1, δὲ Oy 18; a Se {1} ΞΞ. ΚΞ .ΞΞ.. ἢ 
ἐς ΞἸΌ, το; Ξῶν ς, δ. ΤΟΣ 14 as ἘΞ {2). “Ὁ AR AD .Ξ Ἢ: 
“--9, -ὖ, -Ἰ, 8, 1,11, 1δ5,... =- {8} = 4k+3 =: Ms 


and the class M of four sets Mo, Η,ὶι,, Μ., Ms is the addi- 
tive group of residue class modulo 4, which, under addi- 
tion, satisfies the multiplication table on the right. 


Note. The subset {0,1,2,3} constitutes a set of repre- 
sentatives (cf. Df. 2.1.15 and Df. 3.2.2.7) for the class M. 


Df. 3.2.6.6 has an alternative form as follows: 


Df.3.2.6.6a If a and ὃ are integers such that the difference a—b is divisible by m, a is 
said to be congruent to b modulo m, denoted by a=b (mod 7). 


Example: 
17=7 (mod 5), since 17—7 is divisible by 5. 
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Th. 3.2.6.7 Congruence is an equivalence relation, i.e., 
(i) a@=a (modm). 
(1) a@=b6(modm) implies ὃ ΞΕ α (mod™m). 
(iii) a=b(modm) and b=c(modm) imply a=c(modm). (Cf. Prob. 12.) 


Th. 3.2.6.8 a=b(modm) and c=d(modm) imply 
(i) atc=b+d (modm) and a-—c=b—d (modm). 
(ii) ac=bd (modm). (Cf. Prob. 13.) 


Th. 3.2.6.9 a=b(modm) implies ac=be (modem). (Cf. Prob. 15.) 


Df. 3.2.6.10 The irreducible (residue) class modulo Ὁ, a prime, consists of (p—1) residue 


sets modulo p, i.e. {1}, {2},...,{p-—1}, which contain no integer divisible by p. 
Example: 
If p= 5, then 
fo} = {...-—15, —10, —5, 0, 5, 10, 15, ...} 
{13 = {...-14, —9, —4, 1, 6, 11, 16, ...} 
{2) το. fone —138, -8, —8, 2, 17, 12,17. 25} 
3} ee es me pia ὡς ἡ υ 8. το 
{4 τὶ, {...-1l, —6, —1, 4, 9, 14,19, ...} 


of which the set {0} alone contains the integers divisible by 5 and as such does not belong to the 
irreducible residue class modulo 5. 


Th. 3.2.6.11 The irreducible class modulo p forms a multiplicative group. (Cf. Prob. 16.) 


Th. 3.2.6.12 The irreducible class modulo p has a subgroup which consists of {1} and 
{p-1}. (Cf. Prob. 17.) 


Th. 3.2.6.13 (by Fermat). If a is an integer and p a prime, then a?=a (mod p). (Cf. 
Prob. 18.) 


Stated otherwise: If an integer a is not divisible by a prime p, then a®-!=1 
(mod p). 


Th. 3.2.6.14 If an element a of a group G has a prime order, then δ᾽ 'αδ τε α", θεᾷ, 
implies that a and 6°"! are permutable. (Cf. Prob. 19.) 


Th. 3.2.6.15 If N is a normal subgroup of G, then the mapping of G onto G/N: g->gN, 
geG, is a homomorphism. (Cf. Prob. 20.) 


Df. 3.2.6.16 The homomorphism: G-— G/N, defined by Th.3.2.6.15, is called the natural 
homomorphism of G onto G/N. 


Th. 3.2.6.17 (Second Theorem on Homomorphism). If a homomorphism H: G~> Q, where 
N is a normal subgroup of G and Q=G/N, is obtained by the correspondence: 9 -Ὁ ak 
where gcak, then K is the kernel of H. (Cf. Prob. 21.) 


Th. 3.2.6.18 (First Theorem on Isomorphism). If there exists a homomorphism ἢ: G > GQ’ 
whose kernel is K, then G’ is isomorphic to Q=G/K. (Cf. Prob. 22.) 
Th. 3.2.6.18 is sometimes called the Third Theorem on Homomorphism, making 
Th. 3.2.7.8 the First Theorem on Isomorphism. 
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Solved Problems 


Prove Th. 3.2.6.1. 

PROOF: 

G1: Closure. Let a,beG, and agieaGi, bg.e δι; then, since Gi is normal, 
(agi)(bg2) = abb-'gibg2 = ab(b-'gibg:) = ab(gigz) ε abGi 


Hence the product of any two elements (e.g. aGi, bG:) of a coset of G; is uniquely determined (i.e. abG;) 
to be a distinct element of the same coset. (Cf. Th. 3.2.5.11.) 


G2: Associative Law. Let a,b,ce G; then, by Gl, 

aGi((bGi)(eG:)) = aGi(beGi) = abeGi = (abGi)cG; = (aGi)(bGi)cG: = ((aGi)(bGi))cG; 
G3: Identity. Since eGiaG;=eaGi=aG: and aGieG; = aeG;=aGi, the identity of the coset is eG; = Gi. 
G4: Inverse. Since aGia 'Gi=aa'Gi=G; and a~'GiaGi:i—a‘aGi=Gi, a~'G;: is the inverse of αι. 


Hence the cosets of any normal subgroup form a group. 


Set up an isomorphism between S./V4 and Ss. 
Solution: 
The desired isomorphism can be established as follows: 


V.(1) = (1) Vs(12) «Ὁ (23) 
V.(13) <— (13) Vs(14) <— (12) 
V4(123) <— (123) Μ,(182) <— (182) 


as can be readily justified by computing with the multiplication table of 35; e.g., 
(V2(13))(V4(14)) = V4(123) < (18)(12) = (123), ete. 


Verify that there exists an isomorphism between the quotient x 0 1 
group S,/A» of the alternating group A, in the symmetric group 
S, and a group of order 2 which is defined by the multiplication 
table on the right. 1 1 0 
PROOF: 


Let p be an odd permutation; then S,/A, consists of An and pA, (cf. Th. 3.2.5.5), and an isomor- 
phism is established as follows 


Ai<& 0 and ῬΑ, «51 
which is justified by the following 1-1 correspondences: 


AnAn =An <& 00=0 AnpAn = pAn, & 01=1 

pA.An = pAn © 10=1 pA,pA,=An «5 11=0 
Note. In general, the factor group G/N of a normal subgroup N of index n in G is of order n. 
Note, also, that the multiplication table above can be used for the additive group {0,1} of residue 


class modulo 2 or the additive (but not multiplicative) group {Z,0O}, E representing any even number 
and O any odd number. 


Given a normal subgroup N of a group G, the factor group G/N is cyclic if the index 
in G of N is a prime. 
PROOF: 


Since the order of G/N is a prime p=(G:N), it follows at once from Th. 3.2.2.12 that G/N 
is cyclic. 
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For any subgroup S of an infinite cyclic group G, G/S is a finite cyclic group of order n 
if (G:S)=n. 
PROOF: 

Let a generator of G be g and an element of S whose exponent is the smallest be g”; then S is a 


cyclic subgroup generated by g”. The cosets of S are, then: S,gS,g’S,...,g"-'S. Hence n=™m, and 
G/S is a cyclic subgroup of order n, generated by gS. 


Given a normal subgroup N of a group of G, any two subgroups A and K of G are 
conjugate to each other in G if the subgroups H’=H/N and K’=K/N of G’=G/N are 
conjugate to each other in G’, and conversely. 


PROOF: 

Let g’ = g9N,g9¢G, and g’~!H’g' = Κ΄; then, for every he H, (gN)'(RN)\(gN) = g thgNe kK. 
Hence g'hg ec K, ie. g ‘Hg CK. 

Likewise, since gkg ‘cH, it follows that gKg~'CH; hence Kcg™'Hg. Hence, altogether, 
g 'Hg = K. 


The converse can be similarly proved. 


Prove Th. 3.2.6.5. 


PROOF: 

Since the difference group: I— {mn} consists of the cosets of the form a+ti{n}, ael, let 
xel<utin} and yell @& y+ {n}, which together imply ἀπ μεῖ & («+{n}) + (ytin}) = (ety) + 
{n} ε (I—{n}), completing the proof. 


Verify an isomorphism between the additive group A= {0,1,2,3} of residue class 
modulo 4 and the cyclic group C of order 4. 
PROOF: 

The general 1-1 correspondence between A and C is na", and individually: 


0 “9 a@=e, lea, 2ed, 8 «»" α 


The multiplication table of C is then the same as that of A. 


Note. The table in Df. 3.2.6.6 is the same as that of the arithmetic of changing tires (cf. §3.1.2, 
Prob. 1); so is also the multiplication table of the subgroup {0,1,2,3} for the symmetries of rotations 
of the dihedral group, (cf. §3.1.2, Prob. 5). 


Note also that V4 is an exception. 


The cyclic group C of order n is isomorphic to the additive group A of residue class 
modulo n. 
PROOF: 

Since C consists of 6,α,αἷ,..., αὐ 1 and A of {0}, {1}, {2},...,{n—l}, let ai'<> {i} =Ai. The 
correspondence is 1-1 and also distinct; for, if αἱ ΞΞ αἾ, then *t=j (mod n), which in turn implies 
A;— Aj, and conversely, if Ai= Aj, then 1=j (mod x) which implies an integer k such that i-j=kn 
and, consequently, αἱ = αὖ δῦ = ai(a")* = αὖθ" = a. 

Furthermore, a'<>A; and ai<A;, where t#j (mod n), imply aa@=a'ti «Ὁ» Ai+;=ArtA;, 
completing the proof. 


Note. Prob. 9 is, of course, the result of generalizing Prob. 8. 


10. Any factor group of a cyclic group is cyclic. 


PROOF: 

Let H be a homomorphic mapping of a cyclic group G= {a} of order x onto a cyclic group G’ 
of order m. Since every element of G is a power of a, H(a)=b implies that any element ὃ of G’ is 
also a power of b, i.e. G’={b}. Hence G/G’ is a cyclic group of order n/m. 


Note. If G is an infinite cyclic group isomorphic to the additive group J of all integers, a 
homomorphism H of G into a cyclic group G’ of order m is obtained if ἐξ] is assigned to the 
element δ' as its homomorphic image. Thus i and 7 are mapped onto the same element of G’, 
iff i=7 (mod m). In I, then, the residue class modulo Ἢ corresponds to G. 
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The residue class modulo m is a quotient group of order m. 
PROOF: 


Let G be the additive group of all positive integers, which is Abelian, and N be a subgroup of G 
which consists of all multiples of m. If Ni is to designate a coset of N to which the integer 7 belongs, 
then N has (τὺ -- 1) cosets in G: No, Ni,...,Nm-1, where No=N and Ni=WN; iff 1=7 (mod m), which 
by definition is the residue class modulo m. But, G being an Abelian group, N is also Abelian and, 
consequently, normal. Hence, by Df. 3.2.6.2, G/N yields a quotient group of order γι, which is indeed 
the Abelian additive group of the residue class modulo m. 


Note. G1: Nis; = Nit Nj; G2: Nit (Nj + Nx) = Nit+ Gtk) = ΝΑ) +k = (Ni + N;) + Nw; 
G3: No; G4: N-i = —Ni. 


Prove Th. 3.2.6.7. 

PROOF: 

(i) a-a=0=0°m. 

(1) If a—b=mgq,qel, then b-—a = m(—q), -—¢el. 
(1) If a-—b=mqn, qel, and b-—e¢ = mq, qel, then 


a—e = (α -- δ) (ὃ -- Ο) = mart+ mg = mate), gqtgqe4l 


Prove Th. 3.2.6.8. 
PROOF: 
If a—b=mq, qel, and e—d = mq, qel, then 


Gi) (a+e)—(b+d) = mat+q), gqtegel and 
(a—c)— (ὃ - αὐ = γιίᾳι -- 4"), g-qel; 


(1) ac— bd = a(c Στ d) aR d(a τ δ) ΞΞ Mage ἘΝ dq), agetdq el, 


Generalize Th. 3.2.6.8. 
PROOF: 


If αἱ = ὃ: (mod m), az = bs (mod m), ..., dn = bn (mod m), let ai—b1 = mq, a2—b2 = mMqQz, ..., An—ban = 
Mn, Q1,d2,.-.,Qrne1; then: 


(i) (αι ας: os -+@n) = (bitbet+ se -+b,) = m(qitqet εν -+@n), Qi1+Qet we +n el 
and (a1—-a2—- : -—Gn) = (bi:—b2— oe -—b,) = m(qi—qe— ἐς .π- 4), Qi Q2—+--—Qn€ ] 
proving that Qitdet---+an = b1+bet+---+b, (mod m) 
and Qi—G2—-++—A@n = b1—be—---—ba (mod m) 


(ii) Since the case for n= 2 has already been proved (cf. Prob. 13ii), assume, for ἢ = k, 
id2...dn— bibe...bh = Ms, qsel 


Then, for n = k+1, 


Gide... OxOx+1 — bbe... bxbe+1 = ατα2.. On( Ae +1 — bx +1) ΞΕ δκιειί(αια:. ..ακπ-- bibe.. . bx) 
Mido... OnGerit be+1Qs), Gide... Qnqe+it betigsel 


II 


Hence aide...d@n = bibs...b» (mod ™). 


Note. If a:=a2=...=a, and bi=be=...=b, in (ii), then αὖΞ δ᾽ (mod m). 


Prove Th. 3.2.6.9. 
PROOF: 
Since a—b = mq, qel, it follows immediately that ac— be = c(a—b) = emg. 


Note. If a=b (mod m), then also ac=be (mod m), but not conversely; eg. 10=2 (mod 8) 
does not imply 5=1 (mod 8). In fact, ac=be (mod m) implies only a=b (mod m/(c,m)) where 
(c,m) denotes a common divisor of ¢ and m (ef. §4.1.2.38, Prob. 39). 
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16. Prove Th. 3.2.6.11. 


PROOF: 

Let p=5, for the sake of simplicity, as is outlined in the 
example of Df. 3.2.6.10; then the irreducible class M modulo 5 
consists of four sets: M:—= {1}, Mz2= {2}, Με = {8}, Ma = {4}, their 
representatives being 1,2,3,4. Then, as the multiplication table 
on the right exemplifies, 

G1: M.M, = Ma, a,b =1,2,3,4; and if Mza=—M, and M.=Ma, 
then, by Th. 3.2.6.8, May = Mea. 

G2: M.(M.M.) = MaMee = Moe = MaM. = (M.M»)M. 

G3: M.M: = M:1M. = M., 

GA: M.M, == M.M; = M;M, Ξ-- M.M, = M, 


17. Prove Th. 3.2.6.12. 


PROOF: 
Since MiM,; = Mi, and M,-1M,-1 = M,M-1M,M-;: = M-1M-1 = M.iM; = M,, and MiM,-1 = 
M,-1M, = M,-:, it follows that M; and M,-:1 put themselves in a subgroup by themselves. 


18. Prove Th. 3.2.6.138. 
PROOF: 


The order of the multiplicative group M of an irreducible class modulo p is p—1, as has already 
been examined in Df. 3.2.6.10 and Th.3.2.6.11. Since, by Th. 3.2.2.10, the order of any element Mag, 
a~Q, of M is a divisor of the order of M, it follows that (M.))'=M,. (E.g.,, f=2*=3}=4=1 
(mod 5).) But, obviously, a?~'«(M.)?"'. Hence a?~'=1 (mod p), 1.6. a? =a (mod p). 

If a=0, 1.6. ae {0}, then a must be divisible by p, 1.6. a@=0 (mod p), and the theorem evidently 
holds. 


(This theorem reveals, e.g., (10)=1 (mod 11), (28)°° = (29) = (30) =1 (mod 31), ete.) 


19. Prove Th. 3.2.6.14. 


PROOF: 
Since, for a" =e, a= beb-'= 667-1 =e, which is contradicting the hypothesis of a being the 
generator of G, n must not be 0; n, then, represents an irreducible class modulo p: 1,2,...,p—1. 


Now, 6 ‘ab! = a" implies ὃ ᾽αδ' = b-1b-!abb = δ 'αὸ = (δ΄ 1α)" = (a")" = a”. Suppose 
δ΄ "αδ" = an“; then δ᾽ “tM abt = 6-1(b-* ab )b = b-1a"*b = αὐ Hence δ᾽ Paden! = an?-?, 


But then, by Th. 3.2.6.13, there exists an integer g such that 
Wt =14+pq, and b-? Vabe-Ygr? ” = atteo = a(a?)t = aet = a 


Hence, ab?~! = δΡ ἴα. 


20. Prove Th. 3.2.6.15. 
PROOF: 


By Th.3.2.5.10, aieG > ariNeaN and azeG > azNeaN imply aiaeeG > (α,. Ν)(α: Ν) = 
adeNeaN. 


21. Prove Th. 3.2.6.17. 
PROOF: 


Let gieaiK and g2ea;K in the mapping g>akK; then, by Th. 3.2.5.11, gigeea.sK where aia;c aK. 
Hence 9192 > a.K — aiKa;K, proving the mapping of G onto Q to be H, where ge iff ge K in G, 
since K is the identity of Q. Hence K is the kernel of H. 
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22. Prove Th. 3.2.6.18. 
PROOF: 
It follows directly from Th. 3.2.5.10 that every ge G in the same coset of K has the same image 
in G’, and consequently that the correspondence «’<>xK is 1-1. But, since χα τα and y>y’ imply 


αν δα where xyexyK, it also follows that w'y’<> xyK = a«KyK. Hence the correspondence 
xv’ <>ak is 1-1 between G’ and Q. 


Note. Th. 3.2.6.18 may be given in an alternative form, which as such needs a longer proof; viz. 
if K is a complex {k} of a group G which is mapped onto a group G’ under a homomorphism H, 
then H: keK-e’ecG'’ implies that K is a normal subgroup of G under H, hence the kernel of H, 
and that G/K—>G’ is an isomorphism. 


Proof. The complex K is a group, since a,b,ceK implies ΟἹ: H(ab) = H(a)H(b)=e'e’ =e’; 
G2: H(a(be)) = H(a)(H(b)H(c)) = (H(a)H(b))H(c) = H((ab)e); G3: Η(6) ΞΞ ε΄; G4: 6’ = H(e)=H(aa~')= 
H(a)H(a~') = e’H(a~') = H(a~). 

K is also normal; it is in fact the kernel of H, since ἢ = g~'kg for every geG and every ke K 
implies he K (since H(h) = H(g"*kg) = H(g~*)H(k)H(g) = H(g"Je’H(g) = Hig-'g) = He) = e’). 


Furthermore, since every g’eG’ is of the form H(a) for some aeG, and since every element in 
G/K can be written as aK, the mapping of G’ onto G/K is 1-1; so is the mapping of G/K onto G’, 
since H(a) = H(b) iff aK = 6K. Hence the mapping is 1-1, and also isomorphic, since T(H(a)) = aK 
defines the isomorphic mapping of G’ into G/K and T(H(a)H(b)) = T(H(ab)) = (ab)K = (aK)(bK) = 
T(H(a))T(H(b)). 


*83.2.7 Composition Series and Direct Products 


Df. 3.2.7.1 A normal subgroup N of a group G is maximal if it is not properly contained 
by any proper normal subgroup of G. 


Stated otherwise: if N is a maximal normal subgroup of G, then there exists 
no normal subgroup N’ such that NCN’CG. 


Th. 3.2.7.2 A normal subgroup N of G is maximal in G iff G/N is simple. (Cf. Df.3.2.5.2a 
and Prob. 2.) 


Th. 3.2.7.8. (Second Theorem on Isomorphism). If N is a normal subgroup, and H any 
subgroup, of a group G, then the meet M of N and H is normal and the correspondence 
NH/N <— H/M is an isomorphism. (Cf. Prob. 3.) 


Df. 3.2.7.4 A series of subgroups of a group G: 


fey=So C SiC... C Su=G 


where Si/Si-1 (called a composition-quotient group) is simple, is called a composition 
series. The order of a composition quotient group is called the composition index. 


It is evident that Si-1 is a maximal normal subgroup of S;. The following theorem 
is also evident. 


Th. 3.2.7.5 There exists at least one composition series with respect to a group G. (Cf. 
Prob. 5.) 
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Example: 


{(1)} c {(12)(34)} C Va C Aa C Sa (cf. the example in Df. 3.2.5.5), where {(12)(34)} represents three 
subgroups, excluding (1) of Vs, which are all of order 2. 


Hence the composition indices are: 2, 2,3, 2. 


Th. 3.2.7.6 (by Jordan-Hélder). If G is a group with two composition series C; and Cz, 


Ci: fel=So C Si C --- C Sm C Sni1=G 
Ce: {e}=So C SiC --. C Sm C Spii=G 
then m =n, and there exists an isomorphism: Si/Si-1 <= Sj/Sj-1. (Cf. Prob. 6). 
Note the difference in the subscripts of S and S’ in the isomorphism specified 


above; the isomorphism takes place in some order and not always exactly opposite 
to each other. 
Example: 

If G is a cyclic group of order 6, {e,a,a’,a’,a‘,a*}, then two composition series are e C Si= 
{e,a?,a*} C G and ec Si= fe,a*} Cc G, and 


G/Si & Si/e and G/Si = Si/e 


Another emphasis should be put on the fact, which is implicit in the form of the 
isomorphism, that each subgroup of the composition series is a maximal normal 
subgroup of the preceding group alone and may not be even normal in G itself or 
in any other subgroup but the preceding one. 


Th. 3.2.7.7 <A set S of ordered pairs (a,b), ac A, be B, where A and B are two groups 
under a binary operation 


(a1, δι) (Qe, be) = (12, bib), where 41,@2¢ A, bibece B 
forms a group. (Cf. Prob. 7.) 


Df. 3.2.7.8 The group S of Th.3.2.7.7 is called the direct product (cf. Df.2.2.2.3) of A 
and B, denoted by ΑΧΒ. 


As is but logical, aide and bib2 in the binary operation defined above are obtained 
by the operative rules of A and B respectively. 


Example: 


If A represents the additive group of all integers and B the multiplicative group of the fourth 
roots of unity (cf. §3.1.3, Prob. 7), aia2 is obtained by addition and δι ὃ2 by multiplication. 


If A and B are two subgroups of a group G, then the definition of the direct 
product of A and B is modified as follows: 


Df. 3.2.7.8a Two subgroups A and B of a group G form a direct product if the following 
two conditions are satisfied: 


(i) ab = ba for every acA, beB. 

(ii) ANB=e 
In particular, if G = AxB, then A and B are called the direct factors of the 
decomposition, which stipulates the third condition: 

(iii) geG implies a unique representation g = ab for every acA, DeB. 


Further generalized, the direct product of more than two subgroups is defined 
as follows: 
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Df. 3.2.7.8b A group G is called the direct product of its subgroups Gi, Go, ..., Gn if the 
following three conditions are satisfied: 


(1) G1,Ge,...Gn are all normal in G. 
(i). GS UG, @=1,25.<20 
(ili) GiN (Vis; Gi) = 6, y= 2523.3 


Df.3.2.7.8b, as well as Df.3.2.7.8a, may be considered a theorem (cf. Prob. 11), 
since it can be deduced from Th.3.2.7.7 above and Th. 3.2.7.9 below. 


Th. 3.2.7.9 If A and B are normal subgroups of a group G such that AUB=G and 
ANB=e, then G is isomorphic to AxB. (Cf. Prob. 10.) 
Example: 
A = {e,a} and B= {e,b} are normal subgroups of 


G = (¢@,a,b,ab} <> {(¢,¢),(e,a),(e,b),(a,b)} = AXB 


This simple example makes it quite clear that Th.3.2.7.9 may be stated as follows: 


If A and B are subgroups of a group G such that ab=ba, for every acA, bcB, 
and if there uniquely exists g=ab for every gceG, then A and B have no element in 
common except the identity eceG, and G «» ΑΧΒ. 


Stated this way, Th. 3.2.7.9 becomes logically equivalent to Df.3.2.7.8a with three 
conditions. 


Th. 3.2.7.10 If A is an Abelian group of order k which is a product of two relative 
primes 2 and 7 such that b'=c’=e, for every be B,ceC, then B of all ὃ and C of all ¢ 
are subgroups of A and BxC= A. 


Generalized by induction, Th.3.2.7.10 takes the following form, called the Basis 
Theorem for Finite Abelian Groups: 


Th. 3.2.7.10a If G is an Abelian group of order n = Ip, 1=1,2,...,k, where pi is a 
distinct prime, then G = GixGex...XxXGz, where each G; is of order p;%. 


Df. 3.2.7.11 The set of p; in Th.3.2.7.10a is called the minimal generating system and 
also, with respect to the set of G; which p; generates, the basis for G. 
Example: 

V. = {e,a,b,c}. is an Abelian group where e=@ =? =’, ab=ba=c, be=ch=a, ca=ac=—b; 
furthermore, 6 ΞΞ αϑδ', α ΞΞ α'δ', ὃ ΞΞ αϑδ', c=a'b'. Hence a and ὃ constitute a minimal generating 
system of, or a basis for, V4. 

Note that a and ὃ form a distinct basis, but not the unique basis, since, e.g., 
a and c constitute just as well a basis for V. 


Note, also, that Th.3.2.7.10, and consequently Th.3.2.7.10a, may not hold con- 
versely. 
Example: 


Ss = {(1),(12),(13),(23),(123),(1382)}, which is definitely non-Abelian, also has a basis, or rather, 
bases, viz. a= (12) and ὃ = (13) generate: a°b° = (1), a'b® = (12), a°b' = (18), αἰ δ᾽ αἱ = (12)(13)(12) = (23), 
a*b? = (12)(18) = (123), δ᾽ αἱ = (13)(12) = (182); this basis may be replaced by, e.g., (12) and (28). 
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Solved Problems 


If there exists a normal group N»2 of a group G such that NiCN2CG when N; is also 
a normal group of G, then ΝΌΟΝ, is a normal subgroup of G/N,, and conversely. 
PROOF: 

Since N; being a normal subgroup of G implies that it is also a normal subgroup of Ne, Ne/N1 is 
evidently a group; moreover, for every ge G, every ac Ne, every gNiGG/M1, and every aN:iCN2/N1, 
(gN1)7'(aNi)(gN1) = Nyotg7taNigN: = g-'agNiNiNi = g tagNi C aN, 

proving that No/M: is normal in G/N:. 
Conversely, since Ni is normal in G and, as above, (gN1)~'(aNi)(gN:1) = g~‘agN:, where g~‘agNu,, 


by hypothesis, is an element of N2/N:, it follows that g~'ag is an element of Ne, ie. g™'Nog = No, 
proving N2 to be normal. 


Prove Th. 3.2.7.2. 
PROOF: 


Assume that N is maximal when G/N is not simple; then, letting N’/N be a normal subgroup of 
G/N, it follows that NCN’CG, as in Prob. 1 above, which contradicts the assumption. Hence N is 
not maximal if G/N is not simple; i.e. if N is maximal, then G/N is simple. 


Conversely, assume that G/N is simple when N is not normal; then there exists a normal sub- 
group N’ such that ΝΌΟΝ ΓΟ and, by Prob. 1, {e} = N/N C ΝΏΝ C G/N, contradictory to the as- 
sumption. Hence N is maximal if G/N is simple. 


Prove Th. 3.2.7.3. 
PROOF: 


By Th. 3.2.1.8, M is a subgroup of G and also of N which is a normal subgroup; hence, for every 
geG and every meM, g™'mg is in N, and in H, too, since H is another maximal normal subgroup. 
Since both H and N, ie. HNN =M, contain it, the meet M is a normal subgroup. 


Furthermore, by Th. 3.2.5.7, HN = NH is a normal group, and there exists a mapping: h-AN, for 
every he H, which is a homomorphism f of H onto HN/N. But, since all the cosets of HN/N are 
given as hnN = AN, where ne WN, the mapping f is actually 1-1. Hence h<>AN, which implies he N 
and, consequently, he M. 


Conversely, he M implies hN=WN, and M is proved to be the kernel of f. Hence, by Th. 3.2.6.18, 
H/M <= HN/N. 


If N and H are two distinct maximal normal subgroups in Th. 3.2.7.3, then HN = G, 
and there exist two isomorphisms: H/M G/N and N/M &G/H. 
PROOF: 


(i) Since H and Ν are distinct, there must exist an element, say, he H which does not belong to N; 
hence eh =h is an element of HN which is not contained in N, ie. NCHN. 


Now, assume that HN#+G; then NCHNCG (since HN is also a normal subgroup, of 
course, by Th. 3.2.5.7). But, by hypothesis, H is maximal and is now proved to be properly 
contained in HN. Hence it must be the case that HN=G. 

(ii) Since M is a subgroup of H, H has a left-decomposition, represented by a class equation C: 
H = MuaMve...VUaM 
which clearly implies 
HN = MNUaMNL...UaMN 
since hne HN implies hneaiMN, ie. HN CMNU...UankMN, and yet HNDMNVU...VUaMN, 
because HN = G, by Prob. 4 above. 
Moreover, since MCN implies NM —N, there follows a class equation C’: 


G = Nua:NvuU...vUVa,N 
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Assume that C’ is not a proper decomposition of G, containing some identical cosets, eg. aiN = a;N; 
then ain=a;n’ and aajy’=n-'n’=n"’eN, which implies a:aj'eH, since both a; and a; are in H, 
as is explicit in C. Also, since aiaj* is in both H and N, it is also in M, which implies a:M—a;M, 
contradicting the assumption of C being a left-decomposition of H in terms of distinct cosets of M in G. 


Hence Οἱ must represent a Jeft-decomposition of G. 


Since, then, aiMcCH/M and aN C G/N, there exists a 1-1 correspondence aiM<>a;N which 
is also isomorphic; for aiM<>a.N and a;M<>a;N imply T(a:Ma;M) = T(a:a;M) = aa;N = 
(a:N)(a;N) = T(a,M)T(a;M), proving T to be an isomorphic transformation. 


Prove Th. 3.2.7.5. 
PROOF: 
If G is simple, a composition series {e} C G is at once obtained. 


If G is not simple, then there exists a maximal normal subgroup G: such that {e}=Go C Gi C G, 
and in general, if G,; is not maximal in a composition series: {e}=GoC Gic...cGc G.=G, 
there always exists a maximal normal subgroup G; such that 


{fes=GoCGic...cCGcGcG=G 


where Κα is finite, completing the proof. 


Prove Th. 3.2.7.6. 


PROOF: 
The theorem is trivially true for simple groups and also for any group whose order is a prime. 


Let G be of non-prime order ἢ, which then may be factored as 
nm — pPipe2...Pr 


where each p; is a prime and, representing a certain prime, may appear more than once in the 
factorization, i.e. r primes are not all distinct. If 7=0, then G= {6}, and if r=1, then G is again of 
prime order and, G having no proper subgroups, there exists only one composition series: {e} C G. 


Assume that the proof has been carried out likewise up to r=k; then, for r=k+1, G is again 
either simple, having only one composition series as above, or not simple, in which case there exists 
either a unique composition series, which is trivial, or more than one composition series which ‘are 
all distinct. Let two of them be 


σι: {᾽ξ βος 8i1cC... C Sa C ΞΟ 
Ce: ADS ΟΝ 6 in CS eC SiS E6 


and if Sn=Suz, the theorem at once holds by the assumption of induction, since the order sm of Sm 
contains k or fewer prime factors. If S,#Sn, i.e. they are two distinct maximal normal subgroups 
of G, then, by Prob. 4 above, 


G/Sn <> S:/M, and  G/S, «» S,/M, 


M, denoting the meet SmOSx, which is a maximal normal subgroup of S,, and S;, since G/S, and 
G/Si, and consequently S,./M, and S:/M,, are simple by Th. 3.2.7.2. Consider, then, 


Ci: fe} =MoCMic...cM,cS,zcG 
Cz: f{e}=MoCMic...cM,cS8Lc&G@ 


and there exists an isomorphism: 
M:i/Mo, ..., Sxn/M,, G/Sn <> Mi/Mo, ..., S:/M,, σ᾽ δ’ 


except for order (i.e. at least the permutation of the first two groups in this case). But, then, by the 
assumption of induction, 


Mi/Mo, ..., Sn/M,, G/Sn <> Si/So, ..., Sn/Sn-1, G/Sn 
Mi/Mo, ..., Sn/M,, G/Sn < δ δέ, ..., Sa/Sh-1, G/SL. 


except possibly for permutations. Hence 
Si/So, ..., Sa/Sn-1, G/Sn <> Si/So, ..., Sa/Sa-1, G/S: 


except, again, for order, completing the proof. 
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Prove Th. 8.2.7.7. 

PROOF: 

Gl: Since a:,azeA and b:,b2eB imply (a1, b1)(a2, 2) = (aidz2,bib2) for which aiag2ze A and bdibse B, 
it follows that C = AXB is closed. 

G2: AX(BXC) = (a1,b:) X ((a2,b2) X (a3,b3)) = (a1(@2a3),b1(b263)) 

((Qid2)a3,(b1b2)bs) = ((a1,b1) X (a2,b2)) X (3,63) = (AXB)XC 

G3: eecA and e’c B implies (e,e’)(a,b) = (a,b)(e,e’) = (a,b). 

G4: (a,b) (a,b) = (a~?, b~4)(a,b) = (e,e’); (a,b)(a,b)~! = (a,b)(a~', δ΄ 1) = (e,e’). 


l | 


™ 


If AxB=G ina group G, then A and B are normal inG, and ANB=e, AUB=G. 
PROOF: 
Let A and B be identified by two isomorphisms: ae A © (a,l)e AXB and bc B <& (1,b)cAXB. 
(i) Sinee (a1,b2)—!(a2,1)(a1,b1) = (a7',67')(a2,1)(a1,b1) = (ay 'ae2a1,1)¢e A, A is obviously a normal sub- 
group of AXB; so is B likewise. 
(ii) Since one and only one element which is simultaneously of the form (a,1) and (1,6) is (1,1), 
it follows at once that ANB =e; otherwise, they are not even distinct, contradictory to what 
is implicit in the problem. Also, since AUB contains every element of the form (α,1)(1,δ) = (a,b), 
AUB = AXxB = G, completing the proof. 
Note. Since the isomorphisms defined above also yield that (a,1)(1,b) = (a,b) = (1,b)(a,1), it is 
evident that Df. 3.2.7.8a must be considered a theorem if the isomorphisms are first defined. 


The converse of Prob. 8 is Prob. 10 below. 


If G contains two subgroups A and B, either one of which is normal, then AUB = AB. 
PROOF: 

If A is normal, then ba = bab~'b = (bab™')b =a’'b, and if B is normal, then ba = aa™~'ba = 
a(a~'ba) = ab’. In either case the product can be written such that no ὃ antecedes a, 1.6. in general, 
Qido...Qxcbe+1...02 = ab, where a,aicA, b,b:ce B. Hence every finite product of the form 9.92... 95 
with gic A or B can always transform itself into the form ab, completing the proof. 


Prove Th. 3.2.7.9. 
PROOF: 
Since A and B are both normal, they both contain an element a~'b~1ab (since a~'(b-'ab)cA 
and (a~'b~'a)be B), which then must belong to ANB=e; hence a™'b-tab=e, i. ab=ba. 
Now, since G = AUB=AB, by Prob. 9 above, every element ge G can be written in the form 
g —ab, which is also unique, since a:b; = aeb2 implies ayia: = bobyte ANB=e, 1.6. di=ae and 
bi= be. Since gi=—aib: and g2=a2b2 imply gig2 = aibiazbe = (aid2)(bib2), and g=ab implies g< ab, 
the correspondence between G and AXB is isomorphic, completing the proof. 


Prove Df.3.2.7.8b by Th. 3.2.7.9. 
PROOF: 
If n=1, then (ἦτε σι, and the proof is trivial; so is it when ἢ = 2, since it then becomes Prob. 8. 
Assume that the proof has been completed for n=k. Then let A’ = UAi, 1=1,2,...,k and 
PR’ = A; = Axi1, which reduce the problem to setting up an isomorphism between G and its direct 
factors A;, j7=1,2,...,k+1, where (i) A’ and B’ are normal, (ii) G=A’UB’, and (iii) A’NB’ =e, 
bringing down the problem to Prob. 8, by Th. 3.2.7.9, which completes the proof. 


If G= AXB, then G/A oB and G/B oA, and if further G’ = A’xB’, where A = A’ 

and Bo B’, then Go (τ΄. 

PROOF: 

(it) Since g=ab, for every geG,acA,beB, H(g) = H(ab)=a is a homomorphism of G onto A 
and, by Gl of Prob. 7 above, A(gig2) = aig2 = A(gi)H(g2). But A(g)=e iff σε since 
H(g) =e iff a=e. Hence, by Th.3.2.5.8, G/B oA. 


Likewise H(g) = H(ab) = b is a homomorphism of G onto B, and ΟἿΑ <— B. 


(ii) Since two isomorphisms 1 and I’ may be defined as acA @I(a)=a’cA’ and beB&I'(b) = 
δ᾽ ε B’, which are given at the start, the correspondence g=ab 49 I(a)I'(b)=a'b’=g’ is an 
isomorphism between G and G’. 
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Given nine permutations: (1), (123), (182), (456), (465), (123) (456), (123)(465), (132) (456), 
(132)(465), prove that they form an Abelian group, then find the basis of the group. 
PROOF: 

Let p=(123) and ᾳ -Ξ- (466); then (1) =p%q°, (123) = p'g®, (132) = p’q°, (456) = p°q', (465) = p°q?, 
(123)(456) = p’q’, (123)(465) = ρ' ᾳ,, (182)(456) = pq’, (132)(465) = p’q?, and in general p‘qip™q" = 
ptm@*" and p‘gip™-ig"-i = ραν, which provides G1-4. G5: Commutativity is also here, since p 
and q are mutually disjoint and, by 83.2.1, Prob. 16, pq = qp. 

Since p‘q’ = p”q” implies here p' = p™ and pi = gq”, they are distinct as bases. 


Note. This problem exemplifies a special case which, when generalized, yields the following 
theorem. 


If A is an Abelian group, each element of which has as order a product of prime 
powers pi, 1=1,2,...,n, then A is of order IIp;% for some a;= 0. 
PROOF: 

If each a;=0, then Ilp;%i=1 and G=e, in which case the theorem obviously holds. 


If G is of order n>1, then Ge has an element g of order q= Ip’ for some b;=0, and the 
index of {g} is m=n/q <n. Now, since each element of A/{g} is of the form hig}, where he A, and 
h” =e where r = IIp,;i for some c:=0, (h{g})" = h’{g} = {g} implies that r is divisible by the order 
of h{g}, which in turn implies that A/{g} is of order m=n/q such that each element has as order a 
product of prime powers p;. But then, by the hypothesis of induction itself, ηιξξ Πρι for some 
d;=0 and, in consequence, n = qm = (IIp.i)(Ips4i) = Tpit %. 


Hence A is of order Ip where ai = bit+d; for some bi,d:=0, i= 1,2,...,n. 


Prove Th. 3.2.7.10. 
PROOF: 


If 6;,b2¢ B, then 6:,b2e A and, A being Abelian, (bibz*)' = bi (bs 1)} = ee~'=e, which implies 
b1b;'e B. Hence B is a subgroup of A and also normal, since A is Abelian. Likewise C is a normal 
subgroup of A. 


Since 7 and 7 are relatively prime, there exist integers m and mn such that imt+tjn=1 (cf. 
Df. 4.1.2.3.15 and Th. 4.1.2.3.16) and, for every ac A, a=a'= aimtin = αἵ αὐ, which implies ai™ = σὲ 
(since (a'")! = αὖτ = ak™ = (a)™" = e"™=e) and a"=beB. Hence a=bee BC and A= BC = CB, 
which satisfies the first condition of Df. 3.2.7.8. 

Let ge A such that ge B and σεῦ; then gi =gi=e, which implies g = gi™*in = (σ᾿) (σἣ" = 
e™e" — e, which in turn implies that any element which is common in both B and C is the identity 
ee A. Hence BNC =e, which satisfies the second condition of Df. 3.2.7.8a. Hence A= BxC, 

Furthermore, being relatively prime, i and 7 may be represented by 7 = IIp.u, uw=1,2,...,”, and 
j = Ilqv’, v=1,2,...,y, where puxq» are primes (cf. Th. 4.1.2.3.17), while, by Prob. 14 above, B is of 
order IIp.‘« and C of order IIq.”». Now, since the third condition of Df. 3.2.7.8a demands that a= be 
be unique, and consequently that the order k of A be the product of the order of B and C, it must be 
the case that Καὶ ΞΞ (Πρ. )(Πᾳυ") = (Ifpu"u)(Iq.*x) = ἡ. But then, since the factorization of an integer 
into prime power factors is unique (cf. Th. 4.1.2.3.17), it follows that t.—=7, and Wy=S8». Hence B 
is uniquely of order ὁ = IIp.’« and C of order 7 τῷ Πᾳυν where k= 747, completing the proof. 


Supplementary Problems 
Part 3 


How many symmetries are possessed by the regular tetrahedron, the regular hexahedron (i.e. cube), 
the regular octahedron, the regular dodecahedron, and the regular icosahedron? 


Find the number of all rotations, including the original position, with respect to the regular poly- 
hedrons of Prob. 3.1 above. 


If a set C satisfies the following four axioms, then C is a commutative group: 
(ΟἹ = Gi (ef. Df. 3.1.1.1) C3 = G3 
C2. a(bec)=(ba)e for every a,b,ceC C4 = G4 
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3.4. 


3.5. 


3.6. 


3.1. 


3.8. 


3.9. 


3.10. 


3.11. 


3.12. 


3.13. 


3.14. 


3.15. 


3.16. 


3.17. 


3.18. 


3.19. 


The following six functions form a group under the operative rule: fifj(x) = fi(fix)), 1.9 =1,2,...,6, 
(ef. Df. 2.2.2.14): 


filv) = & fa(x) = 1-4 fs (x) (a — 1)/2 
fo(a) = 1/a fa(x) = 1/(1— 2) fe(a) = 2/(x — 1) 


If G is a group and a,b,c1,¢2,...,¢n¢ G, then, 
(i) aabb = ab implies b = α΄; 
(ii) (bab~')* = δα" δ΄". 


(iti) (acia~*) (acea~')... (acna™') = aleice.. .en)aa*. 
The inverse of the inverse permutation P™! of the original permutation P is P. 


A polynomial Ρίαι, %2,...,%n) in ἢ indeterminates x: is called symmetric (cf. Df.5.2.2.1) if it is 
invariant under the symmetric group of all permutations of its subscripts. Prove the following 
polynomials are symmetric, considering w1=—4, εξ ὃ, x3=€¢: 

(i) (a+b—c)(b+e—a)(c+a—b)) 

(ii) (a—b)(a—c)? + (α -- δ)" (ὁ -- ο)Σ + (α -- ο) (ὃ -- ec) 

(iii) (α -- δ)Ψ(α - ὃ -- 6) + (ὃ -- ο)" (Ὁ - ς -- αὐ + (ὁ -- αὐ)" (ς -Ἡ ὃ -- α). 


The symmetric polynomial of Prob. 3.7 above is called alternating if it remains the same except for 
its signs under all permutations of its subscripts. Prove that the following polynomials are 
alternating: 


(i) 21 (%@2—%3) + %2("%3— 41) + %3(X1 ~ X2) 
(ii) (%1 = αο)ίαι = v3)(%1 = 4) (2X2 — x3)(X2 ἘΞΞ X4)(X3 = 24). 


Prove that the product of a symmetric polynomial and an alternating polynomial is an alternating 
polynomial, and that the product of two alternating polynomials is a symmetric polynomial. 


If G is a permutation group of ἢ numbers: 1,2,...,”, where n=3, to which (n— 2) cyclic permu- 
tations: (123), (124),...,(12n), belong, then G is either a symmetric group or an alternating group. 


Verify that any symmetric group of degree greater than three is not commutative. 


If J, is a subgroup of the additive group 1 of all integers, and if J: does not contain 0, then the 
elements of J; are the multiples of the least positive integer of J/1. 


The set S of all the common multiples of n integers ai,d2,...,a@. forms an additive group whose 
elements are the multiples of the least common multiple of the given integers. 


If ἃ is the greatest common divisor of n integers ai,Q2,...,a@n, then there exists a set of integers 
bi,bo,...,5n sueh that d = aibit aebet+ ... + andn. 


Given an infinite cyclic group G whose generator is g, let G: be a subgroup of G generated by g”, 
and Ge a subgroup of G generated by g”; then, there exists a subgroup Gs of G generated by 9’, 
where ἃ is the greatest common divisor of m and n, such that the elements of Gs are of the form 
aibj, where ae Gi, bj; ε Ge. 


Find all the proper subgroups of the symmetric group (5 = {a,b,c}. 


Given a polynomial αὖ - cd, verify that there exists a set M of eight permutations (1), (ad), (ed), 
(ab) (cd), (ac)(bd), (ad)(be), (acbd), (adbc) such that the polynomial is invariant under the permutations, 
and that the set of the permutations is a subgroup of S, = {a,b,c,d}. 


Verify that the polynomial αὖ - οὐ of Prob. 3.17 above is changed to ad+ be by a transposition 
(bc), and that ad+be is invariant under the eight permutations of M(bc). Likewise ac+t bd is 
invariant under the eight permutations of M(bd). 
Prove that, in the context of Prob. 3.17-18 above, 

Ss = MU M(be) U M(bd) 
where M <> (αὖ -- cd), M(bc) «Ὁ» (ad+ be), and M(bd) <> (ας + bd). 
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3.20. 


3.21. 


3.22. 


3.23. 


3.24, 


3.20. 


3.26. 


3.27. 


3.28. 


3.29. 


3.30. 


3.31. 


9.32 


3.33. 


3.34. 


3.35. 


* 3.36. 


*3.37. 


*3.38. 
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Reconsider Prob. 3.17-18 in terms of conjugacy. 


(a) Find the order of the octahedral group by a right decomposition (cf. Df. 3.2.2.6). 
(Ὁ) Reinterpret Prob. 3.2 above in terms of right (or left) decompositions. 


Interpret the rotation group of the square, first in terms of cosets, then in terms of conjugate classes. 


Construct a subgroup of the multiplicative group R of all real numbers, into which a homomorphism 
of & may take place. 


Verify the homomorphism of the rotation group of a regular 2n-gon onto the symmetric group of 
degree 7. 


If n is the integral divisor of an integer m, then the cyclic group of order m is homomorphic onto 
the cyclic group of order n. 


If 9:G1,92Gi,...,gxG: exhaust the left-cosets of a subgroup Οἱ of a group G, then the following 
correspondence, for any aeG, 
α -» giGi g2Gi fora σαι 
agiG1 ageGi 2. αι 


yields a homomorphism of G onto a permutation group of order x. 
Verify that the tetrahedral group is isomorphic to the alternating group of degree 4. 


Given an isomorphism between the infinite cyclic group C whose generator is 6 and the additive 
group A of all integers, where the pattern of the isomorphism is prescribed by ce*eC OacA, find 
a subgroup ΟΣ; of C which is isomorphic to a subgroup ΟἹ of C which consists of all the multiples 
of a positive integer ἢ. 


The normal subgroup of a group G is always a join of some conjugate classes of G. 
Given the symmetric group Ss, find its subgroups, cosets, and normal subgroups. 
Prove that the symmetric group S; has six, and only six, inner automorphisms. 


If Ai,A2,A3 are the three symmetric axes which connect the three pairs of the opposite vertices of 
the regular octahedron, then the octahedral group is homomorphic onto the symmetric group of 
A1,A2,As3 and its kernel is the four group V4. 


If a group G of order 2p, where p is a prime, has a normal subgroup N of order 2, then G is a 
commutative group. 


If a group G of order 6 is not commutative, it is isomorphic to the symmetric group 53. 


Given two groups A and B, their direct product AXB contains two subgroups, one isomorphic to A 
and the other isomorphic to B. 


If A and B are two groups, Α ΧΡ is their direct product, and e, and ey are their identity subgroups 
respectively, then: 

(i) AXe,=C and eaXB =D _ have one, and only one, element in common, viz. the identity. 

(ii) Every element of C commutes with every element of D. 

(iii) ed = pe AXB is unique for every ce C and de D. 


If AxB<&C, where A and B are subgroups of a group Οὐ, then: 

(i) A and B have one, and only one, element in common, viz. the identity. 
(ii) Every element of A commutes with every element of B. 

(11) ab τ- δε Ο is unique for every acA and bc B. 


if A,B,C, and D are subgroups of a group G, and if C and D are normal subgroups of A and Δ, 
then 
(ANB)C\/((AND)C) «» ((BNA)D)/((BOC)/D) 


Part 4—Algebra of Rings 


Chapter 4.1 


Rings 
§4.1.1 Rings in General 


Df. 4.1.1.1 A module (i.e. an additive Abelian group) Καὶ is a ring if Καὶ is also a semi-group 
under multiplication and, further, satisfies right and left distributions under addition. 


Stated in detail, R satisfies the following eight axioms, for any elements a,b,ce R: 


R1: Additive closure. a,beR implies atbeR. 

R2: Additive associativity. a+(b+c) = (a+ b)+€e 

R3: Additive identity. a+0O =~0O0+a=a 

R4: Additive inverse. a+(-a) = (-a)+a = 0 

R5: Additive commutativity. a+b= b+a 

R6: Multiplicative closure. a,beR implies abc Κ. 

R7: Multiplicative associativity. a(be) = (αδὴς 

R8: Additive distributivity: a(b+c) = ab+ac, (b+ c)a = δα Ὁ ca 


The additive identity 0, called the zero of the ring, is unique; so is the additive 
inverse of a, denoted by —a and called the negative (or more simply, minus) a. 
(Cf. Prob. 1.) Subtraction is thus possible and unique in R, since the equation 
a+z=b has a unique solution in any additive Abelian group (cf. Prob. 13 below). 


These two binary operations of addition (including subtraction) and multiplica- 
tion resemble the familiar rational operations of elementary algebra, however, only 
to a certain extent; for the absence of G3-4 under multiplication results in the con- 
spicuous presence of possible divisors of zero. 


Df. 4.1.1.2 Ris a ring with divisors of zero (or zero-divisors) if x-y = 0 when wz,yek, 
c#0, yx0, «x being a left and y a right zero-divisor. Otherwise, i.e. if αὐ = 0 
implies x =0 or y=0, the ring is called a ring without divisors of zero. Zero itself 
is considered a divisor of zero, if only for the sake of expediency. 


Also, as is quite explicit in Df.4.1.1.1, R may not commute under multiplication, 
may not have a unit element, and may not have inverses for its elements even if it 
has a unit element. But then, of course, R may at times satisfy G3-5 under multi- 
plication, and if it does, it needs the following additional definitions. 


Df.4.1.1.3 Ris a ring with unity if it satisfies GB under multiplication, having a multi- 
plicative identity 6, called the unity of FR. 


Th. 4.1.1.4 If an element x of a ring R with unity has a multiplicative inverse, denoted 
by α΄, then the inverse is unique. (Cf. Prob. 1.) 


Df. 4.1.1.5 R is a commutative ring, if it satisfies GS under multiplication, 1.6. cy — yx 


for every x,y¢R; otherwise, i.e. xy~yx for at least two elements z,yeR, F is called 
a noncommutative ring. 
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Df. 4.1.1.6 A complex C of a ring R is a subring if C is also a ring, satisfying the axioms 
R1-8. 


A commutative ring may or may not have a unity; e.g. the set J of all integers 
is a commutative ring with unity, while its subring J, of all even integers is a com- 
mutative ring without unity. 


A ring F is then, first and foremost, a module, i.e. an Abelian group under addi- 
tion; hence many theorems proved for Abelian groups hold with slight modifications 
for Rf, as is best exemplified in Th. 4.1.1.7. 


Th. 4.1.1.7 A complex C of a ring R is a subring iff a—beC and ab=bacC for every 
a,beC, (Cf. Th.3.2.1.2 and also Prob. 2 below.) 


Just as some alternative definitions were available for subgroups, subrings may 
be proved in some other ways: for example: 


Th. 4.1.1.8 If a complex C of a ring R satisfies R1,6, and if ceC implies —ceC, then C 
is a subring of Rk. (Cf. Prob. 3.) 


The relations among rings or among rings and subrings reintroduce here the 
familiar concepts of homomorphisms and isomorphisms (cf. §2.2.2 and 88.1.8). 


Df.4.1.1.9 If the mapping of a ring R onto or into a ring R’: aeR-a’eR’ and 
beR->bd’cR’ implies atbeR->a’+b’cR’ and abeR-a’b’ eft’, then the mapping 
is a homomorphism, while it is an isomorphism if the mapping is one-one, ie. aeRo 
veh’ and beRodb’cR’ imply atbeR — a’+b’cR and abeReoa’b'cR’. 

Again, many homomorphisms or isomorphisms established for Abelian groups 
may be modified for rings. 


*Th. 4.1.1.10 If S is a homomorph of a ring R in R’ when R’ itself is a homomorph of R, 
then S is a subring of Κ΄. (Cf. Prob. 5.) 


*Th. 4.1.1.11 Given two rings R; and Rs with no elements in common, where Ff, contains 
a subring Si isomorphic to Ro, there exists a ring R3 which is isomorphic to Ri and 
contains Re as a subring. (Cf. Prob. 7.) 


This fundamental theorem of rings, sometimes called a general replacement theorem, 
asserts the existence of a ring which is isomorphic to the one constructed to have 
prescribed properties and which actually contains the given rings (cf. Th. 4.2.1.2-7). 


Rings in general have the following properties. 


Th. 4.1.1.12 (Cancellation under addition). For every a,bcceR, ate =bt+e or cta= 
e+b6b imphes a= ὃ. (Cf. Prob. 12.) 


Th.4.1.1.18 ForeveryacRk, a:0=0:a=0. (Cf. Prob. 14.) 


Th. 4.1.1.14 For every a,be R, 
(i) —(-a)=a (iv) a(—b) = (—a)b = —(ab) = —ab 
(ii) —(a+b) = —a—b (v) (-—a)(—b)=ab. (Cf. Prob. 16.) 
(11) —(a~—b)=-—a+b 
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Th. 4.1.1.15 For every a,b¢R and every m,nel* (positive integers), 


(i) αἴ. απ = qmtn (11) (a™)” = qm 
and if R is commutative, 
(iii) (ab)" = a"b". (Cf. Prob. 20.) 


Th. 4.1.1.16 For every a,beR and every m,nel (any integers), 


(i) n(at+b)=na+nb (iii) n(ab) = (na)b = a(nb). (Cf. Prob. 21.) 
(ii) (m+n)a = ma+na 


Solved Problems 


The zero of a ring R is unique; so are the additive inverse —a and, in case Καὶ is with 
unity, the multiplicative inverse a~' of ack. 


PROOF: 

(i) Let 0,0’c R such that a+0 = 0+a=0 and a+0’ = 0’+a = 0’. Then, by R3, 0'+0 = 
0+0’ =0 and 0+0'=0'+0 = 0". But, by R5, 0’+0 =0+0’. Hence 0 -Ξ 0’, proving that 
0 must be unique. 


(ii) Suppose be R such that ὅτε and yet a+b = 0 for every aeR. Then, since —aeR and 
a+(—a) = 0, it follows that, by ΕἸ, (—a) + (a+ δ) = (--α) + (a+(—a)) and, by R2, ((—a)t+a)+6 = 
((—a)+a) + (—b). Hence, by R4, 0+ Ξ 0+(-a), ie. ὃ = —a, proving that the additive inverse 
is unique. 
The uniqueless of a~! can be proved likewise, completing the proof. 


Note the similarity between this problem and 83.1.1, Prob. 1; the only difference, in fact, is the 
operators, viz. “*” or “o” there and “+” here. 


Prove Th. 4.1.1.7. 


PROOF: 

(i) If the complex C is a subring of R, then a,beC implies abe C, by R6, and also —beC, by R4; 
hence, by R1, a—beC, proving that abe C and a—beC are necessary conditions for C to be a 
subring of RF. 


(ii) Conversely, these conditions are sufficient for C to be a subring. For ab=bacC already satisfies 
(more than) R6, and ae C and a—beC imply a—a = 0eC, providing R4, which in turn yields 
0+ (--αἡ = —aeC, setting up R38. Furthermore, —aeC for a implies —beC for b and consequently 
a-—(—b) = atbeC, establishing R1. R1 and R6 imply R2 and R7 respectively, as is trivial 
by now. Finally, Rl and ab = baeC uniquely determine c(a+ 6) and (a+ b)c for every 
ceC, preparing for R8, which completes the proof. 


Note that c(a+b) = cat+eb and (a+b)e = act+be are a matter, not of deduction, but of 
definition; it is quite legitimate and consistent, however, to define them as such at this juncture, since 
cia + δ) and (a+ b)e are uniquely determined. 


Prove Th. 4.1.1.8. 


PROOF: 

From ΕἸ and —ceC for ceC it follows at once that c+(—c) = 0 = (—e)+e, providing R4, and 
the rest can be carried out as above. 

Note, again, that the introduction of “0” is a matter, not entirely of deduction, but more of 
definition; all that can be purely deduced from “Rl and ~eeC for eeC” is that “e+ (—c)”, what- 
ever it may be, is unique, for which “0” may always consistently stand. 
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4, Prove that the complex C of the additive identity, i.e. zero, alone is a subring of a 
ring R. 
PROOF: 


Since 0+0= 0 and 0°0 = 0, it satisfies R1-2, R6-7, and also R3-4, since it is the identity 
and the inverse of itself. Finally, 0(0 + 0) = (0+ 0)0 = 0, satisfying ΕΒ. 


ὃ. Prove Th. 4.1.1.10. 


PROOF: 

Let H be the homomorphism of mapping of R onto R’; then, since R’= A(R) is a homomorph 
of the additive Abelian group R, S in R’ is clearly a subgroup of the additive Abelian group Rf’, 
satisfying R1-5. Moreover, if a,beR are the preimages in R of any two elements a’,b’e δ, cor- 
responding to a and b respectively, then H(ab) = H(a)H(b) = a’b’cS, satisfying R6 for S, and 
consequently also R7 for S. Likewise, if a,b,ce R are the preimages of any three elements a’,b’,c’ ε 5, 
corresponding to a,b,c respectively, then H(a(b+c)) = H(a)H(b+e) = a'(b’+e’)e S, satisfying R8. 
(Or still further, H(a(b+c)) = H(ab+ be) > α'(δ' +e’) = (a’b’ + a’e’) eS.) 


This completes the proof. 


6. If S is a set of elements in a 1-1 correspondence with the elements of a ring R, then S 
can afford two binary operations, i.e. addition and multiplication, such that S becomes 
a ring isomorphic to R. 
PROOF: 
The 1-1 correspondence between R and S, eg. aeR > a’cR and be R & δε, becomes an 
isomorphism 7 if it is defined, as is but logical, that I(a) =a’, I(b)=b’. Then 
atbeR < I(a+b) = I(a)+1(b) = a’+b’cS 
and abeR «Ὁ 1(α Ὁ) = Ia)*I(b) = ab’cS 


Hence S will, and can, satisfy all of R1-8, proving that S is a ring isomorphic to R. 


7. Prove Th. 4.1.1.11. 


PROOF: 
When schematized, the problem is to prove the following 
relation: 
R: > S: 
L 7 
R; D ἢ, 


Fig. 3.1.la 


whose diagram is given at right. 


Let fs = (Ri—S,)UR:, and define a mapping M such that ae(Ri-—Si) implies M(a)=a and 
also se Si implies M(a) = I(a), where I is by hypothesis the isomorphic mapping of S; onto and into Re. 
Moreover, since M is then the 1-1 mapping of R,—S: into itself and, Hi and FR» (or more narrowly, 
F:—S; and 102) having no elements in common, M is in fact an isomorphism between R: and Rs. 


Furthermore, the binary operations of Rs are defined by M, viz., 
atbe Ri: <> M(a+b) = M(a)+M(b) = a’+b’c Rs; (1) 
and abeR, <> M(a-b) = Μ(α)" M(b) = a’*b’c Rs, 
which proves Rs to be a ring (cf. Prob. 6 above). 
Finally, since 7 is the isomorphic mapping of S: onto Raz, 
atbeS: 49) 7(α Ὁ δ) = 1(α) -ἠἭ 1(Ὁ) = a’+b’e Re (2) 
and — abeS: «Ὁ I(a+b) = 71(α) "1(αἹ = a'b’c R, 
where (1) actually coincides with (2), since M(a),M(b)e Re in (1) implies a,b,at+b,abeS;. Hence 


&, is also a ring and, as a matter of fact, a subring of Rs; according to the initial assumption, com- 
pleting the proof. 


Sec. 


8. 


10. 
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Prove that residue classes modulo 2, 3, 4 are rings. 


PROOF: 
It is self-explanatory through the following tables: 
(i) + 0 1 . 0 1 
0 0 1 0 0 
1 1 0 1 0 1 


(ii) 


(iii) 


Observe that the last ring, for instance, is a ring with unity, but not every nonzero element 
(e.g. 2) has an inverse; since 252 = 0, the ring has divisors of zero. This ring is also a commutative 
ring, as can be readily verified by the table. 


Generalize Prob. 8; viz. a residue class modulo m, where m is any positive integer, 
is a ring. 
PROOF: 


The residue class C modulo m is an additive Abelian group (cf. §3.2.6, Prob. 11), satisfying R1-5. 
Furthermore, by Th. 3.2.6.8, C satisfies R6 and consequently R7, proving itself to be a semi-group 
under multiplication, from which R8 also follows, viz. for every a,b,ceC, a({bt+c) =abtac (mod m) 
and (at+b)c = ας δα (mod m), (cf. Th. 3.2.6.8-9). 


Hence C is a ring, and as has already been shown above, generally a commutative ring with unity 
and possibly with divisors of zero. 


Examine whether the following sets form rings: (i) the set of all natural numbers; 
(ii) the set of all integers; (iii) the set of all positive rational numbers; (iv) the set of 
all rational numbers; (v) the set of all real numbers of the form a+yV/2, where x 
and y are integers; (vi) the set of all real numbers of the form ἃ μὴ + 21/4, where 
2,y,z are rational numbers; (vii) the set of all real numbers; (viii) the set of all com- 
plex numbers of the form «+yi, where x and y are integers; (ix) the set of all 
complex numbers; (x) the set of all real-valued continuous functions on the interval 
-1=x=1, where (f+g)(x)=f(a)+g(2) and (f9)(a) =f(z)9(@). 
PROOF: 

The sets of (i) and (iii) are obviously not rings; for, in the first place, they are not even additive 
Abelian groups, unable to satisfy R4, for instance. 


All others form rings in various ways, satisfying at least R1-8 or more, e.g. with unity or without 
zero divisors or with commutativity. 


The sets of (ii), (iv)-(ix) are all commutative rings with unity and without divisors of zero, as 
can be verified without difficulty (cf. eg. §3.1.1, Prob. 10). Furthermore, each of them is a subring 
of (ix); also, in detail, each of (v)-(viii) is a proper subring of (ix), each of (iv)-(vi) is a proper subring 
of (vii), and (ii) is a proper subring of (iv). 

The set of (x) forms also a commutative ring and, if either f(~)=1 or g(x) =1, it is a ring with 
unity, and possibly with divisors of zero; e.g. if f(x) = max(0,7) and g(x) = max(0,—x), then both 
functions are distinct from zero, yet their product is zero. 
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Il. The set C of the integral couples (x,y) forms a ring if they are operated on as follows: 
(11,Y1) + (%2,Y2) = (1 2, Yitys), (21, Y1)(X2, Ye) = (X1%2, Y1Y2); 


so does the set T of integral triples (x,y, 2) if they comply with the following operative 
rules: 
PROOF: 
(i) Since R1 and R6 for the set C are already given by the operative rules, R2 and R7 follow 
immediately; viz., 
(21, Ys) + (2, Y2) + (a3,ys)) = (art(aetas), yit(yotys)) = (arta) tars, (yity2)+ys) 
= ((21, ¥2) πὰ (2, Y2)) ΞΕ (23, Ys) 
and likewise  (%1,y:)((x2,y2)(s,ys)) = ((91,y1)(X2, ya) (awa, ys). 
R3 is obviously satisfied by (0,0), and R4 by (x,y)7! = (—ax,—y). 
As for R8, it is also satisfied, since 
(σι, Y1)((2, Y2)+(a3,Ys)) = (σι, ψι)(αΣ  α8, Yotys) = (vetoes, yiyetyrys) 
= (%1,Y1)(%2, Y2) + (αι, y1) (x2, Ys) 
Similarly ((&1,y1) + (a2,y2))(#a, ys) = (a1, y1)(%3, ys) + (a2, Y2)(as, Ys). 
The set C is a ring with unity (1,1) without zero divisors, and also commutative, as can be 
readily verified. 


(ii) The set T satisfies also all of R1-8; e.g., for RS: 
(σι, Y1, 21) (2, Y2, 22) + (a3, Ys,23)) = (αι, Y1,21)(a2+Hs, Yot ys, 22: 28) 
= (x1(x2+23), (Yo+xs)y1 Bis (yotYs)21, 21(22+23)) 
= (21%, Y2Yityr221, 2122) ἘΠ (σις, L3YitY321, Z1z3) 
= (201, Y1, 21) (2, Yo, Z2) + (αι, Y1, 21) (Xs, Ys, Zs) 
The set 7 is a ring with unity (1,0,1), with divisors of zero (e.g. (0,1,0)(1, 0,1) = (0, 0, 0)), 
and noncommutative (e.g. (0,0, 1)(0,1,0) = (0,1,0) τὲ (0, 0,0) = (0,1, 0)(0, 0, 1)). 


Note that, since x,y,z are all integers, there exists multiplicative inverses iff «—+1 and z=+1 
(since (%1,Y1,21)(%2,y2,z2) = (1,0,1) implies #:%2=1 and 2122 — 1). 


12. For every a,b,ceR, a+c=b+e implies a=b; likewise, c+a —c+b implies a=b. 
PROOF: 
Since, by R4, there must be an element c~'e R such that e+e7! = 0, it follows that if a+c = b+e, 
then, by R1-3, (a+e)+e~!= (b+e)+e7! > at(ete ἢ) = b+(e+e7*) > at0=b4+0 > ax=b. 
Likewise, ct+ta=c+b implies a= ὁ. 
Note, This is the Cancellation Law for a ring R, which indeed must exist, since R is after all an 
additive Abelian group, for which the cancellation law does exist (cf. Th. 2.1.1.3). 


Given this law first, the proof of Prob. 1 can be considerably simplified; e.g. if both x and y are 
the additive inverse of ae R, then atx=0 and aty =0, which by this law implies x=y, proving 
the uniqueness of the inverse. 


13. If a,be R, then a+z= bd has in R a solution x — b —a, which is unique. 
PROOF: 
Since a+(b—a) = a+(—a+b) = (a—a)+b = δ, it is obviously the case that x = b—a. Furthermore, 
this is the only solution for a+x = δ; for, if also aty = 6, then atx Ξξ αἷμ and, by the cancellation 
law, x=y, completing the proof. 


14. Prove Th. 3.1.1.13. 


PROOF: 
Since at+t0=a by R4, it follows that a(a+0) =a*a by R6, while also, by R8, a(a+0) = 
a-ata:0. Hence ar-at+a-s0=ara and, by Prob. 12 above, a-0=a-a—a+a= 0. 


Likewise 0*°a=0, completing the proof. 


See. 


15. 


16 


17. 


18. 
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Prove that (a+b)-! = —(a+b), and that (ab)! = b-'a' if a-'eR and beck 
under multiplication. 
PROOF: 


(i) (a+b) + ((—a)4+(—b)) = ((a+b)+(—a)) + (—b) = ((at+(—a))+b) + (—b) = (01) + (—b) = ὃ Ὁ (—b) = O. 
Hence (—a)+(—b) is the additive inverse of a+b; but, the inverse being unique by R4, 


(--αἡ +(—b) = --(α -- 8), ie. the additive inverse of a+b is —(a+ ὃ) which may notationally 
be written as (—a)+(~—b) (or, as will be proved below, —a—b = ~—(a+ b)). 
(ii) (ab)(b-'a—') = α(δὸ τα} = aea1 = aa! = 6, proving that the inverse of ab, i.e. (ab)~’, is 


uniquely b~'a~'; the uniqueness is provided by Prob. 1, (ii). 


Prove Th. 4.1.1.14. 
PROOF: 
(i) (—a) + (-(-a)) = 0 and (—a)+a = 0, by R4; hence (—a)+(—(—a)) = (—a)+a@ and, by can- 
cellation, —(—a) =a. 
Second proof. (0+a)+(—a) = 0+ (a+(—a)) = 0+0 = Ὁ; hence, by Prob. 13, (O—-a) = 
0 -- (--α), 1.6. a=—(—a). 


(ii) Let at+b=ceR, by RI; then, by R4, c+(—c) = 0 and, by substitution, (α-Ἐ 8) -Ὁ (--(α -Ἐδ)) = 0, 
while (a+b) +(—a—b) = (a+b) + (—b—a) = a+ (b+(—b)) + (--αὶ = a+0+(-a) = at+(—a) = 0. 
Hence (a+b) + (—(a+6)) = (a+b) +(—a-—b) and, by cancellation, —(a+b) = —a—b. 

(iii) Replace ὃ by —b in (ii), and —(a+(—b)) = —a—(—b); then, by (i), —(a—b) = —a+b. 

(iv) ((—a)+a)b = (~a)b + ab, by R8, and also ((—a)t+a)b = 0°b = 0, by R4 and Th.4.1.1.13. Hence 
(—a)b - αὖ = 0 and, by Prob. 18, (—a)b = —(ab). Likewise a(b+(—b)) = ab+a(—b) = 0 and 
a(—b) = —({ab). Hence (—a)b = a(—b) = —(ab), and notationally, by definition, —(ab) = —ab. 

(v) (ab+a(—b)) + (—a)(—b) = a(b+(—b)) + (—a)(—b) = a* 0+ (—a)(—b) = (—a)(—b), by R8,R4, while 
ab + (a(—b) + (—a)(—b)) = ab+(at+(—a))(—b) = ab+0°(—b) = ab, again by R&8,R4. But 
(ab+a(—b)) + (—a)(—b) = αὖ - (a(—b) + (—a)(—b)), by R2. Hence (—a)(—b) = ab. 


Second proof. By (iv), (—a)(—b) = —(a(—b)) = —(—(ab)), which, by (i), equals ab. Hence 
(—a)(—b) = ab. 


Prove (i) (a—b)—c=a-—(b+e), (ii) a(b—c) = ab—ace. 

PROOF: 

(i) Since —(a+b) = —a—b (ef. Prob. 16, (ii) above), (a—-(b+e)) te =a-—b-—e+e=a—b1+0=a-b. 
Hence a—(b+c) = (a—b)— ec, by Prob. 12. 

(1) a(b+(—c)) = ab+a(—c) = ab—ac, by R8 and Prob. 16, (iv). 


Prove the following properties of differences: for every a,b,c,deR, 

Gi) a-b=c-—d iffat+d=b+e (ἢ (a—b)—(c—d) = (a+d) — (b+) 
(ii) (a—b) + (c—d) = (ate) —(b+4d) (iv) (a—b)(c—d) = (act+bd) — (ad+bc) 

PROOF: 

(i) If a—b=c-—d, then adding (ὃ + d) to both sides of the equation, (a—b) + (b+d) = (c—d) + (b+d) 
which, when simplified by R2,4,5, becomes a+d = b+c. Conversely, if αὐ ἃ = b+c, then 
adding ((—b)+(—d)) to both sides of the equation, (at+d)+ ((—b)+(—d)) = (b+c) + ((—b)+(—d)), 
and simplifying likewise, a—b = c—d. 

(ii) ((a—b)+(e—d)) + (b+d) = (a—b) + ((c—d)+(b+d)) = (a—b) + (ce+b) = ate. Hence, by Prob. 12, 
(a—b) + (c—d) = (atc) — (b+d). 

(iii) Likewise (a—b) —(c—d) = (a+d) — (b+¢). 

(iv) By left-distribution, then right-distribution, and R2,5, (a—6)(c—d) = (a—b)e — (a—b)d = (ac—be) — 
(ad—bd) = ac— be —ad+ bd = (act+bd) — (ad+bc). Or what is the same, first by right-distribu- 


tion, then left-distribution and R2,5, (a—b)(e—d) = a(e—d)—b(e—d) = ac—ad—bet+bd = 
(act bd) — (ad+be). 
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19. Generalize R2, ΒΥ, and R8. 
PROOF: 3 
(i) Since, by R2, a1 + (a2+ as) = (αι - a2) +a3 = αἱ Ὁ α 1 ας = Sai, then 
i=1 


(3a) + (3 a) 


j=rti 


I 


(αι +a2+---+a,) ΞΕ (Qr+1 + Gr+2+ +--+ as) 
= (a1 + a2 + --- + ay + Gri) + (Qrt2tGriste+» +a) = 


8 


αι αν. --- Ἔ αν, Ὁ αἀγεὰ-Ῥ Grint +--+ ας = > ox 


k>+1 


completing the generalization. 
This result may be further generalized through R85, viz., 
( & ai) ss ( > a;) = Za = Sa, 
i=1 j=orttl k=1 n=1 


1.e., 


(Q1 + dates + Gr) + (GrritGri2t τ +a.) = αὐ Π α2 Ῥ --- Ἔ ας = ἀκ, + αν Ἔ "5" tax, 


Where dx,,Qka,...,@x, represent αἱ, α2,...», ας in any order. 
Tr 5 5 
(ii) Likewise (II ai) ( II a;) = |] a, and more generally, ie. if R is a commutative ring, 
i=1 j=rti k=1 


(I) IL, «) ᾿ Πα, 


(iii) Likewise a(bi+b2+---+6,) = a(& δ) and (a1ta2+---+a)b = (= ai)b, and more gen- 
erally, a a 


(3 αἡ(Σ οὴ (αι - de+---+a,)(bi+ b2+ --- + δὼ) ae 


dibi + --- -Ὲ αιὖς + αι + +> debs t---tabi+---+tab, = 1 id; 


Ὧ:Ξ1 }5Ξ 


| 


20. Prove Th. 4.1.1.15. 
PROOF: 


: . . = . — _m-iy — -1)+1 
(i) Define, as is quite customary, a'=a and a?=aa=a't'; then, in general, a” Ξε απ ἰα τε αὐ 911 
Now suppose a”™a*=a™t*, then a™tta=almt®t+i=qm+h+) Hence, in general, αἰ αὐ" Ξε αὐ πὶ 


(ii) Since, by (i), (a")'=a™ and (a”)?=(a")(a")=a"+™=a2", suppose (a™)* ΞΞ αἰ, then, again 
by (i), (a™)Ft* = (a™)*(a") =a™a™=a™*™=g™k+D, Hence, in general, (a”)" = a™. 

(iii) If ab = ba, then (ab)' = a'b' and (ab)? = (ab)(ab) = aabb = a?b?, by (i). Hence assume (ab)* = ak b*, 
which then implies (ab)**+* = (ab)*(ab) = a* δ' αὖ = αἰ αδ'ῦ = αἰ τ Ὅλ: and in general, (ab)”" = a"b’. 


21. Prove Th. 4.1.1.16. 

PROOF: 

(i) Define, as is exactly the case in elementary algebra, that la =a and 2a= ata, etc; then l(a+b) = 
a+b and 2(a+b) = (a+b)+(a+b) = a+a+b+b = 2a+2b, by R2 and Rb. Hence, assuming k(a+b) = 
kat+kb, which implies (k+1)(a+b) = k(a+b)+(a+b) = katkb+at+b = katat+kb+b = (A+1)at+(k+1)b, 
it follows that, in general, n(a +b) = na+nb. 

(it) Since, by (i), (m+1)a = mata, assume (m+k)a = τα κα which implies (m+(k+1))a = (m+k)ata = 

matkata=mat(k+k)a. Hence, in general, (m+n)a = ma+na. 

(ili) Since (la)b=1ab and (2a)b = (a+a)b=ab+ab=2ab, assume (ka)b =kab which then implies 
((k+1)a) = (kat+a)b = kab+ab=(k+1)ab. Hence, in general, (na)b=nab. Likewise, a(nb) = nab. 
Hence, altogether, (na)b = a(nb) = nab. 


Note. m(na)=(mn)a and (ma)(nb) =(mn)ab can be deduced likewise, using some of (ji), (ii), (iii), 
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84.1.2 Commutative Rings 


4.1.2.1 BOOLEAN RINGS 
Df. 4.1.2.1.1 A ring B (vs. B, a Boolean algebra, cf. 82.4.2) is called Boolean if all of its 
elements are idempotent, 1.6. a-a = a for every element acB. 


Stated in weak postulates: a ring is Boolean if it satisfies the following nine 
axioms, 1.6., 


B1-8 = R1-8. 
B9: Idempotency. a:a =a for every acB. 
The following property of B, which is deducible from B1-9, also characterizes B, 


viz.: 

Th. 4.1.2.1.2 Every element in B is its own additive inverse; 1.6. ae B implies at+a = 0. 
(Cf. Prob. 1.) 

Th. 4.1.2.13 B is a class of all subsets of any set S. (Cf. Prob. 2.) 


It is due to this theorem that a Boolean ring is sometimes called a ring of all 
subsets of a set. 


Th. 4.1.2.1.4 B is a commutative ring. (Cf. Prob. 5.) 


Th. 4.1.2.15 A Boolean ring B of two elements 0 and a is isomorphic to the two-value 
logic Lz under y (complete and exclusive disjunction) and ~ (conjunction). (Cf. Prob. 6.) 


This theorem clarifies the relation between a Boolean ring and a two-value logic, 
just as the following theorem articulates the difference between a Boolean ring and 
a Boolean algebra. 


Th. 4.1.2.16 αὶ with unity is a Boolean algebra. (Cf. Prob. 7.) 
B is also called a 2-ring in the sense that a p-ring is defined as follows: 


Df. 4.1.2.1.7 A ring P is a p-ring if a? =a and pa=0 for every aeP. 


P is necessarily commutative and, in terms of the p-ring, B is obviously 2-ring, 
since a2=a, by BY, and 2a=0, by Th. 4.1.2.1.2. 


Solved Problems 


1. Prove Th. 4.1.2.1.2. 
PROOF: 
Applying B9 and ΒΒ repeatedly, 
= (at+a)(ata) = afat+a)+a(at+a) = (aat+aa) + (aa+ aa) 
= (a+a)+ (at+a) 
Hence at+a = (ata)t+(ata), 1.6. O+(at+a) = (at+a)t+ (ata), and by Th.4.1.1.12, ata = 0. 


ata 
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2. Prove Th. 4.1.2.1.3. 


PROOF: 

Let S be any set and S be the class of all subsets, including the empty set ὦ and the universal 
set U, of S, and denote the elements of S, which are sets, by A,B,C, ete; then, by the definition of the 
operations on sets (cf. Df. 2.3.1-3), 


Ri: A,BCS implies AUBCS. Ε΄: AN(BNC) = (ANB)NC 
R2: AU(BUC) = (AUB)UC R8: AN(BUC) = (ANB)U(AnNO), 
R383: Αυὐῷ = GUA = A (BUC)NA = (BNA)U(CNA). 


R4: AUA’ = A'UA = Q 
R5: AUB = BUA 
R6: A,BCS implies ANBCS. B9: ANA = A. 


And furthermore, 


Hence S, the class of all subsets of any set S, is a Boolean ring, completing the proof. 


ὦ. If abe R and a+b =0, then a= b. 


PROOF: 
Since, by Prob. 1 above; a+a= 0 and also, by hypothesis, a+b = 0, it follows at once that 
ata=a+b=0. Then, by Th. 4.1.1.12, a= ὃ. 


4. Prove that a+b =a—b if a,beB, and that a=c+b if a+b=c and a,b,ccB. 
PROOF: 
(i) Since, by Prob. 1, 6+6 = 0 and, by R4, b+ (—b) = 0, it immediately follows that b+6 = 
6+ (—b) = 0 and that, by Th.4.1.1.12, b6=(—b). Hence a+b = at (—b) = a-—b. 
(ii) (@+b)+(—b) =e+(—b) since a+b =e by hypothesis. But (a+ 6)+(—b) = a+(b+ (-- 8} 
a+0=a and c+(—b)=c—b=c+b by (i). Hence a=c+b. (Or, more simply, ¢e+b = 
(a+ δ) +b = α(ὃ δὴ) =a+0 =a, by Prob. 1, ie. a=c+b if a+b=e.) 


lI 


5. Prove Th. 4.1.2.1.4. 
PROOF: 
Applying B9 and ΕΒ twice and R2-5, 
α τ ὃ (α - δ)ία - δ) = α(α - δ) - δία -- δ) = (aa + ab) + (δα + bb) 
(a+ab) + (ba+b) = (a+b) + (ab+ ba) 
Hence, by Th. 4.1.1.12, ab + ba = 0 and, by Prob. 3, ab = ba. 


6. Prove Th. 4.1.2.1.5. 
PROOF: 
Since 01+0=0, at0=0+ta=a, by R3; ata=0, by Th.4.1.2.4; 0°0=0, a-a=a, by BO: and 
a°0=0°a=0, by Th. 4.1.1.18, the following two tables are immediately obtained: 


+ 0 a . 0 α 
0 0 a 0 0 0 
a a 0 a 0 a 


which are indeed isomorphic to: 


Vv 0 1 A 0 
0 0 1 0 |} O 0 
1 1 0 1 0 1 


where “0” and “1” denote “false” and “true” respectively. 


7. Prove Th. 4.1.2.1.6. 
PROOF: 
Define aUb=a+t+b—ab and anb=ab:; then B1 follows at once. Furthermore, 
B2: (2a) aUb = at+b—ab = b+a-—ba = bua, and 
(2b) anb = ab = ba = δῆλα. 
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B38: (8a) aU(bne) = at be—abe. 
(aUb)N(aUe) = (a+b—ab\(ate—ac) = aa+ac—aac+ ba+ be— abe — ααὖ — abe + abac 


= atac~act ba+ be — abe — ab — abe + abe by B9 

= a+ (ac— ac) + (ab — ab) + be — abe + (abe — abe) by B2 and Th. 4.1.2.5 

—- a4@+04+0+be—abe+0 by Th. 4.1.2.4 and Prob. 4. 
= a+ be-— abe. 


. au(bne) = (aUb)N(aUec). And likewise: 
(3b) an(bUe) = (anb)U(ane) 
B4: Define 0=@ and 1=U, by hypothesis, and 
(4a) aU0 = a+0-—-a0 = a, ie. αὖ =a, and 
(4b) anl = al =a, ie anl=a. 
B5: Define a’ =1—a, and 
(5a) ava’ = α-τἰ( -- αὐ --α( --αὐ = a+1—a—at+aa = (a—a)+1+(a-a) = 1, 
ie. aUa’ = 1, and 
(5b) ana’ = a(l—a) = a—aa = a-a = 0, ie. ana’ = 0. 


B6 follows from B5, completing the proof. 


8. A Boolean ring B with more than two elements is a ring with divisors of zero. 
PROOF: 
Since, by hypothesis, B contains a and ὃ which are distinct and a +0 and 60, it also contains, 
by B1,6, a+b #0 (since a=b if at+b=0, by Prob. 3) and ab; but, by B8,7,9 and Prob. 2, 
ab(a +b) = (abja+ (ab)b = (aa)b + a(bb) = ab+ab = 0 
That is, ab and a+ ὃ are divisors of zero in B if ab #0. If ab—0, then α and ὃ are divisors of 
zero themselves, completing the proof. 


4.1.2.2 INTEGRAL DOMAINS 


Df. 4.1.2.2.1 A ring D is an integral domain (or a domain of integrity) if it is commutative, 
with unity, and without zero divisors. 


Stated in detail, D satisfies three more axioms in addition to the eight funda- 
mental axioms of the ring in general, viz.: 
D1-8 = R1-8. 
D9: Multiplicative commutativity. ab = ba for every a,beD. 


D10: Multiplicative identity, 1.6. unity e (which may be denoted by 1). ea=ae=a 
(or la=al=a) for every ας. 


D11: Multiplicative cancellation. ac=be and c#0 imply a=b for every a,b,ceD. 


Note that 11 implies the nonexistence of zero-divisors in D and conversely 
(cf. Prob. 1), and that the additive cancellation which has already been proved for κα 
(cf. §4.1.1, Prob. 12) must, of course, hold here. 

Example: 

The set of all integers (or rational or real or complex numbers) constitutes an integral domain, 

satisfying all of D1-11, but the set of even integers does not, failing to satisfy D10, for instance, 


although it does form a ring in general; similarly, the set of all continuous functions on the closed 
interval between 0 and 1 fails to form an integral domain because of its difficulties with D11. 


(Some early authors, like van der Waerden in his Moderne Algebra and Dubreil in his Algébre, 


defined D without D10, their integral domains being merely commutative rings without zero-divisors. 


In the following pages, however, an integral domain is to satisfy all of Di-11, unless otherwise 
modified.) 


Df. 4.1.2.2.la If a complex D’ of an integral domain D forms an integral domain itself, 
then D’ is called a subdomain of D. 
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Example: 

The set I of all integers is a subdomain of the set R of all rational numbers, while Ια is in turn 
a subdomain of the set R* of all real numbers. As in each case, a subdomain D’ is closed relative 
to the operations of the given domain D and contains both additive and multiplicative identities and 
also additive inverses in itself. 


Note. I, the set of integers, is sometimes called a minimal integral domain as it contains no 
subdomains (cf. Th. 4.2.1.4). | 


Th. 4.1.2.2.2 The only idempotents in D are 0 and 1. (Cf. Prob. 2.) 


This theorem draws a clear line of demarcation between D and B (cf. Df. 4.1.2.1.1); 
commutative rings as they both are, their difference is quite conspicuous. The dif- 
ference manifests itself even more clearly through the following definition and theorem. 


Df. 4.1.2.2.3 The characteristic of a ring R is the smallest positive integer n such that 


na=0 forevery acR. In particular, R is of characteristic zero (or, as is sometimes 
called, infinite characteristic) if na+0O for every ach. 
Example: 

B is obviously of characteristic 2 (cf. Th. 4.1.2.1.2), and the characteristic of the additive identity 
in αὶ is 1, while every familiar number system, excluding 0, of elementary algebra has characteristic 
zero (or infinite). Moreover, a ring R of integers modulo m is of characteristic m itself, since the 
smallest positive integer k such that ka = 0 (mod m) for any ας Κα is m itself (cf. §4.1.1, Prob. 8-9). 


Th. 4.1.2.2.4 The characteristic of every integral domain D is either zero or a prime. 


(Cf. Prob. 3.) 


Residue classes, then, cannot always form integral domains, as is quite clearly 
stipulated by this theorem, since many residue classes do contain zero-divisors 
(against D11). In the residue class modulo 6, for instance, 240 and 30, yet 
2°3=0; hence the set of integers modulo 6 is not an integral domain, although the 
set of integers of 7, for example, is. 


Df. 4.1.2.2. An integral domain D is called ordered, and denoted by D, if it contains a 


complex 2 whose elements, called the positive elements, satisfy the following 
conditions: 


(i) Closure under addition: a,beD*+ implies a+beD?*. 
(ii) Closure under multiplication: a,beD+ implies a:be Dt. 
(iii) Trichotomy: aeD*+ implies one, and only one, of three mutually exclusive 
alternatives, viz. a>0, reading “a is greater than 0”, or a=0, or —a>0O. 
In this context the additive inverse of a, denoted by —a and called the negative 
or minus a (cf. Df.4.1.1.1), is defined as an element which cannot belong to D* if 
a does, i.e. if a is positive. On the other hand, if a does not belong to Dt, i.e. if a is 
not positive, hence negative, then —a is negative negative, hence positive, and belongs 
to D*. %, 
Note. —a>0O may be written as a< 0, reading “a is less than 0”. This notation 
may rewrite Df.4.1.2.2.5 as follows: 
(i-ii) a@>0 and 6b>0 imply a+b>0 and a:b > 0. 
(iii) a>0ora=0 ora<0O for every acD*. 


The same concept is further amplified and clarified by the following definition. 


Df. 4.1.2.26 a>b and b<a are logically equivalent in D, both meaning the same: a—b, 


which is called the difference between a and ὃ, is positive. 


If a—b is not positive, then it is either zero or negative, ie. either a=b or a<b; 
these two alternatives are often combined in one notation, a=b, just as a=b and 
a> 6 may be incorporated into one, a=b, meaning that a—b is not negative. 


Sec. 4.1.2] COMMUTATIVE RINGS — INTEGRAL DOMAINS 143 
Note. 0=a—a for every acD, i.e. zero is defined in terms of difference as the 
difference between an element of D and itself. 


Df. 4.1.2.2.7 A complex S, SCD, is called well-ordered (cf. Df. 2.4.1.18) if any subcom- 
plex R of S contains a least element a such that a=r for every re. 


Th. 4.1.2.2.8 If an ordered integral domain D: contains a complex D; of all positive 


morphic. (Cf. Prob. 9.) 
The elements of D, in general, have the following properties: 


Th. 4.1.2.2.9 All squares of non-zero elements in D are positive. (Cf. Prob. 10.) 
Th. 4.1.2.2.10 Transitivity holds in D: a<b and b<c imply a<c, for every a,b,ceD. 
Th. 4.1.2.2.11 For every a,b,ceD, a>b and c>0O imply ate > bte and ας» be. 


(Cf. Prob. 12.) 


In any ordered integral domain, defined and expanded as above, it is already 
feasible to introduce the concept of absolute values, with which the student is quite 
familiar, as below. 


Df. 4.1.2.2.12 For every element acD, the absolute value of a, denoted by |al, is positive 
except when a=0 for which |a|=0. 


This definition yields the following results. 


Th. 4.1.2.2.13 For every a,beD, 
(i) Jato] = jal + δ᾽ (ii) jab] = [α| δ] 
(Cf. Prob. 13-14.) 


This theorem may be considered a special case of the so-called (i) triangle in- 
equality and (ii) Schwarz inequality, respectively, the general case of which 15 ex- 
pounded in terms of rational and real numbers (cf. §5.1.1, Prob. 13) and also, with 
a slight modification, in terms of complex numbers (cf. 85.1.8, Prob. 12,19). 


Solved Problems 


1. If the cancellation law holds for a ring R, then a#0ecR is not a zero-divisor, and 

conversely. 

PROOF: 

(i) Let be R and ab=0; then αὖ = a*0 = 0 since a*0 = 0°a = 0, by Th. 4.1.1.18, and the 
cancellation law implies b=0. Likewise ba=0 implies b}=0. Hence a is not a zero-divisor. 

(ii) Conversely, if a0 is not a zero-divisor, then αὖ ΞΞ ας implies ab— ac = a(b—c) = 0, which 
in turn implies b—c = 0 and b=c. Likewise ba=ca implies b=e, establishing the can- 
cellation law. 


Note. This theorem is logically equivalent to the theorem that a product of non-zero factors in D 
is not zero. 


2. Prove Th. 4.1.2.2.2. 
PROOF: 
(i) 0 and 1 are evidently idempotents in D, since 0°0 = 0, by Th.4.1.1.13, and 1.91 = 1, by D10. 
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(ii) Let @ be neither 0 nor 1, and suppose a@*a =a. Then, by D10, a:1 = 1*a =a and, by the 
assumption, αὐτὰ = a*l =a. Hence, by D11, a=1, proving that D has neither more nor less 
than two idempotents. 


Prove Th. 4.1.2.2.4. 
PROOF: 

Assume that D is of characteristic which is not a prime and is also greater than 0, and let 
n=xy, where l<a<n and l<y<vn. If e is the unity of D, then, by Df. 4.1.2.2.3, ne=0, 1.8. 
(xy)e = 0, which implies (xe)(ye) = 0, which in turn implies, by Dll, that either xe=0 or ye=0. 

Now assume xe =0; then, for any aeD, xa=x(ea) = (ex)a=0, implying that xa=0 for 
any element ἃ of D, which is contradictory to the assumption that 1<a<n. Hence n must be either 
zero or a prime. 


The same conclusion is obtained by assuming ye = 0, completing the proof. 


The order p, p> 0, of the additive cyclic group generated by the unity e of an integral 
domain D is a prime. 
PROOF: 

Suppose p= mn, where m and n are any two integers; then me,nee D, and by the definition 
of cyclic groups, (me)(ne) = (et+e+...+ e(ete+... +e) = (mnje? = (mnje = 0. 


But, since D is an integral domain which by definition cannot have proper zero-divisors, it must 
be the case that either me =0 or ne = 0, either of which is contradictory to the definition of the 
order p of the cyclic group generated by e. Hence p must be a prime. 


Note that this theorem actually reassures the validity of Th. 4.1.2.2.4 (Prob. 3 above). 


All non-zero elements of D generate additive cyclic groups of the same order. 
PROOF: 
Let 6 and a be the unity element and non-zero element, respectively, of D whose characteristic is, 
by Th. 4.1.2.2.4, either p or 0. 
(i) If D is of characteristic p, then pa = p(ae) = plea) = (pe)a = 0, which implies, by D11, that 
pe=0 and, by Prob. 4 above, that p is the prime order of the additive cyclic group generated 
by any non-zero element of D. 


(ii) If D is of characteristic zero, then πα τέ Ὁ for any n*#Q, which implies that the additive 


cyclic group generated by a (any non-zero element of D) is of the same infinite order, completing 
the proof. 


An integral domain D of characteristic zero contains a complex C which is isomorphic 
to the integral domain 1 of integers. 
PROOF: 


Let every element ce C (CCD by hypothesis) be of the form ne, where e is the unity of D and ἢ 
is any integer, i.e. me J; then C forms an infinite additive cyclic group whose elements are all distinct. 
Hence the 1-1 correspondence e=necC © nel is an isomorphism, since nie © γι and ne} nz 
do imply 

metre =(m+me O ntn and (nie)(n2e) = (nime O nine 


An element d of an integral domain D both divides the unity e of D and is divisible 
by e iff its multiplicative inverse d-! is also in ἢ. 
PROOF: 

If d divides e, then there exists an element ce D such that ed =e, which proves that ¢=d-!. 


Conversely, if d has a multiplicative inverse ¢, then cd =e, which proves that e is divisible by d. 


If a subset D* of the positive elements of an ordered integral domain D is well-ordered, 
men ὦ D* = {me} and (ἡ Γ᾽ = {me} 


where 6 is the unity of D, n, any positive integer, and ne any integer. 
PROOF: 


(i) By hypothesis, D* has a least element, which in this case is €, since the assumption 0<a< 6, 
aeD* implies an immediate contradiction that a2? <a (since ae=a), αξε D*, 
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11. 


12. 


13. 


Furthermore, since e? =e, by D4, it follows that e >0 and 6" >0, and that 2e ~et+e>0Q, 
86 = 2e+e> 0, and in general ne = (n1—1l)e +e >0. Hence nee D* for any positive integer Ἧι. 


Conversely, every element of D* is necessarily of this form. For, otherwise, a complex C 
of D+, whose elements are assumed to be not of the form, must have a least element, say ὁ. 
Then ὃ.» e, ie. b—e > 0, since e has already been proved to be the least element of ἢ". Hence 
b—ecD* and b—e < b (since e>0), which implies b—e¢C, which in turn implies b—e = 
me, ie. δ = mete = (m+1)e, where m1+1 is of course a positive integer, which is contra- 
dictory to the assumption. Hence C must be a null set, proving that every element of D+ must 
be of the form nie. 


(ii) Suppose that de D and ἀφ δ᾽; then, by Df. 4.1.2.2.5, either d=0 or —de D+. In the former case, 
d= 0.6, and in the latter case, —d=m.e for any positive integer 1, as has just been proved 
above. In either case d= me for any integer nz (zero or positive or negative), completing the 
proof. 


Prove Th. 4.1.2.2.8. 
PROOF: 


Let δι and δὲ be the unities of D, and D: respectively; then, by Prob. 11, Di=S; and D:=Sz, 
where Si= {nei} and S2= {mez} for any integer n. 


Suppose miei = 72e1 when 2172, say m1 > 2, ie. Ni—%M2 > 0; then (n1 — n2)e: = 0, which is 
contradictory to the result of Prob. 11, according to which (m1 —m)e. > 0. Hence each element of 
Γι must be uniquely expressible by nei, and every element of Dz by né:. 


The uniqueness of each element of Γ᾿. and ᾿ς: at once entails the distinct elements of respective 
sets, which then enables a definite 1-1 mapping between them, i.e., 


merit neer = (nit mer > (mit Ἠ2)62 = Nié2 + N22 


and (m1 €1)(N2 €1) = (nine) e1 <>? (111 M2) 69 = (m1 €2)(N2 €2) 


completing the proof. 


All squares of non-zero elements in an ordered domain D are positive. 


PROOF: 

Let acD, a0; then, by Df. 4.1.2.2.5,iii, either a or —a@ is positive. Hence, in the first case, 
a-a=a'eD*, by Df. 4.1.2.2.5,ii, and in the second case, (—a)(—a) = α"α = ae Dt, by Th. 4.1.1.14,v 
(which of course holds for D), completing the proof. 


Prove Th. 4.1.2.2.10. 
PROOF: 


The hypotheses a<b and b<e are logically equivalent, by Df. 4.1.2.2.6, to b—a > 0 and 
c—b > 0, and (b—a)+(ce—b) > 0, by Df.4.1.2.2.5,i. But (b—a)+(e—b) = (b—a)+(e—a) = 
e—a. Hence c—a> 0, ie. ἃ « δ, completing the proof. 


Prove Th. 4.1.2.2.11. 
PROOF: 


(i) (ate)—(b+ec) = (a—b)+(e—c) = απ ὃ > 0 since, by hypothesis, a> ὃ, 1.6, a—b > 0. 
Hence ate > δ: σ6. 


(ii) ac— ὃς =(a—b)e>0 since, by hypothesis, a—b>0, ec >0, and consequently, by Df. 4.1.2.2.5,ii, 
(a—b)e > 0. Hence ac > be. 


Prove that [α ἘΛΙ| = [α] [Ὁ] if a,beD. 
PROOF: 
(i) If a=0 and b=0, then a+b=0 = and 


la+b| = a+b = lal + [δ] 
(ii) If a=0 and b=0, then —-a=0, —b=0, --(α Ὁ δ)ὺ) = (-a)+(—b) = ὁ, and 
ja+b| = —(at+b) = (-a)+(—b) = [αἱ +t [6] 
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(iii) If a>0 and ὃ «0, then 6<—b, which implies 
a+b <a+(—b) = [α] Ὁ |b] and —(a+6) = (—a)+(—b) < at+(~b) = Ια] + [6] 
Hence Jat+b| « [αἱ [6] 
(iv) Similarly, if α 40 and b>0, then 
lat+tb| « [αἱ + [ὁ] 
Hence, from (i)-(iv), which exhaust all possible cases, 
jat+b| = [αἱ + [6] 


Note. This result can be readily generalized, by mathematical induction, to: 


n nr 
| = a,| = = lai), if di,jde,...,aneD 
i= i= 


14. Prove that a,beD implies |ab| = |a| |b]. 
PROOF: 
(i) If a>0 and b>0, then ab>0; hence 


lab] = ab = allo 
(ii) If a<0 and ὃ «0, then -—a>0, —b>0, (—a)(—b) > 0, and 
lab] = |(—a)(—b)| = (—a)(—b) = Jal |d| 
(iii) If a>0 and 6<0, then —b>0, a(—b)>0, and 
jab} = [π-αὖ] = |a(—b)| = a(—b) = fal |d| 
(iv) Likewise, if a<0 and 6>0, then 
jab] = al [Ὁ] 


Hence, from (i)-(iv), which exhaust all possible cases, 


jab} = al [Ὁ] 
Note. This result, just as in Prob. 8, can be generalized, by mathematical induction, to: 
Πα] = lal, if auas...jareD 
15. Prove that a,beD implies ||a|—|b|| = |a+b| = jal Ἐ|6]. 

PROOF: . 

Since ὦ = (a—b)+b and b= (b—a)+a, it follows, from Prob. 13, that 

jal = |a—b| + [8] and [8] = |b—al|+ [Ὁ] 
Hence la] — |b] = [α--! and [δ] — ja] = [α--δ] 
1.6. ᾿ ἰα] --Ἰδ} 5Ξ1α--δ] = |a+(—b)| = [αἱ -Ὁ [δ] 
But a+b=a-—(—b) and |b| = |—b|. Hence 
ja] — δ} = [a+b] = [αἱ + [6] 


4.1.23 INTEGERS 


Df. 4.1.2.3.1 (Peano Axioms). The set N of natural numbers satisfies the following four 
axioms: 


Nl. ὦ = S(a)=a@’ in N is a 1-1 correspondence for every aeN such that a’eN, 
where the mapping S(a) is called the successor function and a’ the successor of a. 


N2. leWN and, for every acN, S(a)¥1; ie. 1 is a natural number, yet never the 
successor of any natural number. 


N38. S(a)=S(b) iff a=b for every a,beN. 
Νά. N=M if a complex M of N contains 1 and if ae M implies S(a) eM. 
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The undefined terms (i.e. primitive terms, cf. Df.2.1.1) in this definition are 
“natural numbers”, “1”, and “successor”. It should be noted that N4 is in essence 
the Principle of Finite Induction (cf. MTh.2.2.1.11), and that there exist postulate 
sets other than Peano’s, e.g. von Neumann’s, for defining natural numbers. 


Df. 4.1.2.3.2 The binary operation in N under +, defined by 
(i) at+l= a’, (ii) a+b’ = (α - δ)’ 
for every a,beN, is called addztion. 


In terms of this definition, N1 can be simply replaced by S(a) =a+1 or a’ =a+tl. 
This operation is evidently closed in N, since every element of N except 1 is of the 
form a’; it is also associative, commutative, allowing cancellation under addition 
(cf. Prob. 1-3). 


Df. 4.1.2.3.3 The binary operation in N under -, defined by 
(i) a-l=a, (ii) α᾽δ'΄ =abt+a 
for every a,beN, is called multiplication. 


Multiplication is obviously closed in N, since every element of N, except 1, is the 
successor of some element; it is also associative, commutative, distributive under 
addition (cf. Prob. 6-8). 


It is clear, then, that the set N of natural numbers satisfies every property of an 
integral domain except D3 (additive identity) and D4 (additive inverse), including 
Df. 4.1.2.2.5; N, then, is an ordered set (cf. Prob. 9-14), although it does not form 
even a group, much less a ring and still less an integral domain. Conversely, however: 


Th. 4.1.2.3.4 Every ordered integral domain D contains a unique complex N of positive 
elements which satisfies Df.4.1.2.3.1. (Cf. Prob. 17.) 


The set N of natural numbers being thus defined, the set J (or J) of all integers 
is developed from N in the direction suggested by Df. 4.1.2.2.5, viz. to introduce all 
integers as ordered pairs (a,b) of natural numbers a and ὃ; for the difference α -- ὃ 
can be either positive or zero or negative. 


Df. 4.1.2.3.5 All ordered pairs of the form (x,y), where wv,yceN, are called integers, 
forming the set / of integers, in which (a,b) =(c,d) iff (a,b),(c,d)eJ and a—b=ec-—d, 
le. a+d = be. 

An element of J, defined as above, which is ordinarily called an integer, may be 
sometimes called a rational integer to distinguish it from the specific set J of 
algebraic integers (cf. Df.5.3.2.13). Note, also, that the equality in Df.4.1.2.3.5 is 
an equivalence relation (cf. Prob. 18). 


Df. 4.1.2.3.6 The binary operations of addition and multiplication in J are, respectively: 
(i) (a,b) -- (6,4) = (at+c,b+d), (ii) (α,6)" (6,4) = (ac+bd,ad+ bc) 
for every (a,b),(c,d) εὐ. 


Th. 4.1.2.3.7 Addition in J is associative, commutative, and well-defined; so is multiplica- 
tion in J, which is also distributive under addition. (Cf. Prob. 20-22.) 


The set J of integers as such is manifestly an integral domain, satisfying D1-11; 
as has already been observed (cf. Df. 4.1.2.2.1a), then, J exemplifies an ordered integral 
domain, and also, as has been revealed by Th. 4.1.2.2.4, embodies a finite integral 
domain through the ring J, of integers modulo p, a prime. © 
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Th. 4.1.2.3.8 The set N of natural numbers is isomorphic to the set J+ of positive integers 
under addition, multiplication, and order. (Cf. Prob. 23.) 

Such an isomorphism as above, which preserves order, is specifically called an 
order-isomorphism between two ordered sets, although it may not be explicitly men- 
tioned as such (cf. Th. 4.2.1.3-7). 

Since 7 (or J), or more generally D or D which contains 1, does not always assure an 
integral solution x for ax=b, where a,bel, division is evidently restricted in J, as is 
clearly reflected in the familiar term “integral operation” which includes addition, 
subtraction, and multiplication, but excludes division. Here is divisibility in general 
(as in “rational operation’’) at issue: 


Df. 4.1.2.3.9 If there exists an element x <I for any c,delI such that 
δὴν Sa (1) 


then d is said to be divisible by c, where d is called a multiple of c, which in turn is 
called a divisor or factor of d. The equation (1) may be expressed by οἰ ἃ, which 
reads: ὁ divides d. Similarly, c/d denotes δα στε ἃ, reading: ὁ does not divide d. 
K.g. 2|4 and 2/5. 


Note. 0 is considered divisible by every element of J or D, since 
a-Q = 0 
for every element acl or ας. 


Df. 4.1.2.3.10 If δε] is neither 0 nor +1, and if there exists xeJ, also neither 0 nor mee) I 
such that cx =d, where del, then ὁ is called a proper divisor of d. A prime is then 
defined as an integer which is neither 0 nor +1 and has no proper divisors. 


Stated otherwise, a prime Ὁ is neither 0 nor +1 and divisible only by +1 and +p. 
Note. del ig sometimes called a composite (number) if it has proper divisors. 


Th. 4.1.2.3.11 Divisibility is reflexive and transitive, but not always symmetric. (Cf. 
Prob. 26.) 
Df. 4.1.2.3.12  aandb, wherea,bel or a,beD, are called associates if division is symmetric, 


i.e. a|b and δ᾽ α. In particular, an associate of ee D is called a unit (ef. Prob. 27-28 
below). In this sense, too, an element ρὲ D is said to be a prime element if its only 
divisors are units and elements associated with p. 

Example: 


2+ V3 and 2— V3 are units of an integral domain whose elements are of the form: a@+ bV3, 
where a,be 1. 


Th. 4.1.2.3.13 (Division Algorithm). Given two positive integers a and b, there always 
exist two unique non-negative integers g and r such that 


a= bq+r?7, 0=r<b 
(Cf. Prob. 29.) 
Example: 
a=00 and b=11 imply q=4 and r=6 in the context of Th. 4.1.2.3.13. For the same b, however, 
a=-50 implies q=—5, r=5, and likewise a=-—5 implies gq=-—1 and r=6. 
Note. q above is called a quotient and r a remainder —terms with which the 
student is quite familiar, just as with the following terms: 
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Df. 4.1.2.3.14 If a!m and b|m, where a,b,meJ, then m is called a common multiple of 
a and ὃ; and if furthermore a|n and b|/n imply m|n, where nel, then m is called 
a least common multiple (l.c.m.) of a and ὃ, denoted by m = {a,)]. 


Similarly, if dja and d|b, where a,b,del, then d is called a common divisor of 
a and b; and if moreover c|a and c|b imply c|d, where cel, then ὦ is called a 
greatest common divisor (g.c.d.) of a and b, denoted by d = (a, B). 
Example: | 

6 = [2,8] and 3 = (6,9). 


Df. 4.1.2.3.15 If in particular (a,b)=1, then a and ὃ are called relatively prime; 1.6. 
a and b have no common divisors except +1, while 1 is relatively prime to every 
integer including itself. (Cf. Prob. 33-34.) 


Furthermore, any two elements a,belI, a+0, }#0, have a l.c.m. f{a,b], which 
is always obtainable by the so-called Euclidean Algorithm (cf. Prob. 31), and have 
also a g.c.d. (a,b), viz.: 


Th. 4.1.2.3.16 Any two nonzero elements a,beI have a g.c.d., which is always expressible 
in the form: ax + by = (a,b), z,y el, 
which in turn is called a linear combination of a and b. (Cf. Prob. 32.) 


Also, as has already been tacitly presumed, any nonzero integer can be factored, 
in fact uniquely, as is revealed in the following theorem of unique factorization, known 
as the fundamental theorem of arithmetic, viz.: 


Th. 4.1.2.3.17 Any positive integer n can be expressed as a product of positive primes, and 
this expression, except for the order of the factors, is unique. (Cf. Prob. 36.) 


The restriction to positive integers is merely for the sake of simplicity in proof, 
as is evident in the context. 


Since the set J of integers is an integral domain, which in turn is a fortiori 
a module, i.e. an Abelian group under addition (cf. D1-5 and also the resemblance 
between Df.4.2.6.6a and Df. 4.1.2.2.6), it may form residue classes in accordance 
with the following definition: 


Df. 4.1.2.3.18 If m|(a— δ), a,bsmel, ie. if there exists an element k, kel, such that 
α--ὃ = km, then a is said to be congruent to b modulo m; notationally, 


a=  Ο (mod m) 
where m is the modulus of the congruence. The residue classes of integers modulo m 


may be denoted simply by Jn, instead of J/{m}, I/(m), etc., if there exists no danger 
of misinterpreting subscripts. 


Conversely, as has been proved by Th. 4.1.2.2.4, Jn is an integral domain iff m 
is a prime. In either case, due to the additional axioms of D6-11, congruence opera- 
tions in Jm (or more generally in D if m is a prime) is more complex than in a plain 
module, as is evident in the following theorems. 


Th. 4.1.2.3.19 If a= ὃ (mod 91), then, for any vel, 
(i) at+xz=b+x (mod), (ii) ax = bx (mod m) 


(Cf. Prob. 37.) 
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Th. 4.1.2.3.20 The congruence az=b (mod m) has an integral solution x iff d|b, 
where d=(a,m); then, if it does, there uniquely exists a representative set of d solu- 
tions modulo m. (Cf. Prob. 41.) 


Congruences can be treated simultaneously, viz.: 


Th. 4.1.2.3.21 The congruences x=a; (mod m:) and x =a) (mod m2) have a common 
solution iff di ΞΞ ας (mod (m:i,me2)) and, then, there is a single solution for the modulus 
[71,2]. (Cf. Prob. 42.) 


This theorem may be further generalized to a set of ἢ) simultaneous congruences 
(cf. Prob. 48). 


Solved Problems 


1. Addition in WN is associative. 


PROOF: 
Let M be a complex of N, for which a+(b+e) = (a+ δ) ἘΦ holds for any c, given a and b. 
Then, by Df. 4.1.2.3.2, 


(a+b) +1 = (a+b) = a+b’ = a+ (ὃ -ἰ 1) 
which implies le M. Furthermore, by Df. 4.1.2.3.2, 
(α τ δ) τ σ΄ = (a+ b)+e) = (αὉ (ὃ -- 2) = at+(b+e) = α -' (ὃ Ἦ 6) 
which implies σ΄ ε M and, by N4 of Df. 4.1.2.3.1, establishes 
a+(b+c) = (a+b)+e 
for N itself. 


Note. The proof has been completed, in effect, by justifying induction for any ὁ and fixed a and ὃ; 
this procedure will be seen again in the following problems. 


2. Multiplication in N is commutative. 
PROOF: 


(i) Let M be a complex of N and aeM, for which a+1 = 1+a, which implies le M and a’cM, 
ἐδ ον α΄ +1 = (a@+1)+1 = (1+a)4+1 = (14a) = 1: α’ 
Hence, by Νά, a+b τὸ b+a holds for b= 1. 


(ii) Let M be a complex of N, where a+b =6+a holds for b, given a, and, by the result of (i) above, 
le αὶ; then 
a+b! = (a+b) = (b+a)'’ = b+a’ = b4+(a4+1) = b+(1+a) = (b+1)+a = δ’ Τα 


proving δε M. Hence, by Νά, a+b = b+a holds in N itself, completing the proof. 


3. For every a,bcceN, bAe implies a+bAate. 
PROOF: 
Let M be a complex of N, in which a+b τέ ate holds for a, given ὃ and c. Then, since b¥c 
implies 1+6 #1+6e, by ΝΆ, it follows that le M. 
Now, in general, suppose ac M and b#c imply a+b # b+e. Then, by the result obtained at 
the start, (a+ δ)" τέ (at+c)’, ie. a’ +b #a'te, proving that a’eM and that, by Νά, the theorem 
holds for N itself. 


Note. The theorem may be stated otherwise, by MTh.1.1.1.12, that a+b = ate implies b=ce 
for every a,b,ce N, which is a more direct statement of cancellation under addition. 


4. a+b+b forevery a,beN. 
PROOF: 
The theorem evidently holds for b=1, since at+1 +1 by N2 of Df. 4.1.2.3.1. 


In general, a+b # δ implies a+b’ = (a+ b)’ τέ δ, by N83 (or rather its contrapositive: a+b 
iff a’~b’), proving the case for δ΄. Hence, by N4, the theorem holds for every a,beN. 
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One, and only one, of the following three cases is possible for any a,beN: 
(i) a=b, οὐ (ii) a= b+m for some meN, or (iii) b= a+n for some neN 
PROOF: 


It immediately follows from Prob. 4 that neither (i) and (ii) nor (i) and (iti) can hold 
simultaneously. 


Now, assume that (ii) and (iii) hold simultaneously; then 
a= b+m = (a+n)+m = at+(m+n) 


which is contradictory to Prob. 4. Hence (i), (ii), and (111) cannot hold simultaneously. One of the 
three, however, always holds for the following reason. 


Let M be a complex of N for which one of (i), (ii), (11) holds for ὃ, given a; then (i) holds if a=1 
and b=1, and (ii) holds if a#1 and b=1, since, by ΝΖ, a =m’ =m+1=1+m. Hence 1ceM. 


In general, be M implies a=—b or a = δι or b=atn. 
In the first case, ie. if a—b, then 6’ = 6+1 = a+1, which implies (iii) holds for δ΄. 


In the second case, ie. if a = b+m, then a= 6+1= δ' for m=1, which implies that (i) holds 
for δ΄. For m#1, 1.6. m=k’, it follows that a = b+k’ = '4+(k+1) = δ- (4 τ ΚΚ) = (ὃ Ἐ1) Ἐκ = 
b’ +k, establishing (ii) for δ΄. 


In the third case, 1.6. if δ =a+n, it follows likewise that b’ = (a+ n)’ = a+7n’, establishing 
(111) for 6’, which completes the proof. 


For every a,b,ceN, (a+b)e =ab+be and a(b+c)=ab+ace. 
PROOF: 
(i) The theorem holds for ¢=1, given a and ὃ, since (α δ) 1 Ξ α- ὃ Ξ-- α"1 τ 61. 


In general, if the theorem holds for c, given a and b, then it holds also for ec’, since, by 
Prob. 2-3, 


(a+ be’ = (a+ ble + (a+b) = (ae+ be) + (a+6) = (act+a)+ (be +b) = ac’ 4+ be’ 
Hence, by Νά, (a+ b)e = a+e+be for every a,b,ceN. 
(ii) Likewise, a(b+c) = ab+ae. 


Multiplication in N is commutative, i.e. ab = ba for every a,beN. 
PROOF: 
(i) Let M be a complex of N, for which 1*b = b°1 holds, implying 1<¢M; then, since 1°b = b°1 
implies 
1. S ish) Ξξ 641+ 1 Ξ 641. => δ' =] δ᾽. 
it follows that b’e M, and that, by Νά, the theorem generally holds for ὃ, given a= 1. 


(1) Let M be now a complex of N where a+b = b*a holds for ὃ, given a; then leM, by (i) above, 
and a*b = δα implies, by Prob. 6, 


ab’ = a(6+1) = αὖ τ αὐ" = bat+arl = bata = (b+ 1a = δ'α 


establishing δ'ε M, which in turn proves, by Νά, commutativity in general in N. 


Multiplication in N is associative, i.e. a(be) = (ab)c for every a,b,ceN. 
PROOF: 


If M is a complex of N in which the theorem holds for c, given a and ὃ, then 1¢M, since a(b*1) = 
ab = (ab) °1. 


In general, a(bc) = (αδὴς in M implies 
a(be’) = a(be+b) = al(be)+ab = (able + ab = (ab)e’ 


proving c’eM, which in turn proves, by Νά, associativity in N. 


One, and only one, of the following three alternatives holds for every a,beN: 
a>b or a=b or a<b 
PROOF: 


This is merely a restatement of Prob. 5, since a>b iff a= b+m for some meN, or a<b iff 
b=a-+n for some neN. 
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10. For every a,b,ceN, a<b and b<e imply α «6. 
PROOF: 


Since, by Prob. 5, α “ὃ and b<ec imply b=a+m and ὁ τ δ: Ἢ for somemmneN, it follows 
at once that ¢—b+tn=(at+tm)+n=a+(m+n), which implies a<c, completing the proof. 


11. For every a,b,ceN, a+e< b+e and ac < be iff a < b. The dual also holds, i.e. 
ate>b+e and ac> be iff a> b. 
PROOF: 
(i) Ifa<b, then ὃ =a+m for some meN, which implies 


b+e = (atm +e =at+mt+e=atet+m = (ate)+m — and be = (α - τὴς = act+tem 


which in turn immediately implies at+te< b+e and ae < be respectively. 


The converse follows, since, as in Prob. 5, b+e = (a+e)+m for some meN, ie. b+e = 
(a+ m) +e, which implies, by Prob. 3, ὃ =a+m, ie. a<b. Likewise, ac<be implies α «ὃ. 


(ii) The dual can be, of course, dually obtained. 


12. For every a,b\eceN, at+cx#bt+e and ac+ be iff aHb. 
PROOF: 


Since ἃ τέ ὃ implies either a<b or a>b, and since the duals of Prob. 11 hold simultaneously 
and exclusively to each other, this theorem is merely a restatement of Prob. 11, and as such is valid, 
of course. 


Note. a+c=b+e and ae = be iff a = δ, since this is merely a contrapositive form of the 
theorem just proved. Note, also, that this form is the immediate result of the uniqueness of addition 
and multiplication in N (cf. Supplementary Problems 4.3, 4.4). 


13. For every element acN, 1 =a. 
PROOF: 


By N2,a#1 implies a = b’ = b+1> 1; and by N1-2, a<1 is always false. Hence a=1, ive. 
=a. 


14. Ifa<6 andc<d for every a,b,c,d,eN, then a+e < b+d and ac < bd. The dual holds, 
and likewise, a+c=b+d and ac=bd if a=b and c= d. 
PROOF: 
By Prob. 11, a<b implies at+e < b+e; likewise ec<d implies c+b < d+b. Hence 
ate<b+e=e+b<dt+b, ie. ate < δεα. 
Similarly, a+e > 6+d and ac> bd if a>b and 6» α. 


The duals, which hold simultaneously and exclusively, imply a#b and c¥d if ate ¥ b+d 
and ac γέ bd. This, by MTh.1.1.1.12, completes the theorem. 


15. There exists some ce N such that a « be for every a,beN. 
PROOF: 
The theorem holds for any ce N such that c>a, since, by Prob. 18, b=1 and, by Prob. 11,14, 
be > acl = a, completing the proof. 


Note. This is the familiar Archimedean order in N; οἵ. Th.5.1.1.5 and Th. 5.1.2.12 for the same 
order for rational numbers and real numbers. 


16. There exists no De N such that a<b<a+4+1 foranyaeN. 
PROOF: 


If a<b, then ὃ =a+m for some meN. But, by Prob. 18, 1=m and, by Prob. 11, a+l1l = 
atm, ie. a+1= δ, while N2 contradicts a+1> δ, which implies b=a against the hypothesis. 
This completes the proof. 
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17. Prove Th. 4.1.2.3.4. 
PROOF: 
The complex D* (ef. Df. 4.1.2.2.5) of D, which consists of positive elements of D, contains the 
multiplicative identity e, which may be replaced by 1, and satisfies N1-2. 


Let N be the (unique) intersection of all subsets Si, i=1,2,...,n, of D*, each of which satisfies 
N1-2, ie. aeN iff ae Si. Then N satisfies a fortiori N1-2 and also N38, since a+1 = b+1 for 
every a,be N implies α Ξ and conversely. 

Let M be a complex of N, satisfying N1-2; i.e. MCN. Then M is one of Si, which implies NCM. 
Hence N=M, which proves that N satisfies N4, completing the proof. 


18. Equality of elements in J is an equivalence relation. 

PROOF: 

(i) (α, δ) = (a,b) since a—b = a—b or what is the same: a+b = b+a. 

(ii) (a,b) = (c,d) implies (c,d) = (a,b), since a—b = c—d (or a+d= b+ec) implies c—d = 
a~-b (or b+e = α ὦ. 

(iii) (a,b) = (c,d) and (c,d) = (e,f) imply (a,b) = (e,f), since a—b = e-—d and c—d = e—f 
imply a—b—e-—f; or whatis the same: a+d=b+e and c+f=dte imply a+dtiec+f= 
b+e+d+e, which in turn implies a+f = bt+e, ie. (a,b) = (e,f), completing the proof. 


19. For every a,beJ and xeN, (a+x,b+2) = (a,b). 
PROOF: 
Since (a,b) = (a,b) or a+b -=a+b in J, by Prob. 18,i above, it follows, from Prob. 3, that 


a+tb+t«x =atb+«x for any xe N, which by Prob. 1-2 implies (α  “) ὃ = (b+2)+a. Hence, 
by Df. 4.1.2.3.5, (a+«,b+a) = (a,b), completing the proof. 


20. The binary operations in J are well-defined. 
PROOF: 


Let (a,b),(a’,b’),(c,d),(e’,d’) ε J and (a,b) = (a’,b’), (c,d) = (e’,d’). Then, by applying Df. 4.1.2.3.6 
and Prob. 19 repeatedly, 
() (a’,b’) + (ο΄, = (a’+e’,b’+d’) = (ateta’+e’,at+e+b'4+d’) 
(ateta’+e',(atb’)+(cet+d’)) = (ateta’te’, (a’+b)+(e’+d)) 
= (atet(a’+e’),b+dt+(a’+e’)) = (ate,b+d) = (a,b)+(e,d) 
proving that (a,b) = (a’,b’) and (e¢,d) = (c’,d’) imply (a,b) + (e,d) = (a’,b’) + (c’,d’); 


II 


(ii) (@’,b’)(e',d’) = (a’e’+b'd’,a’'d’+b’e’) = (ac’+bd'+a’c'+b'd’, ac'+bd'+a'd'+b’c’) 

= (ac’+bd’+a’e’+b'd’', c'(at+b’)+d'(b+a’)) = (ae’+bd’+a’e’+b’d’, c’(a’+b)+d'(b’+a)) 

= (ac’+bd'+a'c'+b'd', c'a+c'b’+d'b+d’a’) = (ae’+bd', c’b+d’a) 

= (actbd+ac'’+bd',actbd+c'b+d’a) = (act+bd+ac’+bd’, a(c+d’)+b(d+e’)) 
(actbd+ac’+bd’, a(c’+d)+b(d'+e)) = (actbd+ac’+bd', ac’+ad+bd’+bc) 
(actbd,ad+bc) = (a,b)(c,d) 


I 


proving that (a,b) = (a’,b’) and (c,d) = (e’,d’) imply (a,b)(e,d) = (a’,b’)(e’,d’). 


Hence the binary operations in J are well-defined. 


21. Addition in J is associative and commutative. 
PROOF: 
(i) Let (a,b),(c,d),(e,f) ε J; then, by Df. 4.1.2.3.4-5, 


(a,b) + ((¢,d)+(e,f)) (a,b) + (et+f,dt+e) = (atd+e,b+ct+f) 
(a+d, b+c) + (e,f) ((a,b)+(e,d)) + (e,f) 
establishing additive associativity in J. 
(ii) Let (α,δ),(6,α) ε J; then, by Df. 4.1.2.3.4-5, 
(a,b) +(¢,d) = (atd,b+c) = (d+a,ce+b) = (e,d) + (a,b) 
verifying additive commutativity in J. 


[I 
lI 
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22. Multiplication in J is associative, commutative, and distributive under addition. 
PROOF: 
Let (a,b),(c,d),(e,f) ε J; then, by Th. 4.1.2.3.4-5, 


(i) (a,b)((e,d)(e,f)) = (a,b)(cet+df,cft+de) = (a{cet+df)+b(cf+de), a(cf+de)+b(ce+df)) 
= ((actbd)e+(ad+bc)f, (actbad)f+(ad+be)e) 
= (actbd,ad+be)(e,f) = ((a,b)(c,d))(e,f) 
proving multiplicative associativity in J; 
(ii) (a,b)(e,d) = (act+bd,ad+be) + (cat+db,da+cb) = (c,d){a,b), proving multiplicative commuta- 
tivity in J; 
(111) (a,b)((e,d)+(e,f)) = (a,b)\(cte,d+f) = (a(et+e)t+b(d+f), a(d+f)+b(c+e)) 
= ((ae+rbd)+(ad+bf), (ad+be)+(aft+be)) = (ac+bd,ad+be) + (ae+bf, af+be) 
= (a,b)(c,d) + (a,b)(e,f) 


and likewise ((a,b)+(ce,d))(e,f) = (a,b)(e,f) + (e,d)(e,f), proving distributivity in J. 


23. Prove Th. 4.1.2.3.8. 
PROOF: 
It follows from Df. 4.1.2.3.5 that every element of J* is of the form (a+2z,a) for every a,xeN. 

If (at+w,a),(b+y,y)eJ*, where a,b,x,yeN, then, by Th. 4.1.2.3.6, 
(i) (at+x,a)+ (b+y,b) = ((at+b)+at+y,(atb)) «Ὁ ety, 
(ii) (atx,a)*(b+y,b) = ((ayt+2ab+bx)+xy, (ayt+2ab+bxe)) «9 xy, 

and furthermore the following trichotomy preserves order: 
(iii) (at+av,a) = (b+y,b) Oo wey 


24. There is no integer between 0 and 1. 
PROOF: 


Suppose 0<x<1 for some xel’, where I’ is a complex of the set 7 of all positive integers. 
Then, by the well-ordering principle, there must exist a least element y, yel’, such that 0<y< 1, 
which implies 0< y?<y, where y’cl’, which is manifestly a contradiction, completing the proof. 


25. ᾧ 1, where vel, iff x= +1. 

PROOF: 

(i) If «—=+1, then evidently «x|1. 

(ii) Conversely, if ab=1, where a,bel*, a0, b¥0, implies a=+1 and b=+1, then x|1 must 
imply «=+1. Now, by Th. 4.1.3.3.13, αὖ =1 implies [αδὶ = ja||b| = 1, which in turn implies, 
by Prob. 16 and Df. 4.1.2.2.5, |a| =1 and |bj =1. Hence it must be the case that [α] =|b|=1, 
le. a= +1 and 6b=+1, completing the proof. 


26. Prove Th. 4.1.2.3.11. 
PROOF: 
(i) Reflexivity: a|a is always true, since a = α "1. 


(1) Transitivity: a|b and b|c imply ale, since, by Df. 4.1.2.2.14, there exist d: and ds, where 
di,d2e 7, such that ὃ = ad, and c= bd2, which imply ¢=a(did2), where didzelI by D6, ie. αἱ 


(iii) Divisibility is not always symmetric, since a|b and ὃ Ια iff a=+b (or what is the same, 
b=+a). For, if αἰ and bla, then a=bdi and b=ad:, as in (ii) above, which imply 
a = bded;, which in turn implies, by D11, 1= dod: for a σεῦ. 
Hence, by Prob. 17, di = +1, which concludes that a= +b. (If a= 0, then b= 0, in which case 
it is trivially true that a= +b.) And, conversely, it is evident that a|b and ὃ Ια if a= +b. 


See. 


27. 


28. 


29. 


30. 
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An element u in an integral domain D is a unit in D iff its multiplicative inverse u~’ 
is also in D. 

PROOF: 

(i) If u is a unit, then by definition «|e and au=e for some aeD, proving that a = u*eD. 


(ii) If w-teD, then uu-'=e, by D10, which implies «|e. Moreover, since be =—6 for every δε}, 
it follows that μι τι, i.e. e|u, completing the proof that ule and e|u iff u'eD. 


For some elements a,beD, a|b and bja iff a (or ὃ) is a unit times ὃ (or a). 

PROOF: 

(i) If a|b and bja, then there exist two elements ¢,deD such that a=be and ὃ --αα, which 
together imply a=adc. On the other hand, by D10, a=ae. Hence, by 11, e=de which 
implies, by definition, c and d are units, proving that a (or δ) is a unit times ὃ (or a). 

(ii) If, say, a= bu, where u is a unit in D such that uu’=e, then ὃ = be = b(un’) = (bu)u’ = aw’, 
which implies a|b. Similarly, b=au implies δ᾽ α, completing the proof. 


Prove Th. 4.1.2.2.13. 
PROOF: 


Let N be the set of all non-negative integers of the form a— bq; then ae N, since a =a—0*b > 0, 
which implies that N contains at least one positive integer. Also, by the well-ordering principle, N 
contains a least positive integer, say r = a-—bq for some non-negative integer 4, where the case 
is exhausted by a trichotomy: r>b or r=b or r<ob. 


If r>b, then 0 < r—b6b = (a—bq)—b = a—b(q+1), which implies (r—b)eN, while obviously 
r—b <r, contradicting the assumption that 7 is the smallest positive integer in N. Hence it must 
be the case that either r=b6 or r< ob. 


If r=—b, then a = bq+b = b(¢q+1)+-0, verifying the theorem. 
If r<b, then a = bq+r is already complete, immediately establishing the theorem. 


(Second proof, by induction. 
(i) For a=1, the theorem evidently holds, either with b=1, q=1, r=0 or with b>1, gq=0, r=1. 


(ii) Assume that a = bqtr, O0=r<b; then a+1 = bq+r+1, where manifestly either 
0 = r+1 < δ, in which case the theorem at once holds for a+1, or at most r+1 = ὃ 
(since 0=r<b), in which case a+1 = ᾳφτὶ ὃ = b(q+1)+0, again verifying the theorem 
for a+1. 


(iii) Hence the theorem holds in general.) 


Furthermore, the quotient g and the remainder r are uniquely determined, since a = ba+r = 
bq’ +r’, where 0=r,r’< δ, implies r—7’ = b(q’—q), which is smaller than ὃ, yet a multiple of 
ὃ, yielding a self-contradiction. Hence it must be the case that r—r’ = 0, 1.6. γξΞ γ΄, which implies 
bq = bq’ and, by D11, q=q’, establishing the uniqueness of g and 7. 


Any complex C of integers closed under addition and subtraction consists of either 
zero alone or all integral multiples of a least positive integer in C. 

PROOF: 

(i) The case of C with zero alone is trivial. 


(ii) If a@eC, a0, then by hypothesis (a—a)eC, ie. Oe C, and consequently also (0O—a)eC, 1.6. --αε Ὁ. 


Hence there exists at least one positive element: [αἱ = +aeC, which by the well-ordering 
principle implies a least positive element bO¢«C. 


Furthermore, by induction, kbeC (kel) implies (k+1)beC since (k+1)6=kb+b and by 
hypothesis kb+6beC, where kbeC and bc C. Hence all integral multiples of 6 are in C. 


(It can be further proved, on the strength of Prob. 31 below, that C does not contain any element 
other than the integral multiples of ὃ. For the Division Algorithm of Prob. 29 concludes that any 
element ac C implies a— bq =reC, where 0=r<b and Bb, as above, may be considered the smallest 
positive element of C. Hence r=0, which implies a= bq, completing the proof that the integral 
multiples of 6 exhaust C.) 


156 


31. 


32. 


33. 
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Preve the Kuclidean Algorithm: any two nonzero integers a and ἢ have a positive g.c.d. 
PROOF: 
By Df.4.1.2.25, a>b or a=b or α «ὃ. If a=6, then the g.c.d. of a and b is manifestly a or ὃ 


itself. Hence let a> ὃ (since the case of a <b can be similarly treated); then, by Prob. 21, a = dbg+r, 
0=r<ob. 


(i) If 7r=0, then ὃ is evidently the g.c.d. of a and ὃ. 


(li) If r#0, then let d= (a,b) and d’ = (b,r), where ἃ |r and d=(b,r), since dja, dj ὃ, and d| (a— bq). 
Hence d|d’. Likewise, d’| δ, d’|r, d’|(bq+7r), and consequently, d’ }a and d’=(a,b), ie. d’|d. 
Hence d’=d, which implies that the g.c.d. of a and ὃ is also the g.c.d. of ὃ and r. 


Apply, then, the division algorithm to ὃ and r, producing ὁ = γχιτ γι, O=71<r, which implies 
that r is the g.c.d. of ὃ and 7 (ie. a and δ) if m=0. If not, apply the algorithm repeatedly, and 


ὃ = rqi ἢ γι 0<n<r 
rT = Y1g2 + Te 0O< r< ry 
Ti = Ti+iGite + Ti+e O< rite “γι: 


which, as it goes on, must ultimately reduce γε. to zero, Viz., 


Yn-2 = Yn-1Qn +n 0 < rn < Tn-1 
Tn-1 = Tadn+t 
But, evidently, (a,b) = (6,r) = (r,71) = --- = (rn-1,%) = rn. Hence re is the g.c.d. of a and b. 


There exist integers x and y such that d = (a,b) = ax+ by, where a,bel. 
PROOF: 
Since, by Prob. 31, 


r= a-—bq = a-+t δ(-ῳ) 
and 71 = ὃ — Tq = b — (a — ba)q: = a(—q:) + δᾳ + 44), 
assume γι = aut by, telt, 


of which the cases for i=0 and i=1 have already been verified as directly above. Then, from 
Prob. 31 and by induction, 


YT = 3- — πιῷ}! = ANj-2 + by;-2 — (axj—1 + by;~1)q; 
= a(Xj-2 —- %j-2q5) + Blyj-2— yj-1q;) 
completing the proof. 


Second Proof. The set L of all linear combinations of the form ax + by is closed under addition 
and subtraction, since 


(axi + by1) + (ax2+ by2) = alar+ae) + δίψι + ys) 


Hence, by Prob. 30, L consists of all multiples of some minimal positive number d = ax+ by, 
where, evidently, ¢|a and 6] ὃ imply e|d for any δεῖ". But abe L, since a = a*14+b-0 and 
ὃ = a°0+6*1, which implies that a and ὃ are also the multiples of the minimal number deL, 
ie. d|a and d|b. Hence d = (a,b) = ax+t by. 


If p is a prime, then p|ab implies p|a@ or p|b. 
PROOF: 
By definition, «|p iff «=+1 or x=+p. Hence, if pa, then +1 are the only common 


divisors of p and a and consequently 1 = (a,p), which implies, by Prob. 32, there exist two integers 


x and y such that 
1 = ax + py 


i.e. δ = bax + bpy 
where, of course, p|bax and p|bpy. Hence p |b. 


Likewise, p|a, completing the proof. 
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34. Prove (i) (a,b)=1 and blac imply b|c, and (ii) (a,b)=1, a|c, and b/c imply αθ 6. 
PROOF: 


(i) Since, by hypothesis and Prob. 32, 1 = ax+ by, it follows that e¢ = cax+cby, where bj ca 
and, of course, b|cb. Hence ὁ 6. 


(ii) Since a|ec, let c=ad; then, by hypothesis, ὃ} αὐ, and, by (i) above, b|d, 1.6. d= bd’, which 
implies c=ad=a/(bd'). Hence abjc. 


35. If a prime p divides a product of integers aid2...dn, then p divides one of the factors. 
PROOF: 


Suppose pj ai; then a: is prime to p and, by hypothesis, p|d2d3...dx. Suppose p|dz; then, 
likewise, p|dsa,...dn. Repeating the process, it follows that, at least, p|an if p does not divide 
any of G1, d2,..., Qn-1. 


36. Prove Th. 4.1.2.3.17. 
PROOF: 

If n is not already a prime, then, by Df. 4.1.2.3.10, there must exist two positive integers a and b 
such that n= a6, where a and ὦ may be similarly factored if they are not primes themselves. Repeat 
this process until factoring is no longer feasible; then n, which is a finite number, is factored to 
primes alone in a finite number of steps, 1.6., 

n = [Ip ΞΕ 2 (1) 
where ρὲ is a positive prime. 


Suppose that the factoring is not unique, producing another expression, viz., 


t= [1 ᾳ;» 7Ξ:1,2,...,8 (2) 
F | 
Then, by (1) and (2), 


Pipo2...Pr = qige...ds 


which implies that any of pi, say pi, divides Πῳ; and, by Prob. 35, ρι divides some q;, say qi (by a 
rearrangement of the order of g; if necessary). Hence pi1—4q:, since qi is also a prime. 


It follows, then, that since pi ~ 0, 


P2p3s...Pr = q2qs... ds 


where it is deducible, as above, that p2—q2. This process is repeated until »,= gq; is verified, where 
r=s is also deduced, completing the proof. 


Note. (1) should be more properly written as 


pis per... Din 


where the p’s are so arranged that 1<pi<pe<---<gn, and the a’s are positive integers, since the 
occurrence of equal primes should not be excluded; e.g. 360 = 2°375. 


37. Prove Th. 4.1.2.3.19. 
PROOF: 


(i) By Df.4.1.2.3.18, a@=6 (mod m) iff a—b = km, kel, ie. m|(a—b) or m|((at+x) —(b+2)), 
since @a—b=a+x—b—«x for any σε]. Hence a=b (mod m) implies ἃ Ἔα = 6+ (mod m). 


(ii) Likewise, m|(ax— bx), xel, if m|(a—b). Hence a@=b (mod m) implies ax =bx (mod m). 


38. If (c,m)=1, then ca=cb (mod m) implies a=b (mod ™). 
PROOF: 


Since, by hypothesis, m|(ca—cb), i. m|c(a—b), and also (c,m)=1, it follows at once from 
Prob. 34(i) that m|(a—b), ie. a=b (mod m). 


(Cf. Th. 3.2.6.9, and note that the cancellation law does not generally hold for congruences.) 
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39. If d=(c,m), then ac=be (mod m) implies a=b (mod m/d). 
PROOF: 
Since d=(c,m), it follows at once that στε σα and m=m’'d where (c’,m’) = 1. But, by hypothesis, 
m|(ac— be), ie. m’d|ec’d(a—b), which implies m’|(a—b). Hence a=b (mod m’), ie. a=b 
(mod m/d). 


40 


If (a,m)=1, then ax=b (mod m) has a unique solution modulo m. 
PROOF: 
By hypothesis and Prob. 32, 1 = ap+mgq, which implies ὃ = bap+bmq, 1.6. a(bp)—b = 
(—bq)m, which in turn implies abp=b (mod m). Hence bp is a solution of ax Ξε ὃ (mod m). 
Suppose that y is also a solution of the given congruence; then, by Th. 3.2.6.8, ay—abp = 
b—6 = 0 (mod m). Hence, by Prob. 39, y = bp = x (mod m), completing the proof. 


41. Prove Th. 4.1.2.3.20. 

PROOF: 

(i) Let d=(a,m), ie. a=a’d and m=m’d where (a’,m’')=1; then, if y is a solution of the 
congruence, ay—b = km, by Df. 4.1.2.3.18. Hence ὃ = ay—km = a'dy—km’'d = d(a’'y —km'), 
which implies d| ὃ. 


Conversely, if d|b, 1.6. b= b’d, then, by Prob. 40, a’x =b’ (mod m’) has a unique solution 
modulo m’, since (a’,m’) = 1. 


Hence ax Ξε ὃ (mod m) has an integral solution x iff (a,m) | ὃ. 


(ii) If x is such a solution as prescribed as in (i), then it represents a class of solutions a’x = b’ 
(mod m’), a: representing 


1, Ὁ = xi+m’, aoe Ca = x1 (ἃ —1)m’ 
since, for every k, «i+ km’ is also a solution, because 


a(eitkm’) = ax, + a’dkm’ = a’km, ie..axi = ὃ (mod γι) 


Hence any of ὧς, 7=1,2,...,d is a solution. 
Moreover, each of x; is unique, since the assumption x= x; (mod m) for ix j, say i>j, implies 
αι τὸὸὄ M+(t—-1l)m’ — a+ (7-1)m’ =~ a; (mod m) 


which in turn implies (7-j)m’ = Ὁ (mod™m), ie. m|(i—j)m’, yielding a contradiction, since 
0<%t-j<d such that 0 < (¢—j)m’ < dm’ =m. 


Hence no two of the d solutions are congruent modulo m. 


Finally, the set of 2; evidently exhausts the solutions, since every solution x, of the congruence 
is congruent to 2 modulo m’ (since ax,x=b and axi=b (mod m), ie. ax, =aai (mod m), must 
imply, by Prob. 39, x. = «i (mod m’)). 


42. Prove Th. 4.1.2.3.21. 


PROOF: 
The first congruence has a solution a; and, in general, ai1+ bm: for any bel, which must satisfy 
the second congruence, viz. αἱ τ bm: = a2 (mod mz), 1.6. bm: = az—a: (mod m2), which is actually 


solvable for ὃ by Th. 4.1.2.3.20, since (m1,m2) = 1. 


Conversely, any two solutions x and wx’ of the given simultaneous congruences imply x—2’ = 0 
for both (mod m:) and (mod m2), which in turn implies, since (m1,m2) =1, that mim:|(a@—2’), Le. 
x =x’ (mod mm), completing the proof. 


43. The simultaneous congruences of the form 2=a; (mod mi), 7=1,2,...,n, have a 
common solution iff a;=a; (mod (mi,mj;)), 7=1,2,...,n, where (mi,m;)=1, and the 
solution is unique, modulo [ [mi. 

PROOF: 

Let M=[]m and Mi = M/m; then, by hypothesis, (m:,Mi) = 1, which implies that there exist 
integers διε 1 such that Mibi=1(modm). If ὁ = 3aiMibi, then ὁ = aiM.b; = a: (mod mi), since 
M2, M3,...,M, are all multiples of m:. Likewise, in general, 

xe = aMibi = αἱ (mod mi) 


is a solution of the given simultaneous congruences. 


Sec. 4.1.2] COMMUTATIVE RINGS -- FIELDS IN GENERAL 159 


Conversely, if x =d, then it follows at once from the above result that 
d=c(modm™), ie. ἃ = ὁ (mod [|mi) 


which implies that d—c is a common multiple of m: and that the least common multiple is divisible 
by [][m:. Hence d = ς (mod [|m,), completing the proof. 


4.1.2.4 FIELDS IN GENERAL 


Df. 4.1.2.4.1 A ring is a field, denoted by F, if it forms an Abelian group under both 
addition and multiplication and satisfies the distributive laws under addition: 
(i) a(b+c) = ab+ac, (ii) (a+b)e = ac+t+be, for every a,b,ceF. 
Stated in detail, a set F is a field if it satisfies the following eleven axioms: 
F1-8 = R1-8 


F9: Multiplicative identity, i.e. unity e (or 1), which is defined by ea=ae=a (or 
l-a=a°l=a) for every aeF. 

F10: Multiplicative inverse, a~', which uniquely exists for every ac Κ᾽, where a0, 
such that aa '=ala=e. 


F1l: Multiplicative commutativity, ab =ba for every a,beF. 


A field, then, is an integral domain with the additional property of F10, which 
is indeed more restricting than D11 (cf. Df. 4.1.2.2.1). 


Example: 


The set R of rational numbers, the set R of real numbers, and the set C of complex numbers 
are all fields; on the other hand, the integers fail to form a field, evidently unable to satisfy F10, 
while the residue class modulo m forms a field iff m is a prime (cf. Prob. 3-4 below). Thus 
1/{2}, 1/{8}, I/{5}, ete. are all fields, while J/{4},I/{6}, ete. are not even integral domains (cf. 
Th. 4.1.2.2.5), let alone fields. 


Df. 4.1.2.4.2 A subfield S of a field F is a complex of F which is itself a field. 
Example: Καὶ in the preceding example is a subfield of R, which in turn is a subfield of C. 
In view of these examples, the definition of subfields may be made more articu- 
late, viz.: 


Df. 4.1.2.4.2a A complex 1 of a field F determines a subfield iff: 
(i) a+tbeF’ for every a,beF’, and aeF”’ implies —aehk’; also 0 ε δ". 
(ii) a+beF’ for every a,be F’,a~+0,b+0, and aeF”’ implies ate”; also Lek”, 
As can be readily examined in terms of (i) and (ii), the meet of any number of 
subfields of F is again a subfield (cf. §4.2.1, Prob. 4), which is evidently the smallest 


of the subfields and is called the prime (or minimal) subfield. This name originates 
from the following definition: 


Df. 4.1.2.4.2b A field is called a prime field if it contains no proper subfield, i.e. no sub- 
field other than itself. 
Example: 
The set R of rational numbers is the prime subfield of Κ᾽ if F' is of characteristic zero, and the 
residue class I/{p} modulo a prime p is also the prime subfield of F if F is of characteristic p 


(cf. Th. 4.2.1.4); ice. F has two kinds of prime subfields, since the characteristic of F is either zero 
or a prime (cf. Th. 4.1.2.4.3 below and also §5.1.1, Prob. 2-5). 


Th. 4.1.2.4.3 A field is necessarily an integral domain. (Cf. Prob. 2 and also Th. 4.1.2.4.4 
below.) 


Note. The characteristic of a field, then, is a fortiort either zero or a prime 
(cf. Th. 4.1.2.2.5). 


160 PART 4— ALGEBRA OF RINGS (CHAP. 4.1 


Th. 4.1.2.4.4 Any finite integral domain is a field. (Cf. Prob. 6.) 


A field with a finite number of elements is called a finite field or a Galois field 
(cf. Prob. 7), the study of which, however, goes beyond the scope of the present text. 


Th. 4.1.2.4.5 Division, except by zero, is possible in F, producing a unique result, viz. a 
solution of the form δα for ax =b, where a,b,xeF. (Cf. Prob. 8.) 


The solution, defined by Th. 4.1.2.4.5, is called the quotient of the division, which 
has the following specific properties: 


Th. 4.1.2.4.6 If a,b,cdeD and b+0,d~0, then 
(i) (a/b) = (e/d) iff ad = be 
(ii) (a/b) + (c/d) = (ad + be)/(bd) 
(iii) (a/b)(c/d) = (ac/bd). (Cf. Prob. 9.) 


It should be emphasized here that the form of fractions: a/b, c/d, etc. is not 
necessarily inherent in the concept of the quotient, which indeed can be equally well 
expressed in terms of pairs: (a,b), (c,d), ete. or products: ab~', σα 1, ete. 

Example: 
(ad = be)/(bd) = (ad+ be, bd) or (ad + be)(bd)~!, ete. 


Th. 4.1.2.4.7 A set Q, whose elements are of the form defined by Th. 4.1.2.3.6.i, forms a 
field. (Cf. Prob. 11.) 


Df. 4.1.2.4.7a The field Q of Th. 4.1.2.4.7 is called the quotient field of an integral domain D. 


Th. 4.1.2.3.8 The quotient field ᾧ of an integral domain D contains a complex Q’, which 
is isomorphic to D. (Cf. Prob. 13.) 


It follows directly from this theorem that, if the integral domain D is already a 
subfield of a field Κ΄, the quotient field Q of D is then isomorphic to a subfield of F; 
e.g. Q is isomorphic to the field of rational numbers, a subfield of F, if Ε΄ is the field 
of real numbers and D the integral domain of integers, and conversely, as is in the 
following theorem. 


Th. 4.1.2.4.9 The set καὶ of all rational numbers, which consists of number couples (a, δ) 
of integers a and ὃ #0, is an integral domain. (Cf. Prob. 14.) 


It must be emphasized again that the form of number couples in this context is 
interchangeable with the form of quotients or products (cf. Th. 4.1.2.4.6). Because 
it is not to be mistaken for “(rational) integers” (cf. Df.4.1.2.8.5) in the form of 
ordered pairs, however, the quotient form is preferred in the present text. 


The set R as such, which is isomorphic to the quotient field Q, is also called the 
rational number field (cf. Df.5.1.1.1); in the same sense, the set FR of real numbers 
and the set C of complex numbers are called the real number field and the complex 
number field, respectively. Some other fields are found by the following definitions. 


Df. 4.1.2.4.10 A quadratic field, satisfying F1-11, consists of elements of the form a+ bf, 
where a,beR and Τὶ is an irrational root of a quadratic equation 
px? + qa+tr = 0, 


for p,qgrek and p*0. The field as such is denoted by R[1,7], or simply R[F), 
representing the set of linear polynomials in 7. 
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Example: 


R[V2] designates the set of all numbers of the form a+ bV2, which does form a field, as can 
be readily verified (cf. Prob. 1, and also §4.1.1, Prob. 10,v). 


Df. 4.1.2.4.11 <A cubic field, satisfying F1-11, consists of elements of the form a+ br+ cr’, 
where a,b,ceR and ἢ is a root of an irreducible (1.6. not factorable) cubic equation 


gtaxvttbat+e = 0 


for a,b,ceR. The cubic field is denoted by R[1,7,77], or simply R{7*|, since it causes 
no confusion in generality. 
Example: 


R(V5] designates the set of numbers of the form a+ bV5 + cy 25, which satisfies all of Fi-11, 
as can be readily verified. 


Quadratic and cubic fields will be observed again when they reappear as exten- 
sions (cf. Df.5.3.1.5) of a field. 


Since a field is a fortiori an integral domain, it may be ordered, as in the follow- 
ing definition: 


Df. 4.1.2.4.12 An ordered field F is a field which contains a subset F'* of “positive” ele- 
ments satisfying the additive and multiplicative closure and trichotomy of Df. 4.1.2.2.5. 
Example: 


The set R of rational numbers and the set R of real numbers are both ordered (cf. Th. 5.1.1.4 
and Th. 5.1.2.11-12). 


The Archimedean order in the set N of natural numbers (cf. §4.1.2.38, Prob. 15), 


too, may be generalized to Κ᾽, viz.: 


Df. 4.1.2.4.13 An ordered field F is said to be Archimedean (or Archimedean ordered) if 
there exists a positive integer n such that ne>a for a multiplicative unity ecF and 
every acF. 

Example: 
R and R, as well as N and I, are Archimedean ordered (cf. Th. 5.1.1.6 and Th. 5.1.2.12). 


Solved Problems 


1. The set C of all elements of the form a+br, where a and ὃ are rational numbers and 
yr is an imaginary cube root of unity, i.e. (—1+3%)/2, is a subfield of the field of all 
complex numbers. 

PROOF: 

Fi: (a+br)+(e+dr) = (at+e)+(b4+d)reC, by which F2 and F5 are readily verified. 

F3: Additive identity. (0+0r)eC = OcF. 

F4: Additive inverse. —a — Or. 

F6: (a+br)*(e+dr) = αἋὁ - (be+ad)r + bdr? = ac + (be+ad)r + bd(—-r—1) = (ae— bd) + 
(ad+ be—bd)r ε C, from which F7-8 and ΕἾ] are readily obtained. 

F9: Multiplicative identity. (+07 eC = leF. 

F10: Multiplicative inverse. —(b—a+t br)/(a? —ab-+ 02), where a?—abd+b? σ5 0 (. @-—abt+b? = 
((a? + b?) + (a — b)’)/2 > 0 unless a= b=0, which reduces the problem to a triviality). 
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Prove Th. 4.1.2.4.3. 
PROOF: 

Suppose a,beF such that αὖ ΞΟ; then a¥0 implies a-'eF and a~*(ab) = (a1a)b = eb = ὃ. 
But also, by the initial assumption, a-4(ab) = a-10 = 0. Hence ὃ =0, proving that ab=0 entails 
b=0 or a=0, which is logically equivalent to D11 (ef. §4.1.2.2, Prob. 1). This completes the proof, 
since other axioms are interchangeable. 


The set E of all even integers forms a commutative ring, but not a field. 
PROOF: 


Since the sum and product of two even integers is again even, EF satisfies R1,6, which in this 
case entails also R2,7,8,5, and multiplicative commutativity. 


Furthermore, since 0¢ EF by definition, R3 is satisfied; so is R4, since every element ac Εἰ implies 
—acK, Hence £ is a commutative ring. 


& is not a field, however, since it cannot satisfy, for instance, F9; for e such that ea=ae=a 
for every ace EF implies le EH, which is contradictory to the definition of E. 


The ring M of integers modulo m is a field iff m is a prime. 
PROOF: 


It has already been proved (cf. §4.1.1, Prob. 8-9) that the residue class modulo m, where m is any 
positive integer, generally forms a commutative ring. 


Assume that m is not a prime, ie. m= mimz2 where m:>1 and m > 1; then, by definition of 
congruence, mim2z=0 (mod m) with m:*0 and ἡγε, which contradicts the main property of 
fields, which are supposed to have no proper zero-divisors. Hence, if M is a field, m must be a prime. 


Conversely, if m is a prime, the ring M consists of the disjoint complexes: {0}, {1}, {2},...,{m—l1}, 
(mod m). Then, since a product of integers is divisible by m iff one of the factors is divisible by m™, 
it follows at once that M cannot contain any proper zero-divisors. This in turn implies that the set 
of all elements of M of the form ax, where a#0¢M and x runs through the nonzero elements of M, 
are m—1 in number and all distinct, exhausting the nonzero elements of M. Hence the equation 
ay=6 has a unique solution for every δε, b¥0, including a trivial solution x=0 in case 6 = 0, 
proving that M is a field. 


An integral domain D whose characteristic is a prime p contains a complex C isomorphic 
to the field F of residue class modulo p. 
PROOF: 


Since the prime order of the cyclic group generated by the unity e of D implies (cf. §4.1.2.2, 
Prob. 4-6) that the elements of the form ke, where k belongs to the same residue class modulo p, are 
equal, it immediately follows that the correspondence c=kerC © F,CF, where F, denotes the 
residue class containing the integer k, is an isomorphism. (Stated in detail, kie «Ὁ F; (mod k) and 
ke <> F; (mod k) do imply ke+ke = (kitkje Oo F,+Fjmod k) and (kie)(kje) = (kikje «» FF; 
(mod k), by Th. 3.2.6.8.) 


Prove Th. 4.1.2.4.4. 
PROOF: 

Since D is finite, assume that di,do,...,dx, are the n distinct elements of ἢ and let F be a set 
whose elements are dkdi,dids,...,dxdn, where dk*0OeD is fixed. Then, D being an integral domain, 
all elements of F are distinct (΄.᾿ didi = did; implies d; =d; by D11). F has thus πὶ distinct elements, 
and since D itself has the n distinct elements, it implies Εἰ = ἢ. 


Hence the unity 1 of D must exist somewhere among the elements of F as didn=e, 1=m=n, 
which implies d, is the inverse of ἀκ. This proves F' to be a field, since any specific element d,+0 in 
D=F has an inverse. 
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7. Ifa field F is finite and has n elements, then 7 is of the form p™, where p is the prime 
characteristic of F and m is any positive integer. 


PROOF: 

(i) Given e,2e,...,(n+1)e, where e is the unity of F, it is evident that these multiples of e 
cannot be distinct, since F has only n elements. Suppose, then, any two different integers a 
and ὃ, say a> b, such that ae=be. This entails at once (a—b)e = 0, which in turn implies 
that Ε' must be of a prime characteristic, say p (cf. Prob. 4 above). 


Hence the p elements of a set F’ of the form ie, 1=—1,2,...,0—1, are distinct and every 
integral multiple of e must be found in F’. If F =F’, this completes the proof for m=1. 


(ii) Suppose there exists an element c of F such that c#ie,i=1,2,...,.p—1, and that a set F’”’ has 
p? elements of the form ie + jc, i,j=1,2,...,9—1. If some elements of F” are not distinct, then, 
for 2,7’ =1,2,...,p—1, 

ie+je = vetje, ie. (1 -- 176 = (7 -- ὃς (1) 
assuming jj’, say j’>j, and p > j’—j > 0. Hence, by Prob. 4 and §4.1.2.3, Prob. 32, there 
exist two integers ὦ and b such that 


a(j’—j) = 1+ bp (2) 
Multiplying (7) by α and (2) by c, 

a(j’—j)e = α(ἱ-- {)6 (3) 

a(j’—j)e = e+ chp (4) 
Since bp = 0, it follows from (8) and (4) that 

¢c = ali—v)e 

which contradicts the assumption that c~ie, i—1,2,...,p—1. Hence it must be the case that 
j= 7’, which implies (i—7’)e = 0, 1.6. ἐξξ , since both i and 7’ are evidently less than the 


characteristic p. This completes the proof for m= 2. 
Gii) If F’+«F, ie. if F contains an element ἃ such that d # ie+ je, then all p*® elements of the 
form 16- 764 -ἰ Κα, i,j,k =1,2,...,p—1, can be proved likewise to be distinct. 


The similar procedure may be repeated, but not necessarily more than m times, m being a certain 
positive integer, since F is a finite field. Hence, in general, n is of the form p” if F has n elements. 


8. Prove Th. 4.1.2.4.5. 


PROOF: 


The equation ax = b, a0, in F has a solution x, since a ¥ 0 entails a‘ in F', by F10, and x =a~'b 
(or what is the same: 6b/a). This solution is also unique, since ax=b and ay=b imply ax=ay, 
which in turn implies (aa™')x = (aa~')y, ie. «x =y, completing the proof. 


9. Prove Th. 4.1.2.4.6. 
PROOF: 
(i) If ad = be, then 
a/b = ab“! = add™'b™ = δοα δ᾽} = ed“! = e/d 
Conversely, if a/b = c/d, i.e. ab~' = cd, then 
ad = a(bb~')d = (ab~')db = cd-'db = be 
(ii) Since x =a/b and y=c/d are the unique solutions of bx =a and dy=—c, it follows that dbx = da 


and bdy=be, which together imply bd(x+y) = ad+be, ie. wty = (ad+be)/bd, δά τεῦ 
(-.. 640 and d#¥0 by hypothesis). Hence 


(a/b) + (c/d) = (ad + bc)/bd 


(iii) Since, as above, x =a/b and y=c/d are the unique solutions of bx —a and dy=c, 
(bd)(xy) = (bx)(dy) = ac, ie. xy = (ac)/(bd) 
Hence (a/b)(c/d) = (ac)/(bd). 
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10. Prove, in the same context as above: 

(i) (a/b) +0 implies (a/b)(b/a)=1, and 

(ii) (a/b) + (—a/b) = 0. 

PROOF: 

(i) Since, from Prob. 9, (iii) above, (a/b)(e/d) = (ac)/(bd), it immediately follows that (a/b)(b/a) = 
(ab)/(ba). But, by Th. 4.1.2.3.5, ab/ba is then the unique solution of bax = ab, where evidently 
x=1. Hence (a/b)(b/a) = 1. 

(ii) Since, from Prob. 9, (ii) above, (a/b) + (c/d) = (ad = be)/bd, it follows at once that 


(a/b) + (~a/b) = (ab—ba)/b? = 0/b? = 0+(b%)-' = 0 


11. Prove Th. 4.1.2.4.7. 


PROOF: 
ΕἸ is already proved by Th. 4.1.2.4.6, (ii). 
F2: (a/b) + ((e/d) + (e/f)) = (a/b) + (ef + de)/df 


= (adf + bef + bde)/bdf 
= (ad + be)/bd + (e/f) 


((a/b) + (e/d)) + (e/f) 


ΕΒ: (070) 

F4: (—a/b) (εἶ. Prob. 10, ii) 

Fo: (a/b) + (c/d) = (ad + be)/bd = (cb+da)/db = (c/d) + (a/b) 

F6: (a/b)(c/d) = (ac)/(bd)eQ (ef. Th. 4.1.2.3.6, iii) 

ΕἼ: (a/b)((e/d)(e/f)) = (ace)/(bdf) + ((a/b)(e/d))(e/f) 

F8: — (a/b)((c/d) + (e/f)) = (a/b)((cf + de)/df) = (aef+ade)/bdf = (abcf + abde)/bbdf 
= (ac/bd) + (ae/bf) = (a/b)(e/d) + (a/b)(e/f) 

F9: (a/a) for every ae D (i.e. the multiplicative identity of Q is not unique). 

F10: (a/b)~* = (b/a) (cf. Prob. 10, i) 

Fll: (a/b)(e/d) = (ac)/(bd) = (ce/d)(a/b) 


12. Given ax = ὃ in Q, where a,beD and a+0, the solution x = b/a is unique. 
PROOF: 


Since ax = a(b/a) = (ae/c)(b/a) = (bac/ac) = δ, x = b/a is a solution. If y = b’/a’ is another 
solution, then 


(ac/c)(b’/a’) = (bd/d), ced #0, 1.6, (acb’/ca’) = (bd/d) 


which implies, by Th. 4.1.2.4.6, (i), acb’d = κα’ δά, which in turn implies, by Dll, ab’=a’b. Hence, 
again by Th. 4.1.2.4.6, (i), a/b =a’/b’, completing the proof. 


18. Prove Th. 4.1.2.4.8. 
PROOF: 


Let a,b,c,...eD and (a/q),(b/q),(c/q),...&€Q’, where q*#Q0 ε D, such that a correspondence can 
be set up as follows: 


a <= (a/q), ὃ <= (b/g), ὁ © (e/g), 
Then Q’ is isomorphic to D, since 
(a/q) + (b/q) = ((aq + δ4)) 45) = ((a+b)/q) «Ὁ at+d 
and (a/q)(b/q) = (ab/q?) «Ὁ (ab/q’) «Ὁ ab 


where evidently φ' το αὐ τῇ 0, or more generally gq’ = q"~0, neI*, as long as 4 τεῦ, which is exactly 
the case in this context, completing the proof. 


14. Prove Th. 4.1.2.4.9. 
PROOF: 
Rewriting Th. 4.1.2.4.6 in terms of couples: 
(i) (a1, δι) = (de, be) Wf a:be = arb; 
(11) (α:, δι) Ἔ (α», ba) = (αι be + ae bi, δι δ.) 
(iii) (a1, δ.) ° (a2, be) = (αι Qe, by δ2) 
where αρδιε, bi: ~0, 1=1,2,..., and διθετέο, 1 containing no zero divisors. 


Sec. 4.1.2] COMMUTATIVE RINGS — POLYNOMIALS IN GENERAL 165 


Since (i) is not of formal identity (i.e. (a1,61) = (a2,b2) iff αἱ ΞΞ a2 and bi =e), it must be proved 
that (i) is a relation of logical equivalence, which is verified as follows: 


(1) (αι, δι) — (a1, δ), since evidently a:b; = arbi. 


(12) (a1, δι) = (a2, be) implies (a2, b2) = (αι, 61), and conversely, since aib2 = azb, implies a2bi = aibe, 
and conversely. 


(is) (a1, b1) = (a2, b2) and (ae, bs) = (a3, bs) imply (αι, bi) = (as, bs), since aib2=ad2b1 and a2b3= asbe 
imply a:b2bs = aebibs = asbibe which, cancelling 62:40, in turn implies aib3 = ashi. 


On the strength of (i:)-(is), the properties of D1-11 are proved one after another in the same way 
as Th. 4.1.2.4.7 above, changing only the form of quotients into that of corresponding couples, 


Note. R, the rational number field, can satisfy F1-11 as well as D1-11, as is quite obvious in 
Th. 4.1.2.4.7. What may not be quite obvious, however, is that the proof of Th. 4.1.2.4.9 needs only 
the properties of 1 as an integral domain and is not in need of the well-ordering principle; in other 
words, the construction of rationals from integers can be carried out without bothering the principle. 


4.1.2.5 POLYNOMIALS IN GENERAL 


Df. 4.1.2.5.1 <A polynomial in x over a commutative ring R, denoted by p(x), is the follow- 
ing expression: 
» αἰαὶ, i=0,1,...,n 


1.6. D2) = dex + aig + sc + ann" (1) 


where the coefficients αἱ, not all of them zero, belong to R, while the indeterminates, 
xi¢ R, are considered here commutative with every element ace R, i.e. ax'= αἶα. Each 
of aix' is called a term of p(z). 


Example: 


—2x+3x7, ie. Oxv°+ (—2)x'+ 3x7, is a polynomial in x over 7, the ring of integers, and 
V¥2+521/6, 1.6. V2x°+ Ox! + Ox? + 0”? + 5x4/6, is a polynomial in «x over a field F. 


Note. p(x) is considered unchanged, as is evident in the examples above, by the 
omission or insertion of the terms with zero coefficients. 


Df. 4.1.2.5.2 R{x| (or R(x) if it is unmistakable in the context) denotes the set of all 
polynomials in 2 over R. This process of adjoining x to Καὶ in order to form R[2] is 
called ring adjunction (cf. Df.5.8.1.6 and Df.5.3.2.1). 


Example: 
p(x), Q(x), r(x),... ε Ria}. 


Df. 4.1.2.5.3 Two polynomials p(x) = Dax and g(a) = > διαὶ, 1=0,1,....0, are 
equal iff the coefficients of each superscript of x are the same, i.e. p(x) = Q(x) iff 
a= bi 4= 0,156 2usN: 

Example: 
2+7x = 2+ax implies a= 7. 


Df. 4.1.2.5.4 Given two polynomials p(x) = > ax, i=0,1,...,n, and Q(x) = > b;x', 
i j 
7=0,1,...,m, their sum is a polynomial r(x) = δ᾽ οκαβ, where cy = at dr, 
k=0,1,...,..0rm, depending on n>m or ἢ “Ὧν, 1.6., ᾿ 
γί“) = p(x) + a(x) 


(aox° +arat t+... - ἀπ 45) + (Dox? + Oi") +... + Dmx”) 
= (do + bo)w® + (αι + δι) + ... + (Am + Ome” + Omir τὶ ἝΞ ... Ἔ Ana” 


| 


ifn>m, andifn<™m, 
= (do + δ) + (αι 4+ δι)α) +... + (Qn + δι)αῦ + Ongar +... + διῶ 
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where a superscript of « which does not appear in p(x) or g(x) may be regarded as 


having a zero-coefficient; similarly, n>m implies bmi1 =... = ὃ, = 0 and n<m 
implies @n+1 = ... =@, = 0. If the latter is clearly understood, then r(x) may be 
more simply expressed as follows: 
r(t) = Daw + Sdoeak = DY (ἀκ ἐδ), k=0,1,...,n (orm) 
k k k 
Example: 


(2x° + 3x") + (Ox° + (—4)a'+ δα) = (2+ 0) + (8 + (—4))x! + (0 + 5)x? 
= 20° + (—1)a! + 5a? 


Df. 4.1.2.5.5 Given two polynomials p(x) and q(x) as above, their product is a polynomial 
8(5): 
s(x) = p(x) (x) 


= dobox® + (αοδι + αι θ09)2) + ... + (Adobe + ai be—-y +-.-+ ακ θ0)." +... + Ondbmar*™ 


where ai=—0 if i>n, and b;=0 if j>™m. 

Example: 

(22° + 8.) " (Ox + (—4)x' + Ba?) = (2 0) + (2 (--4) 8. 0).] + (2.5 Ὁ 8- (—4))u? + (8.9 δ). 1} 
= θχ" + (—8)x' + (—2)u? 15. 


Th. 4.1.2.5.6 The set Ria], defined by Df.4.1.2.5.2, forms a ring under the operations 
defined by Df.4.1.2.5.4-5. (Cf. Prob. 1.) 


Th. 4.1.2.5.7 The ring R[x] of Th.4.1.2.5.6 is commutative. (Cf. Prob. 2.) 
These theorems and definitions suggest that many properties of a ring R pass 
over to the polynomial ring R[x], and they do. Thus Fix) is a ring with unity if R 
is with unity (cf. Prob. 3), and R{x] is a ring without zero-divisors if R is without 
them (cf. Prob. 4). This is summarized in the following theorem. (The polynomials 
over a field, on the other hand, will be studied in $5.2ff.) 


Th. 4.1.2.5.8 The set A(x] of all polynomials over a commutative ring R with unity and 
without zero-divisors forms an integral domain iff R is an integral domain itself. 
(Cf. Prob. 5.) 


This theorem directly points out a concrete method to construct various integral 
domains, since it gives at once that J[z], Ria], ΕἾ], and [1] which represent 
the sets of polynomials over integers, rationals, reals, and integers modulo p, a prime, 
respectively, are also integral domains. 

Since, for instance, f(z)=«?—x and g(x)=0 in J,(x) are distinct in form, 
yet the same in function (cf. Th.3.2.6.13 and Supplementary Problem 4.18 for a con- 
crete example), the following definition is stipulated at this juncture. 


Df. 4.1.2.5.9 The mapping (1.6. function) M: ae D- f(a), where f(a) is called the value 
of f(x)e Dlx] when x equals a, is called a polynomial function. 


Every polynomial in D/z]|, then, defines a polynomial function of D into D itself 
(." f(a)eD if aeD); in this sense, f(x)e Dix] denotes both a polynomial over D and 
a polynomial function of D into D. This distinction is explicit in the following 


theorem. 


Th. 4.1.2.5.10 If D 15 an infinite integral domain, then distinct polynomial functions of 
D{x| define distinct mappings of D into Ὁ. (Cf. Prob. 6.) 
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This is not the case, however, if D is finite (cf. Prob. 7). Th.4.1.2.5.10 thus has 
a logically equivalent form: f(x) and g(x) over an infinite integral domain are equal 
if they define the same function. 


Hence, if D is infinite, the polynomial ring in D is isomorphic to the ring of 
polynomial functions in D. Since any ring isomorphic to an integral domain is 
itself an integral domain, it is evident that the polynomial functions over an infinite 
integral domain form themselves an integral domain. 


Since, then, DCD[x] as well as xeD[x], it follows that aix' may be actually 


interpreted as a; times x to the i-th power; the “superscript” of x in Dix] is thus 
interchangeable with “power” of «. 


Df. 4.1.2.5.11 A nonzero element f(x) of the ring ΠΧ] is said to have degree n, denoted 
by deg f(x) = n, if n is the largest nonnegative integer such that x” has a nonzero 
coefficient in f(x), which itself is called the leading coefficient of f(x). The zero 
polynomial, Ox*, then, has no degree, hence no leading coefficient, while the nonzero 
coefficient of x° in f(x) is called the constant term of f(z). 


Example: 
307 -+22—1, 5a, 4, of P(x) over I, have degrees 2,1, 0, leading coefficients 3,5,4, and constant 
terms —1,0,4 respectively. 


Th. 4.1.2.5.12 If f(x) and g(x) are nonzero elements of the set D{x] of all polynomials 
over an integral domain D, then 


deg (f(x)g(x)) = deg f(x) + deg g(x), 
and deg (f(x) + g(x)) = deg g(x) 


if deg f(x) = deg g(x) and f(x) + g(x) τέ Ox*. (Cf. Prob. 8.) 
ΠΧ] as such may be considered quasi-partially ordered, defined as follows. 


Df. 4.1.2.5.13 For any f(x),g(x)eD[x], f(x) <g(«) iff either deg f(x) < deg g(x) or f(x) =0 
and g(x) <0. 
Example: 


xe? —2 < --κοῦ, 0 « --ΞἸ, ete. in })]][5]. 

It is evident that D[x] as such is not quite partially ordered, since ordering in 
D\x| is neither reflexive nor symmetric; nor is it antisymmetric, although it is asym- 
metric and transitive. Neither does the trichotomy law hold for 72], since it cannot 
be said that f(x)<g(a) or f(x)=g(x) or f(x) > g(x) when f(x) and g(x) are distinct 
and have the same degree. 


Df. 4.1.2.5.14 <A polynomial f(x) is called monic if deg f(x) =n and the coefficient of x" is 1. 


Example: 
αἴ-- 2. +1, x+3, ete. are monic polynomials. 


Th. 4.1.2.5.15 If f(x),9(x) ε D[x] and g(x) is monic, then there uniquely exist q(x),r(x) ε Dlx] 
such that 
f(x) = σ(α)α(α) + r(x), 0 = r(x) < 9(5) 
(Cf. Prob. 9) 


In analogy to g and r in Th.4.1.2.3.18, g(x) in this context may be called the 
quotient and r(x) the remainder of f(x) divided by g(x). 
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Th. 4.1.2.5.16 (Remainder Theorem). For every f(x)e Dix] and ἄς Ὁ, 
f(a) = (@—d)a(x) + f(d) 
where f(d)= Dad'=d'eD if f(x) = Daiz', i=0,1,....n. (Cf. Prob. 12.) 


is divisible by «—d, deD, iff f(d) = 0. 

Or, using the concept “factor” in the same context, the theorem may be further 
restated: g(x)| f(x) (or g(x)|f(x)) iff f(d)=0, deD. 

The necessary and sufficient condition f(d)=0 now yields the following definition. 


Df. 4.1.2.5.17 If f(d)=0 in Th.4.1.2.5.16, then d is called a root (or zero) of f(x). 


For every f(x)eD{x|, x—d is a factor of f(x) iff deD is a root of f(x). 


This is generalized as follows: 


Th. 4.1.2.5.18 If f(x)e Dix] and deg f(x)=n, then f(z) has at most n distinct roots in ἢ. 
(Cf. Prob. 17.) 


In general, many properties of the set of polynomials in a single indeterminate 
(or variable), as studied above, may be extended to the set of polynomials in several 
indeterminates. 


Let D|x] be, as before, an integral domain of polynomials in x over an integral 
domain D, and if an indeterminate y, independent from x, is to commute with all 
elements (i.e. polynomials) in D(x), then D[y[x]] (or D{zx][y]) denotes the set. of 
polynomials in y which have, as their coefficients, polynomials in x. As such, Diy{x}] 
actually forms an integral domain (cf. Supplementary Problem 4.30) and is more 


simply written as D{z,y]|, which initiates a further generalization Pig 05 sae hal, 
which ultimately denotes an integral domain of polynomials in πὶ indeterminates 
H1,02y...,%n; 6.5. f(X1,H2,...,Xn) & Dla1,Xe,. ..,2n]. 
Th. 4.1.2.5.19 If f(x1,02,...,¢n) ε Dlw1,a,...,¢n], then it has the following form: 
Ay ay He sane ΩΣ +o... 4+ Am X19" Hom wee Gym 


where AieD and 4ai,bi,...,kieI*, t=1,2,...,m. (Cf. Prob. 18.) 
As can be readily verified, f(a1,~2,...,a.)=0 iff each coefficient A;=0, and 


f(X1,%2,...,Hn) = 9(X1,%2,...,4,) iff f and g have the same coefficients in D. Other 
properties of D[%1,%2,...,%,| can be obtained likewise (cf. Supplementary Problems 
4.27-31). 

Df. 4.1.2.5.20 The sum of the degrees of the indeterminates in a term is called its dimen- 


sion, and a polynomial is called homogeneous, of dimension γι, if every term of the 
polynomial has the same dimension n. (Cf. 85.2.1, Prob. 24, 35.2.2, Prob. 5, etc.) 


Example: 
3% — 2y + 2, ei + 2,2, — 22, α΄ Ὁ ay? + 25 — 8xyz 


are homogeneous polynomials of dimension 1, 2,3, respectively. 
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Solved Problems 


Prove Th. 4.1.2.5.6. 
PROOF: 
ΕΙ and R6 are given by Df. 4.1.2.5.4-5 themselves, which in turn verify R2 and R65. 


Let p(x), q(x),7(x) ξ ΚΙ], where p(x) = = arn’, q(x) = > b;x’, r(x) —_ »» Ck ak, ix 0,1,2,. ; ashi 
j πὶ 0,1,2, vo est, k= 0,1,2, vege Then: 5 1 k 


R3: zero polynomial, 1.6. 2(x”) = > Ox’. 
R4:  (p(x))~* = —p(*) 


[ p(x) + (--ρ(α)) = > ain! + > (--αὐ)" = ἋΣ (αι + (--αὐ)α ἘΞ = θυ! = z(2)) 
R7: p(x)(q(x)r(x)) = (Σ αιἰὐὐνί(Σ δ (Σ cx ac*)) = (> aia!) ( > δ; cx) 2") 


gtk=r 


= ( > ( >= ai bj cx) Jars = = ( > ( > aibsce))a* 


lI 


= ((Σ αἰδὴ[ω)(Σ οὐ) = φ()ᾳ(α))γ() 


R8: ρί(αγ(χί(α) + r(x)) = (Σ αἰανΣ bai + ἋΣ κα") Ξ-(. Σ᾽ αι, ομ))α" 


itj=r=itr 


=(( 2 αιδὴ -+ ( > aick) a" = (Sax!) δ᾽.) + (Σ αἰ)  Σ Cx xe) 


i+tk=r 


p(x)q(a) + p(x)r(x) 


Likewise, (p(x) + q(x))r(x) = p(x)r(x) + q(x)r(x). 


Hence R[x] is a ring. 


Prove Th. 4.1.2.5.7. 
PROOF: 
Given p(x) and q(x) as in Prob. 1 above, 


page) = (Sax\( Zoe) = ΣΟ Σ, ab) = BB bra = φ(ω)ρῶ) 


i+gaHk 


Hence, with this multiplicative commutativity, R[x] is a commutative ring. 


If a ring R is with unity e, then the ring Κα] of polynomials over F is also with unity. 
PROOF: 
The unity of R[x] is ex, since, for any p(x) ε Εἰ], 


(ex)p(x) = (ex")( ἀκα") = ἋΣ (eax)ac? = ἋΣ ἀκοῶν = p(x) 
and likewise, (p(x))ex® = p(x). 


If a ring R is without zero-divisors, so is the ring R[x] of polynomials over FR. 
PROOF: 

Suppose that R[x] has zero-divisors, which implies that there exist some f(x),g(x)e R[x) such 
that f(x) +0, g(x) ~#0, and yet f(x)+g(x) = 0. 

But, since f(x) = Saw τέ 0, i=0,1,...., and σία) = δ δ,α) τέ 0, 7=0,1,...,m, imply 


t 7 

dnt" τεῦ and δηχπτέ 0, which in turn imply aabax**™ #0 (. ai,bje ). Hence, by Df. 4.1.2.5.5, 
f(x)g(x) ~ 0, contradicting the initial assumption: f(*)g(x) = 0. Hence it is not the case that R[x] 
has zero-divisors. 


Second proof (in terms of “degree”’). Assume the same as above; then degf(x) = ἡ ~ 0 and © 
deg g(x) = μι # 0 (cf. Df. 4.1.2.5.11), which imply deg (f(x)g(x~)) = nt+m # Ὁ, contradicting the 
assumption that f(x)g(x) = 0 which implies deg f(x) = 0 or degg(x) = 0 (cf. Prob. 8 note, below), 
ie. deg (f(x)g(x)) A n+m. 


Hence it must be the case that R[x] contains no zero-divisors. 
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Prove Th. 4.1.2.5.8. 
PROOF: 


By Prob. 1-2 above, the set R[x] of polynomials over a commutative ring R is a commutative ring, 
and by Prob. 3 and 4, Rix] over a ring R with unity and without zero-divisors is a ring with unity 
and without zero-divisors, which implies, by Prob. 1 of §4.1.2.2, that the cancellation law holds for 
both καὶ and R|x]. Hence R[x] over an integral domain R is also an integral domain. 


Conversely, if R[x] is an integral domain, then a complex C{x], of Rix], which consists of all 
polynomials of the form ¢:2°, c.e R, is a subdomain of R[x], since ¢1%°,cox°e C(x) implies 


οι + δα = (6δι Ὁ €2)u° ε C(x) and C10°* ὁ = (e1¢2)"°*° = (e1¢2)"° ε C[a] 
including 0x°,1xv° e C[a]. 


Furthermore, the mapping F: F(e) © cx is evidently 1-1. Hence the set R, to which any of 
δι belongs, is an integral domain. 


Prove Th. 4.1.2.5.10. 
PROOF: 

If a(w),b(x)e Dix} and a(x) b(x), by hypothesis, then e(x) = a(x) — b(x) γέ Ὁ and dege(x) = 0 
(cf. Prob. 8 below). But Th. 4.1.2.5.18 (cf. Prob. 17 below) then implies that c(~) has at most 7 roots, 
which implies that D has more than n elements, since D is infinite. Hence there must exist some de D 
such that c(d) #0, implying that a(d)* b(d). Hence the mappings, of D into D, defined by a(x) and 
b(x) are distinct, completing the proof. 


Th. 4.1.2.5.10 does not hold for a finite integral domain D’. 
PROOF: 

Since D’ is finite, let di,dz,...,dx¢D’ and construct a(x),b(x),ce(x) ε D’[x] such that 

a(x) = (a -- αἀι)ία — dz) --- (a — dn) and b(x) = a(x) " e(x) 
where c(x)#1. Then, for any dice D’,1=i=n, 
a(di) = b(d) = 0 

yielding the identical mappings, of D’ into D’, by a(x) and b(x), which completes the proof. 

Note. In general, a(x)=b(x), 1.6. a(x) — δ(α) = e(x) = = cx’ = 0 if either all c=0 or 


a(x),b(”) ε 25] where D’ is a finite integral domain. The latter follows from Th. 4.1.2.5.18, since, 
if D’ is not finite, there will be some remaining values other than di, 1=i=n, of x for which e(x) 40. 


Prove Th. 4.1.2.5.12. 

PROOF: 

(i) Since, by hypothesis, f(z) = Sam # 0, i=0,1,....n, and g(x) = Sdb;xi # 0, j =0,1,...,m, 
i F 


it follows that a.#0 and b»*0, and that an° bm*¥0 since ai0;¢D. Hence anbax**™ #0, which 
is, by Df.4.1.2.4.5 itself, the term of the highest degree in f(x)g(x), and it immediately follows 
that deg (f(x)g(x)) = n+m = deg f(x) + deg g(x). 


(ii) Since, by hypothesis, deg f(x) = degg(x) and f(z) + g(x) τῷ Ox*, it follows at once from 
Df. 4.1.2.4.4 that n=m and deg (f(x) + 9(x)) =m = deg g(x) = m. 


Note. deg (f(x)g(x)) = deg f(x) +deg g(x) does not always hold unless, strictly, f(x),9(x) ε D{x], 
Since otherwise anbm can be zero without either factor being zero (cf. Th. 4.1.2.2.4). Thus in the 
residue class modulo 4, f(z) = 3+2x and g(x) = 5+ 22? give deg f(x) =1 and degg(x) = 2, yet 
deg (f(x)g(x)) = 2(48), since f(x)g(x) = 15 105 - 62’. 


In Dix], then, deg (f(x)g(x)) = 0 iff deg f(x) = 0 or degg(x) = 0, and deg (f(x) + g(x)) = 0 
if deg f(x) =0 and deg g(x) = 0. 


Prove Th. 4.1.2.5.15. 
PROOF: 
(i) If g(x) = x, then evidently 
f(x) = g(x)f(x) + 0 


1.6. q(x) = f(x) and r(x) = 0x", proving the theorem. 
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(ii) If f(x)< g(x), then again 
f(w) = g(x)°O+ f(x), 0 Ξ f(x) < g(x) 
where q(x) = θὰ" and r(x) = f(x), proving the theorem. 


(iti) If f(x) > g(x) or deg f(x) = deg g(x), where deg g(x) = 1, then proof is earried out by induction 
as follows. 


Let f(x) = Saiz’, i=0,1,....m, and g(x) = δὰ b;x/, j = 0,1,...,n, where the last term is 
i } 


x", by hypothesis; then, by the initial assumption, m =” ΞῚ1Ὶ. Now assume that the theorem 
holds for every polynomial f(x) of degree k <m, and let 


f(x) = fle) — σ()" aman (7) 


Then f'(x) has degree k < _m, since the term of highest degree in g(x)*@mx™""" iS Gmx™, g(x) being 
monic, which cancels dmx” in f(x). If, for some q’(x),r(x)e Dial, 


f(x) = g(x)q'(x) + r(x), = r(x) = g(x) (2) 
then, substituting (2) in (2), 
f(x) = g(x)*(q'(x)+a@me™~") + r(x), 0 = r(x) < g(x) (3) 


where q(x) = q’(x)+@nx""" and r(x) = r(x), again proving the theorem. 


Furthermore, the assumption that q(x) and r(x) are not unique, i.e., 


f(x) = g(x)q(x) + r(x), = r(x) < g(x), 
and f(x) = g(x)q’(x) + τ΄), 0 = r(x) < g(x) 
will imply (q’(x) — g(x))g(x) = r(x) — r’(x) (4) 


If r(x)—r’(x) ~ 0, then (q(x) —q(x))g(x) = h(x) τέ 0, which, however, is impossible, since it 
implies deg h(x) = g(x) while deg (γ(α) -- τ΄ (α)) < deg g(x). Hence it must be the case in (4) that 
r(x) —7’(x) = 0, in which case r(x) = r(x) and consequently g(x) = q’(x), completing the proof. 


10. Find the quotient and remainder in D[x] of 2. -- 54%? + 212”?—38x2+4 divided by ὦ --ὅ. 
Solution: 
By the “long division” process, 


2χ" -ἰ 10. — 4x? +e +2 = q(x) 
g(x) = 2 —5) 2x — δά. + 21e?—-— 3824+ 4 = = f(x) 
2x° — 10x 
10x* — 542° 
10”* — 502° 
—4n3 + 21x? 
—4x? + 20x? 
αἱ — 8a 
e* — δα 
στ 4 
2x” — 10 
14 =) r(x). 
Or, more simply, by “synthetic division”, 
2 0 --δ4 21 -83 4Ὧ4 [8 
10 50 -20 5 10 
2 10 —4 1 2 14 


In either case, 2x°—54a°+ 21. -- ὃ. - 4 = (a — 5)(2a*+ 10. -- 4χ3 + 44+ 2)4 14. 


11. Express the following polynomial a(x) in x as a polynomial in x — 3: 


α΄ — 32+ + 2x? — 6x — 11 
Solution: 
Repeating synthetic divisions, 
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Hence a(x) = (α -- 8)" + 12(x -- 8)" + δ4(α —3)3 + 110(a% — 3)? + 87(α —3) — 11. 
Second solution. Let α -- 8 = y; then x = y+3, and 
a(x) = afy+3) = (y+ 8)" — 8(y4+3)*  δψ - 3)? — 6(y+ 3) — 11 
= y? + 12y* + 54y? + 110y? + 87y — 11 
= (%— 8)" + 12(% — 3)* + δά(α — 8)? + 110(@ — 8)? + 87(α — 83) -- 11 
Note. The reasoning behind the first method runs as follows: Let x—3 = y and a(x) = py®+ 
qyit+ry>+sy?+ty+u; then u is the remainder when a(x) is divided by y, where the quotient, i.e. 


a(x)/y, is py*+qy®+ry?+sy+t, and t will be the remainder when a(x)/y is further divided by y. 
Repeat the process, finding t,s,7,q,p successively. 


12. Prove Th. 4.1.2.5.16. 
PROOF: 
Since, by Th. 4.1.2.4.13, there uniquely exist q(x),r(z) ε D[x] such that 


f(x) = (ὦ -- d)q(x) + r(x), = r(x) « (ἡ — αὶ 


it follows that either r(x) =0 or degr(x) = 0, and that, in either case, r(x) = d’eD, and f(d) = 
(d—d)g(d) +d’, 1.6. d’'=f(r), completing the proof. 


Second proof. Let f(x) = Sai’ and f(d) = Said’, i=0,1,...,2; then, by the binomial formula, 


f(x) — fd) = Zaz -- Sad = Salxi-d) = > ai((a — ἀγ (αὐτὶ + a®-%d +... Ὁ d*) 


I{ 


Hence f(x)— f(d) = (a—d)q(x), where g(x) = Νὰ δι", 7=0,1,...,n—-1; or f(a) = (α —d)q(ax) + f(d). 


13. If (w—d)| f(x), where f(x) = δὲ aix', i=0,1,...,n, then ἃ] ao. 
PROOF: ᾿ 
By Th. 4.1.2.5.16, f(d) = 0, 1.6., 
do tad+.---+ ad" = 0 


Le. ad = —(ad+.---+an,d") = —d(a1+.---+a,d"-"). Hence ἃ | do. 


14. Factor: 2* — 2.3 Ὁ 85 --2 = f(a). 
Solution: 
By Prob. 18, d|2 if («—d)| f(x); hence d= +1 or +2. Checking, f(1) = 1-2+3-2 = 0 
and f(-2) = 16--8--6.-- = 0. Hence f(x) = (x —1)(x+ 2) g(x), and g(x) is then found by the 
method of Prob. 11, i.e. by repeating the synthetic division: 


1 0 -2 3 -2 [1 
1 1 --1 2 
1 1 —1 2 0 | -2 
—2 2 --2 
1 -1 1 0 


Hence σία) = αὐ --αὶ ΕἼ, and α΄ -- 2." 8. --ῶ = (α -- 1γ(α - 2)(α3 -- αὶ +1). 
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15. If (a?—)|(axv++ δα +cx?+dx+e), where «#0, then ad’?+ b’e = bed. 
PROOF: 
Let f(x) denote the given polynomial; then, by hypothesis, 


fle) = αεἶ Ῥ δεῖ Τ ὁδεἢ τ Ἦ ἀε ὁ (2) 
and {{-ὼὸ = αεἰ — δεῖ + δεῖ —det+e (2) 
Hence aét+ec?+e = 0 (3) 
and δεῖ + de = 0 (4) 


Since «#0, it follows from (4) that be? = —d and δ᾽εἶ = αὐ, which are substituted in (3) multiplied by 
b2, viz., ad?—bed+b’e = 0 or ad’?+ b’e = bed. 


16. Find the necessary and sufficient condition that (z —d)?| f(x), where 


f(x) oe 2 air’, t= 0,1,. . ον 
i 
Solution: 
By synthetic division, 


an An-1 An-2 
and And? + an-id ayers 
an And + An-1 Gnd? + dn-1d + Gn-2 ae. 
ay Qo | da 
dy d*—! + aa-1d"*-7 + --» taed and" + an-1d™~'+ mee +aid 


Gnd + Gnd" +--+ a2dt+a, and" +an,-1d* +... + aid +ao 
Hence f(x) = («—d)g(x) + f(d) where 
g(x) = anx™-? + (and + An-1)u"™~? + --- + (ακ απ} + Gn-1d" 5 + ++» + a2d + a), 
and the necessary and sufficient condition that (x --d)’ | f(x) is, then, f(d)=—0 and g(d)=9, ie., 


ἀκα 1 + (and + an-1)d"~? + ... + (αν αὐ} + an-1d"-? + ... + aed + a1) 
= nand"~=!+ (ἢ -- 1)α.- αὐ + .---+a1 = 0 


17. Prove Th. 4.1.2.5.18. 
PROOF: 
(i) If n—0, it is then evident that f(x) has no root, satisfying the theorem. 


(ii) Ifn=1, say f(x) = aot aix, a: 40, then f(x) may or may not have a root. Thus f(x) = 1+ 2x, 
xeZI, has no root, while if it has a root d, then, by Th. 4.1.2.4.16, 


f(x) = (x —d)g(x) 


where, obviously, g(x) ΞΞ αι, and d is the only root, since if there exists another root, say α' - ἃ, 
ie. d’—d #0, then 


f(d') = (d’—d)g(x) # 0, 
revealing that d’ is not a root of f(x). Hence f(x) has at most one root if deg f(x) = 1. 


(iii) Assume that every polynomial of degree kK—1, k>1, has at most k—1 roots, and let f(x) 
be any polynomial of degree k. 


If f(x) has no root, then the case is brought back to (i). 
If f(x) has a root d, then again, by Th. 4.1.2.5.16, 
f(x) = (ὦ -- α)σ(α), 


where deg g(x) = Κ--1 and, by the initial assumption, g(x) has at most n—1 distinct roots. 
Furthermore, any root d’ of f(x) distinct from d is again a root of g(x), since 


(47 = (α’ -- αὐσ(α) = 0 
implies g(d’)=0. Hence f(x) has at most ἰς distinct roots. 


In general, therefore, any polynomial of degree n has at most n distinct roots, completing the 
proof. 
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18. Prove Th. 4.1.2.5.19. 
PROOF: 


Consider, first, the set D[x:, x2] of polynomials in two indeterminates 21, ζω, where each element is a 
polynomial in x2 over D[mxi]; ie. if f(x1,22) ¢ D|x1,02], then 


(a1, %2) = ao(xi)a + αι(αι)α! + --- + Om(ai)a™ (1) 
where each term is again a polynomial in x over D, i.e., 
Qi(%1) = ἂς + αἰαὶ t+ --- + αι © ts 7=0,1,....m, and aj;eD, 7=0,1,...,i (2) 
Since D{x:} C D[%1,%2], where the operations in D[a:] are preserved in D[x1, a2], (1) and (2) are 
now combined as follows: 
f(a1,%2) = Aix} ty’ + Asx? a? Shee. =p Ale 5” (3) 
where AieD, m,aibiceI*, 1=1,2,...,m, and there are no similar terms, i.e. terms different only by 
their coefficients, in (3). For, if Ain} αἱ οἱ and A jartiae? are similar, then αἱ ΞΞ α;, bi: = 6;, and 
Αια αὶ + Ajaals = (Ait Αγ ae 
combining two like terms into one. 


Likewise, if f(x1,02,...,0n)eD[w1,%2,...,2n], ie. f is a polynomial in x, over D[x1,02,...,¢n-:], then 


F (x1, ἄν ἀπ θα Xn) = Qo (x1, H2y way %n—1) 90° + a1(%1, 0 er Kai) ee + ... + Am (σι, Dy ΝῊ Δ ..-- οἷν (4) 
where Gi(%1,%2,...,%a-1) = ματι εὶς, tb 0. Ὁ Apacs ρος Oe (5) 


and again, since D([%1,%2,...,@n-1| C D[%1,02,...,¢n], where the operations in Djx:) are preserved, 
substitute (5) in (4), combining similar terms, and 


f (m1, W2y sees Xn) τῷ A1x,! ay. : (οι ἘΠ τ 5 Ama,” a” at agin (6) 
where AiceD and ai,bi,...,.kieI*, i=1,2,...,m, completing the proof. 


Note. It was presumed throughout the proof that D[ai, x2, .. .,%n| is an integral domain, which 
can be readily proved (cf. Supplementary Problems 4.27-4.31). 
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§4.1.3 Noncommutative Rings 


4.13.1 SFIELDS and QUATERNIONS 


Df. 4.1.3.1.1 A ring is called a sfield (or skew field, or quasi-field, or noncommutative 
field, or division ring), denoted by F*, if it contains more than one element and, for 
every ace F*, a#0, the equation ax=b has a solution for any beF™. 


This definition suggests a reason for calling F* a division ring, which also may 
be defined as a ring with unity and with a multiplicative inverse for nonzero elements 
(cf. Prob. 2-3). 


For example, any set which forms a field forms a fortiori a sfield; as is obvious 
in Df.4.1.3.1.1, any sfield is an integral domain, although not conversely, since the 
ring I of all integers is an integral domain, yet definitely not a division ring. 


Sfields are, by definition, noncommutative; hence fields may be defined as follows: 


Df. 4.1.3.1.2 A field is a commutative sfield. 


In the language of Df.4.1.2.4.1, a sfield is then a set which is a module, i.e. an 
additive Abelian group, with identity 0 and also a multiplicative group except for 0, 
satisfying distributive laws under addition. It is exemplified by the following 
definition. 


Df. 4.1.3.1.3 The set Q of quaternions (or Hamilton quadruples) consists of the elements of 
the form ἃ = a+ at + a37 + ask 
where the a,, 7 = 1,2,3,4, are real coefficients, which are commutative with 1,7,k and 
which obey associative and distributive laws, and the following operative rules define 


1,7, ke: e@=- p= he = -1 
“WM o=>kK. Je=a4; SH ἢ 
71 Ξε —-k, kj = -1, th = -7 


(cf. 88.2.4, Prob. 10, and §3.2.5, Prob. 23). The a, are sometimes called the coordinates 
of a, which is then more simply denoted by a quadruple (a1, ἅς, 8, 64), or even more 
simply: (a,), r= 1,2,3,4. 


Df. 4.1.3.1.4 Two quaternions @=(a,) and b=(b,), r=1,2,3,4, are equal iff a,= br. 
Df. 4.1.3.1.5 Addition and multiplication in Q are defined as follows: 
&@+6 = (αι + det + asf + ask) + (δι + Dot + 857 + Dak) 


II 


(αι ΞΕ b1) ae (α: ἮΝ bo)t a (α3 ΞΕ δ3)} Ἔ (αᾳ ΞΕ ba)k 
(αιδι — Asbo — asb3 — asd.) ΞΕ (ατθ: + deb; + asb4 — asbs)t 
ἘΝ (aib3 —_ debs + agbi + aabe)j + (aib4 + aebs — a3sb2 + aabi)k 


and, for any real number c, 


ab 


ca = ἄς = cay + CAst + ca3j7 + cask 


The prescribed multiplication reveals at once the noncommutativity: a: ὃ τε bea. 
(Cf. Prob. 5.) 
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Th. 4.1.3.1.6 Addition and multiplication in Q are associative. (Cf. Prob. 4.) 


Df.4.1.3.1.7 The conjugate a’ of a quaternion ἃ = αἱ  αοἷ τ α5] task is defined to be 
Q’ = a1 — At — a3) — dak. 


Manifestly, a’ = 2a:—da, and the conjugate of the conjugate of ἃ is ἃ itself 
(cf. Prob. 6). Also, as can be readily verified (cf. Prob. 6), multiplicative commuta- 
tivity holds for a quaternion and its conjugate, the product of which produces a 
real number, defined as follows: 


Df. 4.1.3.1.8 The product of ἃ and @’, called the norm of a, is denoted by N(a}. 


In general, the norm, a real number, of the product of two quaternions equals 
the product of their norms (cf. Prob. 9). 


Th. 4.1.3.1.9 If N(@)~0, then ἃ has a multiplicative inverse ἃ 1 in Ὁ. (Cf. Prob. 10.) 
This theorem prepares for establishing Q as a noncommutative field, viz.: 


Th. 4.1.3.1.10 The set Q of quaternions forms a sfield. (Cf. Prob. 11.) 


Because of the noncommutativity, the automorphism of Q takes a specific form: 
Goa and δε» δ΄, where 4,@’,b,b’'cQ, imply αὖ «» δ' ἃ’ (cf. Prob. 12). Such 
an automorphism is called an anti- (or reciprocal) automorphism. 


In analogy to the absolute values of complex numbers (cf. Df.5.1.3.5), their 
counterpart in Q may be also defined as follows: 


Df.4.1.3.1.11 The absolute value of a quaternion ἃ is denoted by [ἃ], representing 


ἃ) = [ar t+axtt+asjt+ak| = Va? +a2+ 02 + a3 


(Cf. Supplementary Prob. 4.33.) 


Solved Problems 


1. A sfield Κ᾿ has no proper divisor of zero. 
PROOF: 
Suppose that a,be F*, where a#0, b¥0; then, by Df. 4,1.2.3.1, there exists ae F* such that 
ax το ὃ and also ye F* such that x = by, i.e., 
aby = ax = ὃ 


which implies, by the same definition, ab #0, proving that a product of nonzero elements of F* 
cannot be zero, or what is the same, that the vanishing of a product in F’* entails at least one zero 
factor. 
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2. 


A sfield F'* is a ring with unity. 
PROOF: 
Let a,ee F*, ax0, e #0, such that ae=a; then ae? = (ae)e =ae, which implies 65 Ξ 6. 


Furthermore, for any element ὃ of F*, (b—beje = 0 and (b—eb)e = 0, which implies be = οὖ -Ξ ὃ, 
proving that e is the unity of fF”. 


Every nonzero element of δ ἢ has a multiplicative inverse. 
PROOF: 


By Df. 4.1.2.3.1, there exists xe F* such that ax =e, where x #0 and a,eeF*. Then, by the same 
definition, 


(cxa—e)x = wxax—ex = xlax)-—ex = we—ex = 0 
which implies xa—e = 0, ie. xa =e, proving that x is the multiplicative inverse α΄ of a. 
Addition in Q is both associative and commutative. 
PROOF: 
If a,6,@¢Q, then 

a+ (6 + 6) = (ay + αοἱ  α3] + ask) ag ((b1 a C1) Ἔ (be + C2)t + (ὃς = 63)} + (b4 2 c4)k) 

= (αι + δι t+ C1) ἘἘ (a2 + be+ C2)t ΞΕ (as + bs + €3)) ΞΕ (a4 + ba + ΘΚ 

το. ((αι + δὴ + (a2 + bit (ας + 83)} + (ας + δ4)Κ) + (crtesitesitoak) = (ἃ -Ὁ δ) ἘΦ 
and @+ δ = (αι, Ἐ δὴ + (ας Ἡ δε)ὶ + (α5 -Ὁ δ53)} + (ας + dak 

= (δι ἘΝ 1) afr (δ. Ἔ ας) Ἔ (b3 Ἔ α3)} at (bs Ἔ α4)}ς ΞΞ b ae 


Multiplication in Q is associative, but not commutative. 


PROOF: 
If 4,b,é ε Q, then 
(δ) = (αι + det + a3) Ds ask) ((b1e1 — bete — bse3 — b4c4) + (bic2 + beer + bses — bacs)i 
τ (dies — bees + bse1 + bs€2)) Ἔ (bie4 + bees — bse2 + b4e1)k) 
= (ai(bic1 — bec2 — bse3 — bs€4) = de(b1C2 + bee: + bse4 — b4€3) 
= as(bies — bee, + bse1 + b1€2) = as(bie4 + bees — bse2 + b4¢1)) 
Ἔ (ατ(ὃ 6. + beer + bse4 — b4€s) Ἔ αεᾷ(διοι — θ26. — bse3 — bcs) 
a a3(bic4 + bees — ὃ36. + b4¢1) ΞΞ as(bics — bees + bse1 + bace))i 
Ἔ (ai(bies — bees + baci + b4€2) πὰ de(bie4 4- b2e3 — bsee + baci) 
at a3(b1¢1 — bece — b3e3 — baca) <a aa(bice + bee: + bse. — bacs))9 
a (a1(bie4 + bees -- b3¢2 + bae1) ἘΣ ae(bies — bees + δ86ι + b4c2) 
— ds(bice 7 bees + b3c4 =a bcs) + aa(bics το δ.0.5 —= b3e3 = baca))k 
= ((aib1 = debe rea asbs ὩΣ dab.) + (aib2 + dob + asb.s = adabs)2 + (aibs = deb, ἮΝ ααδι a adabe)7 
-+ (dibs + G2b3 — α5ὃ2 + aabi)k)(e1 + δεῖ + 647 + Cak) 
= (ab)é 
but ba = (bias — bode — δ — baa) ἘΣ (δια: + bea + bsa4 — baas)t 


Ἔ (bids -- boas + b3ai + δ4α:)} + (bia4 + beas — bsae + baai)k 


= (αι: — debe — asb3 — asb4) ote (a1b + αοὖ — asb + asb)1 
+ (αὖ + a2b + asb—aisb)7 + (a16 — αοὖ + asb + aab)k 


Qt 
ol 


pA 


Note. The noncommutativity is actually an immediate result from 17 τ 71, jk Aki, ἰοὺ 95 ik. 
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6. Prove (i) @ =2a,—4, (ii) (@’) =4, (iii) aa’ = ἅ ἃ. 
PROOF: 
(i) Since ἃ = ait+aittasj+ask and a’ = a1— aei—asj — ask, 
2αι -- ἃ = 2a: — (αι — αὶ — α5Ξ} — ak) = a1 + aot + as7 + ask = ἃ 
(ii) = (@’)’ = (a1 — Goi —asj — ask)’ = αἱ — (—a2)i — (—as)j — (—as)k = ἃ 


(iii) aa’ 


(αι + Get + α37 + ask) (a1 — Goi — α5) — ask) 
-- (αται + αςα + A343 + G44) Ἔ (ατ(--- α:) + αφαι + a3(— da) τ α«(--α5))1 
+ (a1(—@s) -- ἀε(-4)  ἀ5αι + as(—a2))7 + (@1(—G4) — a2(—as) + αἈ(--αἰ) + aadi)k 
= αἱ τ αἕ - α + aj 
Likewise @’@ = a?+ α -ἰ az + ai. 


Hence ad’ = @a. 


va = (δ. — bet — 83} — bak) (a1 — avi — α5] — ask) 
= (6141 — (—b2)(—as2) — (—b3)(—as) — (—b4)(—a)) 
+ (δι(--α) + (—b2)a1 + (—b3)(—as) — (—b4)(—as))i 
a (δ:(--α3) = (—b2)(—ax) + (—bs)a1 + (—b4)(—ae))j 
(b1(—aa) ἮΝ (—b2)(—a@s) —_ (—bs)(—aze) + (—ba)ar)k 
= (διὰ; — bea2 — b3a3 — bsas) — (b1a3 + boas — bsa4 + δ4ας)1 
— (bias + boas Ἔ bsa1 — badte)j eae (δια. — boas + bsaz Ἔ baai)k 
= (aid; — deb. — asb3 — α4Ὁ4) ΝΗ (—(a1bs + debi + asbs — aabs))i 
=e (—(a1b3 — debs + a3b4 + a4b2))J a (—(aib4 + debs — asbe + aabi})k 
= (ab)’ 
8. N(ab) = N(d) N(b). 
PROOF: 
Applying Df. 4.1.3.1.8 twice, Prob. 5, Prob. 7, and Df. 4.1.3.1.5 successively, 
N(ab) = (ab)(ab)’ = abb’a’ = aN(b)a’ = aa’N(b) = N(a)N(b) 
9. aGb=0 implies d@=0 or ὃ =0. 
PROOF: 
Multiplying both sides of the given equation ab’, 
ab(ab)’ = O0(ab)’ = 9 
while, by Prob. 8, @b(@b)’ = N(a@b) = N(d)N(b). Hence 
N(a) N(b) = ὁ 


which implies N(é)=0 or N(b) = 0, since both N(a) and N(b) are real numbers. But if N(a) = 0, 
then αἵ Ἤ α Ῥ αἰ αὐ = 0, which implies a: = ας =a; =a,—=0, yielding ἃ = 0. 


Likewise 5=0 if N(&é)#0 and N(b) = 0, completing the proof. 


10. Prove Th. 4.1.3.1.9. 
PROOF: 


Since the multiplicative identity in Q is 1, ie. 1+i+9+k or (1,1,1,1), and, by Df. 4.1.3.1.8 and 
Prob. 6, (iii), N(@) = aa’ = ἃ' ἅ, it follows that ἃ #0 implies 


a(a’/N(a)) = ἃ (a/N(a@)) = N(@/N(@) = 1 
Hence a@~' = @’'/N(a&), completing the proof. 
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11. Prove Th. 4.1.8.1.10. 
PROOF: 
Q is a ring, since it satisfies R1-8 as follows: 
Q1 Ξ ΕΙ, by Df. 4.1.3.1.5. 
Q2 = R2, by Prob. 4. 
43 = R3, since 0+07+07+0k = (0,0,0,0) = 0. 
Q4 = R4, since ἃ τ (--ἂ) = (a-)+(—a,) = (α- -- ατ = 0 = (--α) 4+ ἃ. 
Q5 = R5, by Prob. 4. 
Q6 = R6,_ by Df. 4.1.3.1.5. 
Q7 = R7, by Prob. 5. 
Q8=R8, since d(b+@) = (αι aritasj + ask)((b1 + δ) + (be + e2)i + (b3 + €3)9 + (δα + €4)k) 
Ξε (ai(b1 ΞΕ C1) = do(be ae C2) on as(bs ar C3) —_ aa(b4 ἘΠ 64)} 
ae (ai(b2 ἮΝ C2) Ἔ αε(δι ἮΝ C1) Ἔ as(b4 Ἔ 64) ae aas(bs Ἔ C3))t 
Ἔ (α.(ὃς Ἔ 63) —_ (a2(b4 Ἔ 64) ate as(bi oF C1) ag aa(be + C2))7 
+ (ai(bs + 4) + Ge(bs + 65) — (α5(θ: + 62) + ἀ«(δι + €1))Kk 
= ((a:bi — azbs— asbs — aabs) + (aib2 + Gob: + ἀκ. — asbs)t 
+ (aibs — debs + asb1 + @3b2)7 + (aida + a2b3 — asbe + asbi)k) 
+ ((@101 — G22 — 505 ~~ Gala) + (αι. + Ase1 + AsC4 — (403}1 
᾿ + (ατο8 — ἀ264 + α6ι + ἀ402}} + (A104 + A2€3 — AsC2 + ἀ46ι) Ὁ) 
= ab+4a4é 
and likewise (ὦ + b)é = aé + be. 
Furthermore, by Prob. 10, Q satisfies F9-10 although it fails to yield ΕἼ1 (cf. Prob. 5 above). 
Hence Q is a noncommutative field, 1.6. sfield, completing the proof. 


12. Set up a 1-1 correspondence between the set Q of quaternions and the set Q’ of their 


conjugates. 
Solution: 


Since d,bceQ and 4@’,b’eQ imply a correspondence 


ἃ «» a and bo δ', 
it follows from Df. 4.1.3.1.5,7 and Prob. 5,7 that 
a+b @4+0' and ἅν ὃ «Ὁ» bea (4 α’ Ὁ" 


Since obviously Q’ Cc Q, the isomorphism between Q and Q’ is an automorphism (which, more 
specifically, embodies an antiautomorphism through the multiplicative noncommutativity exemplified 
as above). 


4.13.2 MATRICES 


Df. 4.1.3.2.1 Vectors (or hypercomplex numbers) over a ring Ff, denoted by α,β,..., are 
the n-tuples (or n-uples) of elements ai,bi,..., 7=1,2,...,n, of Καὶ, viz., 


a = (αι, flo, .. An) - (ai), B = (δι, bo, ΠΣ Dn) = (bi), 
where a= β iff ai= δὲ, and for every rc hk, 
Ya = (7Q1,702,...,7Qn) = (rai), called scalar multiplication, and 
at B = (art bi, d2+be, ..., αἡ- θη) = (ai+bi), called vector addition. 
Each of a; is called a component of a, and since 7 is explicitly finite in this con- 
text, the n-tuples are called finite vectors of order n. A set of such vectors is called 
a vector (or linear) space over R, denoted by ΚΑ), or more explicitly V»(R), which is 


then called an n-dimensional vector (or linear) space (cf. Df.4.1.3.2.7 below) if it 
satisfies the following theorem. 
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Th. 4.1.3.2.2 A vector (or linear) space over a field F, denoted by V(F') or more simply V, 
is a module, i.e. an additive Abelian group, viz., 
V1-5 = R1-5, 


with the following additional properties: 


V6. Forevery acF and «εν, aac. 

Vi. Forevery a,beF and a@eV, (i) aat+f) = aat ag, (it) (a+bd)a = dat ba. 
V8. Forevery a,beF and aeV, (i) (ab)ja=a(ba), (ii) la=a. (Cf. Prob. 1.) 
Example: 


F(F), 1.6, a field F' over itself, obviously satisfies V1-8 and is certainly a vector space; so is R(R), 
i.e. the set R of real numbers over the set R of rational numbers, as can be readily verified (cf. Prob. 3). 


Also, Q, the set of quaternions, is obviously a vector space over the field R of 
real numbers, in which sense it may be represented by Q(R); its elements, quaternions, 
are then regarded as vectors (or hypercomplex numbers) of order 4, or 4-dimensional 
vectors. Real and complex numbers (cf. Df.5.1.2.10 and Df.5.1.3.1), then, may be 
considered 1-dimensional and 2-dimensional hypercomplex numbers (1.6. vectors) re- 
spectively, evidently satisfying Df. 4.1.3.2.1. 


As in other algebras (of groups, rings, etc.), a subspace of a vector space V is a 
complex of V, which is itself a vector space, satisfying Df. 4.1.3.2.1; it is articulated 
by the following theorem. 


Th. 4.1.3.2.3 A complex U of a vector space V is a subspace of V iff αα Ἑ ὃβ ε 1] for 
every a,beF and aeU. (Cf. Prob. δ.) | 
Example: 


V.(F) in itself is a subspace of V,(F); so is the zero subspace, the sole element of which is the 
zero vector, o = (O1,O2,...,On). As is obvious in this example, the meet UNW of any two sub- 
spaces U and W of a vector space V is again a subspace of V (cf. Prob. 8); so is their linear sum, 
defined by {a+} for any ae U, Be W (cf. Prob. 8). 


Df.4.1.3.2.4 <A linear combination in V,(F) is a sum 
a = Cait Coa2t+...+Croxr = δ Cini, i=1,2,...,k, where 1=k=n 


for every cieF and aeV.(F). The vectors a; are called linearly independent over F 
iff «= Ὁ implies c.=0 for every cie F; otherwise, they are called linearly dependent 
(cf. Df.5.3.1.11). 
Example: 

αι = (1,0,0), a2 = (0,1,0), ἃς = (0,0,1) in V3(R) are linearly independent, since e1(1,0,0) + ¢2(0,1,0) + 
c3(0,0,1) τέ (0,0,0) for any nonzero ¢1,¢2,¢: eR, while 8: = (2,1,1), B2=(1,—-1,1), Bs = (5,4,2), say, are 
linearly dependent, since 3(2,1,1) — (1,—1,1) — (5,4,2) = (0,0,0). 


Th. 4.1.3.2.5 The set S of all linear combinations of any set of vectors a; in a vector 
space V,(f’) is a subspace of V,(F') and is called the subspace spanned (or generated) 
by ai. (Cf. Prob. 7.) 
Example: 


The subspace spanned by a single nonzero vector a, is the set Si of all scalar products ¢a:, 
which may be geometrically represented by the straight line through the origin; the subspace spanned 
by two non-collinear vectors a: and az is the plane through αἱ, α5, and the origin. 


Th. 4.1.3.2.6 The vectors ai,ax,...,0xeVn(F), 1=k=n, are linearly dependent iff some 
ai, 1=1,2,...,k, is in the subspace S spanned by the remaining vectors. (Cf. Prob. 9.) 


Stated otherwise: any set of n vectors in Vn(F), n>™m, is linearly dependent; 
hence the following definition. 
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Df. 4.1.3.2.7. The set of vectors εν 1=i=n, is a basis of the subspace S of V,(F’) if it 
forms a linearly independent set which spans S, and the dimension of S is the num- 
ber of elements in a basis of S. 
Example: 
εἰ = (1,0,0,...,0), « = (0,1,0,...,0), ..., «, = (0,0,0,...,1) form a basis of V.(F), the dimension of 
which is n, while (1,0) and (0,1), say, form a basis of a subspace V2(F) of V,(F); the zero subspace is 
considered to have no basis, since the zero vector alone is a linearly dependent set. In general, any 
two bases of a finite dimensional vector space have the same number of elements (cf. Prob. 10). 
The concept of the n-tuples ordered in one way in V is now expanded to those 
ordered in two ways, viZz.: 


Df. 4.1.3.2.8 A rectangular array of elements (or entries, or coordinates) of a field F, 
having m rows and n columns, is called an m by n matrix A over F, denoted either 
compactly by A=(aij), i=1,2,...,m, 7=1,2,...,n, or more explicitly, 


11 12 Qin 
21 32 Pe 2. 

A = ; (1) 
Qm1 Am2 Amn 


where aie F', which designates the element in the i-th row and the j-th column and 
is sometimes called (2,7)-th element of M. 


A as such may represent m vectors aut,a2,...,am Of V,(F), 1.6. the elements 
ii, Qiz,...,Q@in Of the 7-th row of A corresponding to the components di, Qiz,..., Qin 
of a; Or more directly, a single row 

[αι Gig... in| (2) 
is itself a 1 by nm matrix, and a single column 


αι; 
6.9) 


β) 
Om 


is an m by 1 matrix, called a row matrix (or row vector) and a column matrix (or 
column vector) respectively and sometimes referred to simply as vectors. 


Note. The brackets in (1), (2),(3) may be replaced by parentheses or double 
straight lines on each side of the array. 


Df. 4.1.3.2.9 Two m by n matrices A=(aj) and B=(bij), 1=1,2,...,m,7=1,2,...,n, are 
equal iff aij = bi). 


If m=1, the case is reduced to two row matrices, or vectors of order n, where 
(@1;) = (ὃ), 7=1,2,...,”, iff αὐΞε δι; (ef. Df.4.1.8.2.1); likewise, (ai1) = (bi) implies 
ii = bu, 1=1,2,...,m, and conversely, if n=1, 1.6. A and B are column matrices, or 
vectors of order m. 


Df. 4.1.3.2.10 The vector addition and the scalar multiplication of Df.4.1.3.2.1 hold for 
matrices; viz., given two m by n matrices a= (aij), B= (by), and any element δὲ Κ᾽, it is 
defined that 


Ca = c(aj) = (cay), called scalar multiplication, and 
at+tB = (aj) + (ὃ) = (ait by), called vector addition. 
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Example: 
If c= 2, and if A and B are 2 by 3 matrices, say, 


4 ἀ- 13. eat) B eae 7. 
4-3 1 3 2-1 


then cA = 2A = : 4 ΕἾ and A+B -᾿ bee 2-2 “ἼΤ᾽ E 0 6 
8-6 2 4+3 -8 2 1-1] — {7 -1 0 
Hence the following theorem, which is an immediate result from Df. 4.1.3.2.10, 
articulating the relation between matrices and vectors: 


Th. 4.1.3.2.11 The set M of all m by n matrices over F is a vector space over F' under 
addition and scalar multiplication. (Cf. Prob. 12.) 


This theorem is in fact intuitively evident from the considerations of row and 
column matrices in Df. 4.1.3.2.8. 


Also, as can be easily verified (cf. Prob. 11), addition is both associative and 
commutative in M, while multiplication, defined as follows, is not. 


Df. 4.1.3.2.12 If a matrix B has the same number of rows as a matrix A has columns, 
then B is said to be conformable with respect to A (and in general not conversely), 
yielding their (matric) product AB (and in general not BA), defined by the following 
row by column multiplication, called matrix multiplication: 


AB = (aij)(0ij) τ ( Σ Qik bis), t= 1,2,. ~ +) Ἴ Ξ- 1 2;: Τα 
k 


where the summation aixbx;, k going from 1 to q, is feasible as A is a p by ῳ matrix 
and 6 is a q by r matrix, 1.6. B is conformable with respect to A. 


It follows at once that A is not conformable with respect to B in this context, 
that is, unless it happens that p = r; even then, it seldom if ever follows that AB = BA, 
Since it does not always follow that Ν᾽ aix a δ dix dij even if p=q=r (ef. 

k k 


Df. 4.1.3.2.13). Commutativity, then, does not belong to matrix multiphcation, al- 
though associativity does if conformability is assured (cf. Prob. 17). 


Example: 
If A = (αι) is a 3 by 2 matrix, B= (bi;) a 2 by 2 matrix, then 
Qit G12 bi Ὁ ααιδιι + Aizbe1 ii Bie + aie bee 
A = 21 δ}, B= ie Ἢ and AB = 21611 + A2e boy 21 big + Q22 boo 
31 G32 = 31611 + ds2b21 31012 + (35 bee 


while, because of conformability, BA cannot even exist in this case. Since AB is here a 3 by 2 
matrix, however, multiplication can be further carried out likewise, yielding (AB)C, if C is a 2 by n 
matrix, for any natural number n; the product ABC is then a 3 by n matrix (cf. Prob. 171). 


If A is ἃ 1 by m matrix and B an n by 1 matrix, their product AB is ἃ 1 by 1 
matrix, viz., 


δι: 
bet 


AB = [ατι αι... in| . at [ai bit + Aigbar ἜΘ... + Ain bni| 
Bn1 


which is called the inner (or scalar or dot) product of A and B as vectors; as such, 
it may be written more simply as AB=(aib;) for A=(a;) and B= (bi), t=1,2,...,n. 
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Df. 4.1.3.2.13 A matrix is said to be square if it is n by ἢ, having the same number of 
rows and columns. 


Df. 4.1.3.2.14 The transpose of an m by n matrix A= (aij), denoted by A’, is the n by m 
matrix B=(biy), where by=aj, 1=1,2,...,m, J=1,2,...,n. 
Example: 


If A is a 2 by 3 matrix, then 


Qi1 21 
A = (ais) = es ae "ἢ and At = (aji) Ξ- δ Q22 


21 (2 23 Gis das 


Th. 4.1.3.2.15 If two matrices A and B are conformable with respect to each other, then 
(AB)? = BTA™. (Cf. Prob. 22.) 


Df. 4.1.3.2.16 The elements ai of an m by n matrix A are called (principal) diagonal 
elements, and if αὐ Ξε for ἐν}, then A is called a diagonal matrix. 


The diagonal elements as such may be defined as the elements which do not 
change their relative positions under transposition; e.g. d1:1 and @22 in the example 
of Df. 4.1.3.2.138 are unchanged by transposition. 


Df. 4.1.3.2.17 A matrix A =(ai) is called a diagonal matrix if its elements off the diagonal 
are all zero, 1.6. aj=0 for τε 7; it is called a square matrix of order n if it is an 
n by n matrix, having the same number of rows and columns, and a scalar matrix 
if it is square and furthermore ai=c,ceF. In particular, if ἀμ ΞΞ 1, A is an identity 
matrix, denoted by [1], and if ai =0, it is then obviously a zero matrix, denoted by [0], 
every element of which is zero. 


Zero matrices are not limited to square matrices, since any m by n matrix may 
have all zero elements; moreover, the set M of all m by n matrices contains zero- 
divisors, since the product of two non-zero matrices may be a zero matrix, e.g., 


A= [8 5] a J ΕΠ 
δο. 575 8 5. * 0 but ΑΒ G 0 


Hence cancellation cannot be carried out in M. 


Df. 4.1.3.2.17a The determinant |A| of a square matrix A = (ai) of order 7 is a polynomial 
in ai; of the form 
αιι ie Qin 
αοι G22 ... Gen = 
ΙΑ! = — 2 “πῆς in (Q5,1 Ομ Aj,n) 
scdtvantaa teas deacons ἊΞ 
Qni An2 Ann 
1 a () = 1 . ae ° 
where § €j,j5---i, πιῆ ; = _ represents n! permutations, 71,J2,...,Jn 
1 2 ees n 
being 1,2,...,2 in some order, yielding p=1 if p is an even permutation and p=—1 
if p is an odd permutation (cf. Df.3.1.1.16). 


Example: 
If A is a matrix of order 2, then 


Mit ig 
@o1 Gee 


= €12@11422 + €21001412 = 1L* aide + (—1) * der Qe = @11de2 — e112 


ΙΑ! = 
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The fundamental properties of determinants, with which the student is already 
familiar through College Algebra, are all deducible from this definition (cf. Prob. 23-29). 


Note. €;,j,...5, = δῖ ἢ ἢ is the generalized Kronecker delta. 


5idQ°-+dy 


Df. 4.1.3.2.18 The cofactor of the element ai; of a square matrix A = (ai) is denoted by 
Ai;, which is stipulated by the following equation 


JA) = > ay Ai 
which is summed either by 7 for fixed 7 or by 7 for fixed i (cf. Prob. 35). 


Example: 
If A is a square matrix of order 3, then 


Git aie (13 
Q2i1 Geo (23 
@31 G32 (33 


ΙΑ] = |ayl = 


€123 11 e233 + ©1392 11 3228 + “218 21 12 38 + €231@21G32013 + €312@31@12023 + €301 031 dee Qis 


11422033 — 11032023 — Ge1Q12033 + 2132013 + 3101223 — 31 O22 013 


11 (22 33 — ae G23) + dat (Gs2 G13 — α15 633) + ast (die Qe2 — Are 13) 


αι 13 
daz 23 


τ dis 
G31 33 


(95 23 
32 O33 


+ Qa + 31 


-- O11 


where the cofactor Az of as, for instance, is (@s2d@13 — G12@33) or what is the same -(αι 35 + a22 G13), 
either of which may be given in a determinant form, as is quite obviously the case. Hence the 
cofactor is more conveniently defined in terms of determinants as follows: 


Df. 4.1.3.2.18a If Ai; denotes the (n—1) by (n—1) submatriz, called a minor, of an n by n 
matrix A = (aj) obtained by deleting the i-th row and the j-th column of A, then 


Ay = (—1)t Ai 
is called the cofactor of αι in A. 


In the example given directly above, then, 


|A| = > it Au, i= 1,2,3, 
i 
= @1Au + ἀξ... + ayAs = (—1)'*tan Au + (--1)2}1 αι 4.2: + (--1)5}1 (κι Ag 
a a a a a a 
-- q,,| 2 %3 - ap, | 22 δ. + as, | 02 8 
(32) 33 d32 33 22 G23 


which of course yields the same result as above. It must be emphasized, however, that the cofactors 
other than Ai, viz. Aiz, Ais, A1;,A2;,As; yield, in this case, five other ways to evaluate [4| (cf. Prob. 35 


note). 


Df. 4.1.3.2.19 The adjoint of a square matrix A = (ai) is also a square matrix, denoted 
by A*, of the form (Ai;)", where Ai; is the cofactor of aj. 
In this matrix, then, each element is itself a determinant (cf. Prob. 37). A* is 


thus found through two steps, first by finding the cofactors (in determinants with + 
signs) of all elements of A to form a matrix with the cofactors as its elements, then 


by transposing the matrix. 


Df. 4.1.3.2.20 A square matrix A is said to be nonsingular if |A| - 0. 


Another definition of nonsingularity, viz. in terms of the inverse of A, is also 
available, anticipating the following theorem. 
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Th. 4.1.3.2.21 If |A] ~0, where A is a matrix of order n, then there uniquely exists a 
square matrix B of the same order such that ΑΒ Ξ ΒΑ -- 1], where B= A*/\A\. 
(Cf. Prob. 39.) 


After this theorem, then, A may be said to be nonsingular if there exists B such 
that AB = BA = [1], 1.6. if there exists Α for A. 


Th. 4.1.3.2.22 The set A of all square matrices of order n forms a noncommutative ring. 
(Cf. Prob. 42.) 


The set A is sometimes called a total matric algebra (over a ring αὶ or a field F’) 
of order n, which is to satisfy Df. 4.1.3.2.1, and as such constitutes a division algebra 
(over R or F) if it satisfies, furthermore, Th. 4.1.3.2.21 in addition to Df. 4.1.3.2.1. 


Solved Problems 


1. Prove Th. 4.1.3.2.2 in terms of Df. 4.1.3.2.1. 
PROOF: 
Let a,beF and a,8,yeValF), ie. a=(ai), B= (δι), γ ΞΞ (σι), 1=1,2,....n; then, by Df. 4.1.3.2.1, 
Vl. «ἘΔ = (a) + (bi) = (ait δὲ & Val(F) 
V2. at(Bt+y) = (a) + (bd) + (e)) = (a) + (Bite) = (ait δὲ 4+ δὴ 
= (ait+b)t+e) = (ato) t+y = (at+p)t+y 
V3. ὁ = (O:i)c Va(F), called the zero vector (of order 7). 
νά. a! = (-a)eV.(F), since ata Ξ αὐ ἝἜα = (ai—a) = (Oi) = 0 
V5. atpB = (a)+ (6) = (a+b) = (ita) = Bra 
V6. da = a(ai) = (aai)e ValF) 
V7. (i) alat pf) = alfa) +(b)) = afait δὲ) = (a(ait 0i)) ε ValF) 
(1) (a+ bla = (a+ δ)(αι) = ((at+ δ)αὴ ε ValF) 
vs. (i) (abja = (ab)(ai) = (abai) = (a(bai)) = a(bai) = alba) 
(ii) la = l(a) = (1 "αὖ = (ai) = a. 


2. If aeF and aeV,(F), then (i) 0" =o, (ii) (~a)a = —aha -Ξ a(—a), (iii) do — ο. 


PROOF: 
(i) By V6, 0°a = O(a) = (0+ a) = (Οὐ = o. (Note. 0 in 0a is a scalar, 1.6. Oe F, while o on the 
other side of the equation is a vector, ie. of V»(F), viz. o = (Οἡ = (O1,02,...,On), the zero 


vector, where each of O; is 0; cf. Prob. 1, V3.) 
(ii) By V6, (—a)a = (—a)(ai) = (—aai) = ((—I)aa:) = (—1)(aai) = (—l1)aa = --αα. 
Furthermore, by V6, —aa = (—aa;) = ((—1)*aa;) = (a(—1)ai) = a(—(ai)) = a(—a). 
(iii) As in (i), ao = a(Oi) = (αΟὴ = (Οὐ) = 0, by V6,83. 
Second Proof. Since a= ato for every ae V(F), by V3, it follows from V7, (i) that aa = a(at+o) = 


aa+ac. Hence, adding —aa to both sides of the equation, (-—aa)taa = (—aa)+taat ado, 1.6. 
0 = 0+ Go, Viz. o=ao, by V3, completing the proof. 
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3. Prove that R(R), where fF is the set of rational numbers and R the set of real numbers, 
is a vector space. 
PROOF: 
Let a,beR and a,8,yeR, then obviously a= (a), β τῷ (δὴ, y=(c), Where i=1, and a,8,y 
satisfy V1-5, since V1-5 =F1-5 in this context. Furthermore, since the product of two rational 


numbers is again a rational number and the product of a rational number and a real number is a 
real number, a,b,a,8,y satisfy also V6-8. Hence R(R) is a vector space, of order 1. 


Note. It is similarly proved that F(F) is also a vector space of order 1. 


*4. If L is the set of all functions which are solutions of the linear differential equation 
ν΄ —4y’ τὸν = 0 (1) 
where y is a function of x, then L is a vector space. 


PROOF: 
If a,b¢R (as in Prob. 3) and f(x), fo(x), fa(x) © L, satisfying the equation (1), then, from the 
theorems of the Calculus: 
Vi. fil(x) + fa(x) ε DL, since (fila) + falax))'” — A(fila) + fala)’ + 80 (α) + fo(x)) = (FY (@) —4fi (x) + 
Bfi(x)) + (ζ΄ (ὦ) — 4f, (x) + 8frx(x)) = 0 


V2. ἐι() + (fo(x) + fa(x)) = (fila) + fe(x)) + fa(x), which follows from V1 
V3. OcL, since 0’’—4°07+3°0 = 0 
γέ. (fi(x))*? = —fi(a)e L, 1=1,2,..., since fi(x) + (-fi(x)) = 0 


V5. fi(x) + fo(x) = fo(w) + fi(x), which follows from V1 
V6. afi(x)eL, since (afi(x))” — 4(afi(x))’ + 3(afi(x)) = a(f, (x) — Af (x) + 3fi(x))} = 0 
V7-8 follow immediately from V6. 


Hence L is a vector space over R. 


Note. In actual context, each of fi(x), i=1,2,..., is of the form ae*+ be**, a,be R, since e* 
and e** are linearly independent (cf. Df. 4.1.3.2.4). 


5. Prove Th. 4.1.3.2.3. 


PROOF: 
If U is a subspace of V(F’), then aat+bBe U by V2,6. 
Conversely, if aat+bSeU for every abe F anda,BeU, then at+tfeU, since 1ὰᾳ Ἔ1β =atB, 


and also 0c U, since aat+08 = aaeU. The other properties of V1-8 are consequently satisfied. 
Hence U is a subspace of V(F). 


Note the similarity between this theorem and Th. 4.1.1.7 or, further back, Th. 3.2.1.2. Note, also, 
that aa+ bf embodies linearity at one stroke, combining the effects of V6-8. 


6. Prove, or disprove, that the following sets of real functions defined on 0=x=2 are 
subspaces of the vector space of all such functions: 


(i) i: all functions f such that f(1) = 3 f(2), 
(ii) 2: all functions f such that f(z) = f(~—1) for all z, 


(ili) F's: all polynomials of degree 5. 
PROOF: 
By Th. 4.1.3.2.3, 
(i) F, forms a subspace, since fi,fzeF1 implies ἐι(1) = 3f:1(2) and f2(1) = 3f2(2), which in turn 
implies fseF1 such that fs = fi(1) + μα) = 3f:(2) + 8f2(2) = 3(f1(2) + fo(2)) = 3f3(2). 


Sec. 4.1.8] NONCOMMUTATIVE RINGS — MATRICES 187 


(ii) Likewise, fi,fee Fs implies fseF2 such that fa(x) = fila) Ὁ ε() = file—A)+fele—1) = 
fs(e—1), and Εἷς does form a subspace. 


(iii) F's does not form a subspace, since f1,fee F's, 1.6. 71ΞΞ > ax and f2 = > bia, 1=0,1,...,5, 


does not always imply fse F's such that fs = fitfe = δὶ δοιαὶ, 1=0,1,...,5; eg. if fi = —fe, 
then fs = fitfe = 0, which is definitely not a polynomial of degree 5. (Note. Ἐπ: all 
polynomials of degree less than 5, including 0, however, is a subspace, as can be readily verified.) 


Prove Th. 4.1.8.2.5. 
PROOF: 


By Df. 4.1.8.2.4, the elements of S are of the form > aiai, = biai, etc., where 1=—1,2,...,k for 
1=k=n. Hence, for any 7,8,t¢F, : 


(> aia) ΝΗ s( b: ai) — & raiai > sbiai -- > (γαι t+ sbi)ai = Dd tiaie 5 


where t; = raitsb;,, i=1,2,...,k. Hence, by Df. 4.1.3.2.4, S is a subspace of V,(F’). (Cf. Prob. 5 note.) 


The meet of any two subspaces, say U and W, of a vector space V is again a subspace 
of V; so is their linear sum, defined by {a+}, for any aceU and BeW. 
PROOF: 


(i) Since the meet M = UNW contains all vectors which belong to both U and W, a,8eM implies 
that a+ BeM, aacM, bBeM; in short, aat+bBeM. Hence, by Df. 4.1.3.2.4, M is a subspace 
of V. 


(ii) The linear sum, by definition itself, at once satisfies Df. 4.1.3.2.4, proving itself to be a subspace 
of V. 


Prove Th. 4.1.3.2.6. 
PROOF: 
If ai,a2,...,ax. are linearly dependent, then, by Df. 4.1.3.2.3, 


α = Gia: + dzaz + --- + ἀκα = O (1) 
where at least one of ai, 1=1,2,...,k, is not zero. Hence, for any aix0, (1) is changed to 
Qiaiw = —(diar + ἀξ ας + --- + Gi-1ai-1 + Gitiqit+i + +++ + Ge ax) 
1.6., a = διαι ἐ baz + --- + Bi-1ai-1 + Bisiai+1 Ἔ--: + Onan 
where 6; = —aj'a;, for fixed i and 7 = 1,2,...,i-1,74+1,...,n. 


Conversely, if ai is spanned by other vectors than itself, i.e., 


αι = Cras + Coae + -+: + Ci-1ai-1 + Citi aiti1 τ τ’ + Char 
then Crar + Coaz + +++ + e:-1ai-1  {(--1)αὶ + Cistai+i1 ἘΠ᾿." + car = 0 
proving that the vectors αἱ, i=1,2,...,k, are linearly dependent, which completes the proof. 


10. The basis of a finite-dimensional vector space is an invariant. 


PROOF: 


Let the finite-dimensional vector space be V.(F’), and assume that V.(F’) has two bases of m and n, 
say a = (a1,a2,...,@m), B = (B1,B2,..., Bn), and afeV.,(F). Then m=n, since a spans V,(F), 
and £, consisting of base vectors, is linearly independent. Likewise Ἢ =m, since β also spans V,(F), 
and a is linearly independent. Hence m= n, completing the proof. 
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11. Addition is associative and commutative among matrices of the same order. 


12. 


13. 


14 


PROOF: 
Let A,B,C be of the same size, say mn, ie. A= (aij), B= (by), C=(ey), where i=1,2,...,m, 
j3=1,2,...,n; then, by Df. 4.1.3.2.10, 


A+ (B+C) = (aij) + ((diu) + (ey)) = (ay) + (δῳ Fey) = (aig t by + 4) 
= ((aij + δι) + Ci;) = (αι; + bi;) + (ει) — ( = B) + C 
and A+B = (aij) + (by) = (aytby) = (by tay) = (by) + (ay) = B+ A 


completing the proof. 


Note that the proof has been carried out, as in Prob. 1 above, on the strength of the additive 
associativity and commutativity of ai, bi,c;, which are any three elements of a field ΕἾ, where 
additive associativity (F2) and commutativity (F5) evidently hold. 


a 


Prove Th. 4.1.3.2.11. 
PROOF: 

Let a,beF and A,B,CeM, ie. A=(ay), B= (δι), C= (ci), where 4=1,2,....m, 7=1,2,...,n; 
then V1 and V6 are already given by Df. 4.1.3.2.1 itself, and alsoV2 and V5 by Prob. 11. Further- 
more: | 


V3. Additive identity is the m by n zero matrix, O, viz. 


00... 0 

00... 0 
O = (Oy) = 

00... 0 


v4. Additive inverse —A = (—ai;) for every AeM, since A+ (—A) = (-A)+A=0O. 
V7. a(At+B) = a((ay) + (δ.)) = aaj) + a(bi3) = aA + aB 
(a+ b)A = (a+ b)(ay) = α(ας) + δία) = aA+bA 
v8. (ab)A = (ab)(ay) = (abaiy) = (a(baiyj)) = alb(aiz)) = a(bA) 
14 = 1(α.) = (Lea) = (ay) = A. 
Hence M, satisfying all of V1-8, is a vector space over F. 


Given A = ᾿ ἢ and B = it 1 verify AB “ΒΑ. 


0-1 1 01’ 
PROOF: 
By Df. 4,1.3.2.12, - 
AB = [1 Ojfo4] _ [1°0+ 0-1 1°1+0°0] _ aa 
0 —1 || 1 0 0:0 --1.1 O-1—1°0 —1 0 
d BA = |9θ1}1 Of _ J[Oe14+1°0 0᾽00-π 1. [0 -Ἱ 
me Ε AE Ξῇ 1.1 050 1:0 -- ΟΥἿ 1 0 


Hence, by Df. 4.1.3.2.9, AB ¥ BA. 


Note. This example alone is already enough to establish the non-commutativity in M, since a 
single counterexample is sufficient to disprove a theorem. 


1.51 10 -4 -1 
Givn Α -ξφ (842. and Β --ἰ -Ἰ1 5 0], verify AB=BA. 
132 9-5 1 
PROOF: 
3 1 0 
As in Prob. 11 above, by Df. 4.1.3.2.11, AB = 4 -2 -1| = BA. 
-δ 1 1 


Note. Commutativity, therefore, holds sometimes in M; it may even hold on all occasions with 
respect to some matrices (cf. Prob. 38 below), although it cannot be said about all matrices, as was 
proved by Prob. 13. 
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Given a Ε a prove that there exists no matrix X such that AX =H, 


where EL = E | = [1]. 


0 1 
PROOF: 
Assume that there exists X, ie. X = ἔ Η , such that 
6 
AX = i 1: | _ fa(et+e) a _ [10] = καὶ 
δ bij 6 ἢ b(e +e) α(ἀ τ ἢ 01 

Then, by Df. 4.1.3.2.9, it must follow that = 

(i) a(ete) = 1 (iii) b(e +e) = 0 

(ii) a(d+f) = 0 (iv) b(@+f) Ξ 1 


hold simultaneously. This leads to a contradiction, since (i) implies a0, which implies, by (ii), 
d+f = 0, which in turn implies b(d +f) = 0, contradictory to (iv). Hence there exists no X such 
that AX = E. 


Note. As will be seen below (cf. Prob. 38-39), the non-existence of such a matrix X is simply due 
to the singularity (cf. Df. 4.1.3.2.20) of A, whose determinant is obviously 0 (cf. Prob. 25). 


Given A= & | and B= τῷ “ΠῚ prove that they are zero-divisors 


(i.e. nilfactors), viz. AB=0 when A σε and B+0. 
PROOF: 


AR 13 arcd —aced arce — acre = be - 9 
Coa b-ce — bere 0 0 


Note. AB#BA in this context and also BA +0, as can be readily verified. 


Matrix multiplication is associative, if conformability is assured; i.e. A(BC) = (AB)C 
if A,B,C are pby 4, gby r, rby 8 matrices respectively. 
PROOF: 

Let A =(ani), B= (bi), C= (ex), where h=1,2,...,p, 7=1,2,...,¢, 9 =1,2,....7, k=1,2,...,8; then 


A(BC) (ani)((bis)(Cix)) =  (ani)( > bic) = 2 ani (bi ce) = Σ Ὁ an bi; Cix 


= Z(ands)on = (Bands en) = ((and(bs)\cw) = (ABC 


Note. Square matrices are always associative under multiplication, since conformability is always 
assured for them. The conformability alone, however, does not always guarantee associativity, since 
infinite matrices are always conformable to each other, but it is not always the case that A(BC) = 
(AB)C; eg., 


1111 1-1 0 0. 1111 
0111 0 1-1 0 .. 1.1. 
A(BC) = |0011 0 0 1-1 1111 
0001 0 00 1 1111 
1111 0000 
110841 0000 
= [1111 ~ 10000 = (AB)C 
{1.11 0000 


ee ee a i ee ee ὁ 


190 PART 4- ALGEBRA OF RINGS (CHAP. 4.1 


18. If AB = BA, -then (AB)" = ΑΒ" 
PROOF: 
If ~=1, then (AB)'=A'B', since it is the given hypothesis itself. 


If n= 2, then, by the associative law proved in Prob. 15 (which holds here because of the 
conformability assured by the given commutativity), 


(AB)? = (AB)(AB) = (ABA)B = (AAB)B = (A°B)B = ABB) = A2B? 


In general, if (AB)* = ΑΒ", then 
(ΑΒ)»1: = (AB)*(AB) = A®*BYAB = A(B*A)B = A*(Bk-! BA)B = A*(B*-1 AB)B 
= Α"(Β' ΣΒΑΒῚΒ = A*(B*? ABB)B = ... = A*ABKB = At! Brkt} 


Hence, in general, AB = BA implies (AB)" = 458", 


19. Matrix multiplication is distributive under addition, if conformability is assured; i.e. 
A(B+C) = AB+AC if A is a p by q matrix and B and C are q by r matrices; also 
(A+ B)C = AC+BC if A and B are p by gq matrices and C is a q by r matrix. 
PROOF: 
(i) By Df. 4.1.3.2.10,12, A =(ay), B= (bx), C= (cx), where i= 1,2,...,p, 7 = 1,2,.. vp 1 ot, 

implies 

A(B+C) = (aij) ((Ojn) + (Cjx)) = (aij) (Dj + μι) = > Qij (jx + Cjx) = = aij Oj + = απ = AB+ AC 
(ii) Likewise (A+ B)C = AC+ BC. 


Note. Distributive laws hold unconditionally for square matrices, since conformability is always 
assured for them. 


20. If A and B are square matrices of the same order, find (A+B)? and (A+B). 
Solution: 
By Df. 4.1.3.2.12 and Prob. 18, 


(A+B)? = (A+B\(A+B) = (A+B)A+(A+B)B = A2?+BA+AB4 B 
and (A+B)? = (A+B)(A+B) = (42+BA+AB+B)(A+B) 
= A*+ BA?+ ABA + B°A + A?B + BAB + AB? + B? 


Note. The binomial coefficients (or Pascal’s triangle) cannot be introduced here, because AB # BA 
in general. 


21. If A and B are two m by n matrices over F, then (AT)? =A and (aA+bB)? = aA™+bBt 
for every a,beF. 
PROOF: 
(i) (A*)? = ((aij)7)" = (ay)? = (aij) = A, where 1=1,2,...,m, 7=1,2,...,n. 
(ii) (aA + bB)? = (α(αμ) + b(by))? = (aay + bby)” = (aaj + bby) 
(aaj) + (bb;) = α(αρ) + b(bj:) = aay)? + δίδῳ) τῷ aAT+ OBT 


where i and 7 are summed as above. 


22. Prove Th. 4.1.3.2.15. 


PROOF: 
Since A and B are conformable in both directions, let A be an m by ἢ matrix and B an ἢ by m 
matrix, 1.6. A = (aij), B= (bj), where i1=1,2,...,m, 7=1,2,...,n. Then, by Df. 4,1.3.2.12, 14, 


(AB)? = ((ai)(bx))? = (> abu) = (> bi; ἀμ)" = (> δι αὶ = (δυ)ίαμ) = BTAT 
3 2 
where  αμὖμ = 3& bias because of commutativity in F, and algo CS bij ai)" = (> δι; aj), because 
ἢ j j 7 
of the specific conformability assumed at the start, due to which the interchange of i at both ends of 
Ν bi a4 brings forth δ 6a, itself, completing the proof. 
j j 
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23. If A is a square matrix, then |A?| = |A|. 


24. 


25. 


26. 


27. 


PROOF: 
Let A be of order n, ie. A = (aij), 7,7 =1,2,...,m; then A?’ = (ag) and, by Df. 4.1.3.2.17, 


| 
M: 


δὰ 


Ή 
ΟΝ (α; Ο).2 γ᾽ ;,n) = 2 Cj, 5o-+-5n (1), Cojo τ" Onin) 
ju 


nh 
= > εἰ ὦ Και Giga +? Gn) = ΙΑ! 


since the summation by j has exactly the same effect as the summation by 1, both going from 1 to n, 
and the interchange of i and j does not affect the transposition, 1.6. €1°2°"''™ = €,j,..-j,, Which is 
quite obvious from the definition of permutation. 


Note. The only difference, a superficial one, is that the first (by i) is summed row-wise and the 
second (by 7) column-wise, which cannot affect the final result as long as A is a square matrix; e.g., 


Git Gai 
αι Q22 


12 
|A”| = = © 11422 + lava = eayae + Bande = ΙΑ! 


Hence a determinant may be summed over either row or column subscripts, yielding the same 
result. 


If B is a matrix obtained by interchanging two rows (or columns) of a square matrix A, 
then [8] = —|[Al|. 


PROOF: 

Let A be a matrix of order n, i.e. A = (ai), 1,2 =1,2,...,n, and interchange two rows, say i-th 
row and i+,th row, where kK=1,2,...,n and r=0,1,...,n-—1; then by hypothesis and 
Df. 4.1.3.2.17, 

ΙΒΙ — S eliig’ tng igs ty (dit Qing +++ Ging ete +: Dipk oo Qinn) 


lI 
΄-- 
| 
μι 
-Ὡ----- 
ΝΣ 
μα 
ὦ 


trie tet pe ty (Qi,1 ina ++ Dink "τ" Qin, , κατ" Qign) ΞΞΞ (—1) [A] = —|A| 


If two rows (or columns) of a square matrix A are identical, then |A| = 0. 
PROOF: 

If B is a matrix obtained by interchanging two identical rows (or columns) of A, then B=A, 
which implies |B| = |A|, since the interchange of the identical rows (or columns) yields the same 
matrix A. On the other hand it follows, by Prob. 24 above, that the interchange of two rows (or 
columns) yields, ipso facto, 

ΙΒ = -IAl 


where |B] =|A! in this context. Hence {|A|=— JA], ie. 2|A|=0, which implies |A| = 0, com- 
pleting the proof. 


If B is a matrix obtained by multiplying every element of one row (or column) of a 
square matrix A by a constant ὁ, then [8] = ΕΑ. 
PROOF: 

Let the i-th row be multiplied by c; then, by hypothesis, 


nt a 
|B) = = enfant (Bir Bing +: δικκ “τ. Din) Ξ = efi tee fn (αν Giga «++ COigk «++ Ginn) 
ὁ ΞΞ 


Lad 
i 


ἘΦ Ss eiigs sip: iy e(ai,1 Cia Cees) 
— c(S εἶτ᾽ ote tty (ijt Qin? oie Qik e's inn)) = clA| 
If A is a square matrix of order n, then |cA| = e"|Al. 


PROOF: 
By Prob. 26 (or directly by Df. 4.1.3.2.17), 


[64] = |e(aij)| =  |(eai)| 


nr n 
D εἶτ΄ tn (σας Chigan +++ σαι.) = > etter e%(Gir ign + Gin) = CIA 
i=l i=1 
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28. If B is a matrix obtained by adding to each element of a row (or column) of a square 
matrix A a constant multiple of the corresponding element of another row (or column), 
then |B; = |Al. 

PROOF: 
By hypothesis and by Prob. 25, 


n 
|B| = DS citia: stp stg vty (bi1 Bing «+> bir ++ Digs τ’ bi,n) 
᾿ : 
= > ettig: ripe age - et, (ai Dina 5" (Qi,r + CQi,s) εν igs tte Qin) 


n 
= Rta ade τῇ ἐν ad 
= > εἶι ἃ ty 8 n (dit Big2 50 Gipr 0 Aigs τ" inn) 


n 
+ > e'1'2° τοῦδ᾽ cigs et, (ait Gina 5: COi,s 5’ Gigs + °° Qin) 


= |A| + 5 = |A| 
Note. F lee |B} = |@ Κατ _ Ja ka ab/ _ ;,laa a ὃ 
oe as Bi e ke+d c ke Ἴ cd τἀ ee a 
= k-O + “ἢ = |Al 
cad 


29. If A,B,C are three square matrices of the same order and are identical except for 
their respective k-th rows (or columns), where the k-th row (or column) of C is the 
matrix sum of the k-th rows (or columns) of A and B, then (|C| = |A| + [Δ]. 
PROOF: 

Let the order of A,B,C be n; then, by hypothesis and Prob. 28, 


IC| = > e‘1‘2° Ss a ΟΝ οι} τ Ciro Ci,n) 
= > εἶτἶδ΄ ste iy (Ci,1 Cig2 τ" (ink ἘΝ δι. κ) πον Ci,n) 
nm n 
= >> eitigs cigs sin (6: Ciga ++ Dig "“" Ci,n) ae > eitigs sige sty (Ci,1 δι " "" Dink ins Cian) 
: i=1 


κι} 
ἘΞ: DS ites teste (Gig Giga +> Digk ++ ign) ΠΝ etnies te tn (δ... Dine +++ διμκ +++ δὲ.) 
ἴΞῚ1 


ἀξ τ 
= |A| + |B 
Note. For example: ata’ b+b' = ab} 4 a’ δ' 
Ὁ d cd c ἃ 
30. If D#0, where 
Mii Arte Qin 
p= Ger (2 eon 
Qni (πῶ nn 
then { vectors ea (a1, 12, ea Qin), a2 — (α::, (152, .« .» Q2n), a eg πη == (Ant, απο, oars > Ann) 
are linearly independent. 


PROOF: 
If D0, then the following ἢ simultaneous linear equations 


ki χι + ακο + +++ + ἄκη ἀκ = ak, ἘΞ; ee) 


are found, by the so-called Cramer’s rule (cf. College Algebra), to have n solutions of the form: 
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(it ἅς ... 9 Atce-1) G1 Aick+1>» «1. Gin 
Qo, Οὐ ... Gake-1) ΟΣ Aak+t) «2. Gan 
Qni1 GQno ... Gntk-1) On Anck+1) ... Gann 
Xk = 
D 
and #1 = ὧς = t, — 0 iff a. = a = --- = G2 = 0. Hence wiait+ πα τ" παν = 0 iff 


li il 


αι ΞΞ M2 = +--+ = Ln 


31. The simultaneous linear equations of the form 


0, which by Df. 4.1.3.2.4 proves ai,a2,...,a@n to be linearly independent. 


it, + Ai2te +... + Antn = Ὁ, aa [eye (1) 
have solutions other than #1=%#2=...=2,=0 iff D=0, where 
Qi1 Qiz2 Qin 
i ἘΞ οι (δὴ Qen 
Ani πα Onn 
PROOF: 
In Prob. 30, a1 = % = --- =a, = 0 iff Ὁ -:0 and αἱ = a2 = +: = an = 0. Hence it follows at 
once that D = 0 if there are solutions other than ὧι = #2 ΞΞ --- = #4, = 0 when a =—a2=:-::=a,=— 0, 


which is exactly the hypothesis given at the start. 
Conversely, if D = 0, then by induction: 


(i) Qu: =0 implies solutions other than 0, since D = ἰατι =0 implies that x: may take non-zero 


value. Likewise the equations 
αιι αι + a2%1 = O 
a1 H%1 + Goe2e% = 0 


have solutions other than 0 if D=0, as can be readily verified. 
(ii) In general, let at least ai*0 (since all au =0, 1=1,2,....» imply outright 
solutions other than 0), which changes the first equation of (1) to 
ατίαι + (αν αι) + ++) + (Ain/Qi)en) = 0 
by which the equations of (1) are changed to 


that there are 


(2) 


(3) 


(4) 


aiX = 0 
Goi X + δου + bogus + +» + Dontn = 0 
GQni X + δ... 2 + Dns X3 i cae! + Din Wa = 0 
where X = a1 + (@12/di1)¥2 +--+ + (ατ αι) πη and 
δι; = ay — ain(as;/an), Of aay a, eae 
Since it was assumed that ai*0, it follows immediately from (2) that X =0, by which (9) is 
changed to 
boo %2 + bes %3 + + bDentn = 0 
bn2 2 + διεὶς toe) + Ban Ln = 0 


i ee «α 
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* 32. 


30. 


which implies that, since αι #0, 
Die αὐ aresin ou = 0 (5) 


which, together with (4), implies by induction that D’=0 entails solutions other than 0 for 
the equations of (4). Hence, by induction, D=0 implies solutions other than 0 for the equations 
of (1), completing the proof. 


If yi(%), yo(@), ...,Yn(H) are solutions of 
An(x)y™ + ακ- τ (αὐ) Ὁ +... - αἀρ(αὴν = 0 (1) 


over an interval, then yi(x), yo(x), ...,Yn(x) are linearly independent iff W(x) + 0, where 
W(x) is the so-called Wronskian, viz., 


yi (x) Y2(x) ae Yn (2) 
νι (x) Ys(%) ... i () 


| eames (x) aes (2) ree" ye (a) 


W(x) = 


PROOF: 

ΠῚ yi(x), y2(x),...,yn(x) are linearly independent, then y = esy:(x) + C2y2(x) + ++» tenYn(x) is 
obviously the general solution of (1). Hence it must be possible to satisfy arbitrary initial conditions, 
which directly imply simultaneous linear equations for ¢1,¢2,...,¢n, the determinant of which is 
W(x0), where W(x) #0, since the equations can be solved for δι, ¢2,..., Cn 


Conversely, if W(x)#0, the functions yi(x), i=1,2,...,n, must be linearly independent: for, 
otherwise, diyi(x) + dey2(x) + --- + dayn(z) = 0 (2) 
for some suitable constants di, 7=1,2,....n, not all of which are zero, implying that (2) can be 
differentiated (ἢ -- 1) times to 

diy) (x) + dayh(x) + --- + dayn(x) = 0 
Se earth Aaa θυ οννξ ἐς er tata ans nase. ἀνὰ τὸ τὶ ain tas ἄγον atl Bee Ξετς (3) 
diy;""? (a) + days"? (x) + --- + day τ Ὁ (x) = 0 
where the d’s must satisfy » homogeneous equations of (2) and (3), which is possible, by Prob. 31, iff 
αι =d,=—.-.=d,=0, contradicting itself. 


The functions yi(w), i=1,2,...,n, are thus linearly independent. 


If A and B are square matrices of the same order, then |AB| = |Aj|B). 
PROOF: 
Let A= (aij), B= (bij), and C= (6) ΞΞ (Σ Qik xj) -- ΑΒ, 1,7, - 1.2,- . «37. then, by Df. 4.1.3.2.17, 


n n kid 
e'1'2°* *'n ( > Disk, δε) > Digks big?) ae ( » Dinky bin) 
1 ΚΙΞῚ ἐν =1 k,=1 


is 


Ic] = 


εὺ. 
" 


Rn 


e‘1%2° . as | > > fabs = (Qik, bi41)(Qigks Dio2) Satie (αι, κι: bi.,n) ) 


i=1 k,=1 ky =1 


M: 


It 


The first summation being over 7’s, it applies only to ai,x,, 7=1,2,...,n, and the order of summation 
may be interchanged, viz. 


ΟΊ = > > oes > ( > era ty (ijk, Οὐ κα °** Οἱ Κα )) bia bx,2 τος Bx n 
k,=1 ky=1 k,=1 i=l 
where D = 35 ceitio::+in (Gijk; Bink, *** Gink,) 15 the determinant of a matrix, the columns κι, Ti ot: 
i=1 
of which are in fact those of A and also, by Prob. 25, D=0 if k,=ks, 7T,8 —1,2,...,n. Hence 


k,=1 k,=1 


1 2 


> or > D = ΣΝ ΙΑ! 
κι ΞΙ k=1 


Sec. 


34. 


35. 
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since the non-zero terms of the total summation are only those for which the set of ki,k2,...,K, is 
some ordering of 1,2,...,n. Hence 
ic| = > cftke- Fn |A| bis Dige “τ. Deyn = [4] > etka: <n Diy Beye “τ bean = IA IB 
k=1 k=1 


Given x?=1 and z?+2+1 = 0 (ie. x is the cubic root of 1), evaluate D’, where 


Le ae: 15 ae 
ἃ od 
ee le 
eg? 1 ax x? 


D = 


Solution: 
By Prob. 33, 


| Ws econ ak es eae | etita'+i1 ΕΣ se: 1 ἈΞ bee 
ig el Ns a aes | Pia eae io a l+e+it+e ge ali ak Ce ae 
e+ateatt+a ilte't+is+e e+1+1+4+ 2’ ele + 1 
l+e+1+2? στ αι τ απ 2'+1l+ae+1 ΤΕ ρα ae 


ἡ 28). ἢ 1 0 0 0 
1 ἢ ἘΠῚ 10 3-8 0 1 -Ἴ 
= (eos Ἧ ὦ a Ξ 2 3-3 8] = 27| 1-1 0 
1-2 1 1 1-3 38 0 “110 


If Ai is the cofactor of ai; of a square matrix A = (αι) of order n, then 
> αι; Aix == ΙΑ] 8 jk and pa αῃ Ar; = ΙΑ] δικ 
1ΞΞ1 j=1 


where 1,7,k = 1,2,...,n, and δὲ; is the Kronecker delta, viz. δὴ = 1 or 0 according as 
1=) or ἦτε 2 respectively. 


ΤᾺ directly from Df. 4.1.3.2.18 and the definition of the Kronecker delta that if 7#k, then 
Σ ajAn = [|ΑΪδκ = 90 
and if 7=k, then 7 
Swdw = Yaydy = |Aldy = [Aled = ΙΑ] 


which is equivalent to 
> ai; Ai = [Α|, a ΞΞ Ly eax 
1.6, Df. 4.1.3.2.18 itself, verifying the validity of the first formula. 


The second formula can be validated likewise, completing the proof. 
Note. For example, A = (ai;), 7,7 = 1,2,3, implies 


Al = Badu = anAn + d@xAq + aA 
= 2 a2Ais = awAw + αν Ά.» + aa2Aa 
ΞΞ Σ aisAis = αμά 13 + G23Ae03 + (3344 45 
= Σ a As; = @nAn + αι + ai13A1s 
= αὐ) ᾷε; = G21A21 + d22A22 + ae3Ao3 
= & a3 As = @3:As1 + a32A32 + a33A33 
= Σ ἀπά = @1Ai13 + @21A23 + α81:14435, etc., 
a = Q2;A3; = @1As: + Ge2Ase + Ge3A33,_ ete. 
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36. If D = |ai|, then D™-'=jAijl, 1,7 = 1,2,...,n. 
PROOF: 
Since D = |ai;| = |aji], by Prob. 25, it follows from Prob. 33 and Prob. 35 that 


Q@i1 Gar... Ani Ait Ai shen Ain 

= Qi2 ea ... Ane Aa A2 pera Aon 

FO Ser Ee ee Soret Weng or rides a 
Gin Gon ... Onan Ant An ae Ann 


11 1ι + @e1Ao1+ Siar + QuAnt G11 Ai2 + G21 A020 + whee + QniAno Siesta 11 Ain + d21 Aan + nes + du Ann 
@12Ai1 + Q22Ae1 + + + απ Α οὶ αι Ay + Gee Ao + Res + AnAne alg fa O12 Ain + GeeAon Ἔ -.. + An2Ann 


SE RE I Ψ EE RR ἘΦ OE OE OOO SLO BINS πὰρ OS ἀρ BE SE Se) 85 Ox L8G OS Wie) corse nla ence: at We BPR ὦ fe Ole ile SVS war OE Le veo) ee BOBS wee 


AinAi Ἔ αν» Α ὁ. Ἔ sities ae απ αι AinArs + Gon Aze a rau ἮΝ Onn Anz eee Qin Ain Ἔ Gon Aon = Pes Ona Ain 


> ain Ai > απ. S aiAin D 0 0 
i=1 i=1 i=1 
— αι > ας , > izAin -- 0» 0 sae Sp 
i=l i=1 i=l = 
> din Au > QinA iz D dinAin 0 0 D 
i=1 i=n i=l 


Hence D|Ai;| = D", i.e. |Aijj = 5 1, 


37. Find the adjoint A* of A = (ἃ)... 7. = 1,2. 3. 


Solution: 
By Df. 4.1.3.2.18-19, 

An Aa Ast (—1)'+1 Ay (—1)?+! 42. (—1)**' Ass 
A* = (Ay)’ = Ar Azz Ase = (—1)!*2 Aw (—1)2+? Ass (—1)3+2 Ass 
Ais Ass Ass (—1)'*? Ais (—1)?t? Ao (—1)?*+? Ags 

G22 Aes = αι 13 αι G13 

Q32 33 32 33 ΟΣ G23 

= __| G21 Ges Git is | G11 Gis 

31 Oss 31 33 αι G23 

M21 δ Git Giz @i1 Giz 

31 (32 a 31 G32 G21 (55 


38. If A* is the adjoint of A, then AA* = A*A = ΙΑ. 


PROOF: 
By Prob. 35, 
AA* = (aij)(Ay)’ = (> Qik A ix) = ({A| δ᾽) = ΙΑ! (δ) 
διι S12 Sin 10. 0 
a ΙΑ] 62:1 See ... San ἣν Ια] 01... 0 = |A| [1] _ ΙΑ] 
fe : ὦ ee eee : " Ἢ ; Pe ene : 


Likewise, A*A = |Al, ie. A*A = AA* = [4]. 
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39. Prove Th. 4.1.3.2.21. 


40 


41. 


42 


PROOF: 

By Prob. 38, AA* = A*A = [A||1|, ie. [1] = A(A*/|Al) = (A*/|A\)A if |A|#0. Hence 
B= A*/\A| such that AB = BA -- [1], ie. B=A™. 

Α΄! is unique; since if there exists C, C# B, such that AC = CA = 111, then C=]1IC=(AtA)C 
ΞΡ ΟΣ =A-*1) =A = SB, 


1 1 1 
Find |A|, A*, and A ', given a square matrix: A = |-l 8 -2 
-4 -6 8 
Solution: 
3 -Ξ- 1 1 1 1 
—-6 3 —6 8 3-2 
= τ —3 -9 —5 
cide. wh ates 12 | ἘΞ me ae ae 
18 2 4 
—1 3 Ἱ. “ἴ 1 1 
--ά —6 --4 —6 —1 3 
—3 -—9 —5 
Hence Ait = A*/|Aj = 1/26°/ 11 7 1 
18 2 4 
If A and B are nonsingular, then 
(i) (AB)* = ΒΑ", (ἢ (AB)! = ΒΑ“! 
PROOF: 
(i) By Prob. 38, AB(AB)* = |AB||i|, which implies, by Prob. 33, 
A*“AB(AB)* = A*!AB||1! 
which in turn implies 
|A|B(AB)* = A*jA||B| 
from which it follows, dividing both sides by |A| #0, 
B(AB)* = A*|B| 
Repeating the process, B(AB)* = A*|B| > B*B(AB)* = B*A*\B\| > |B\(1)(AB)* = B*A*|Bl > 
(ΑΒ) = BtA*. 
(ii) Likewise, (AB)~'AB = |1| > (AB) 'ABB™U = WJB-! > (AB)-'Alj1| = Bot > (AB)"'AAT= 


BA-' > (AB)"!]1| = B-'A™! > (ΑΒ) = Β΄ Α΄". (Or what is the same, AB(AB)™' = [1] 
+ (AB)-! = B-!A-}) 


Note. Both results can be readily generalized to 
Gi “Ar As eA = Ar Aa a Al (ii) (AyAe...An)7! = 4: 4.-!.... AT’ 


if Ai,Ao,...,An are nonsingular. 


Prove Th. 4.1.3.2.22. 
PROOF: 


A satisfies R1-8 as follows: Ri1-5, by Th. 4.1.3.2.11; R6, by Df. 4.1.3.2.12; ΒΤ, by Prob. 17; R8, by 


Prob. 18. Since multiplication is not commutative in A(cf. Df. 4.1.38.2.12), A is thus a noncommutative 
ring. . 


Chapter 4.2 


*Subrings 
“84.2.1 Subrings in General 


Df.4.2.1.1 A ring X is said to be embedded in a ring Y if Y contains a subring X’ 
isomorphic to X. Y is then called an extension (οἵ. Df.5.8.1.5) of X. 


In general, a set S is embedded in a set R if S is a subset of R while the operative 
rules for the elements of S are the same whether these elements are considered in 
S or R. 

Example: 


As in Th. 4.1.2.3.8, the integral domain 1 of all integers can be embedded as a subdomain in a 
field Q, each element of which is a quotient of integers of J; cf. also Th. 4.1.1.10-11. 


Th. 4.2.1.2 Any ring R can be embedded in a ring R’ with unity. (Cf. Prob. 1.) 


Such an embedding theorem as above is to prove the existence of an algebraic 
structure with prescribed properties which contains a substructure isomorphic to a 
given structure, as is exemplified in the following theorems. 


Th. 4.2.1.3 The set M of all multiples of the unity 1 of an integral domain D is a minimal] 
subdomain of D. M is then isomorphic to the set J of all integers if D has charac- 
teristic zero while it is isomorphic to the set I’ of integers modulo p, a prime, if D 
has characteristic p. (Cf. Prob. 2.) 


This theorem may be slightly modified into the following form: 


Th. 4.2.1.4 <A field F; of characteristic zero contains a subfield ΕΓ isomorphic to the field 
FR of rational numbers, and a field F2 of characteristic p, a prime, contains a subfield 
ΕΝ isomorphie to the ring P of integers modulo p. (Cf. Th. 4.1.2.3.8, and Prob. 3 
below.) 
This theorem implies that every field contains a unique subfield which contains 
no proper subfields; i.e. every field contains one, and only one prime field (cf. 
Df.4.1.2.4.2b and Supplementary Prob. 3.25). 


The prime field can be defined to be the meet (or intersection) of all subfields 
of a field Κ᾽, since the intersection of any number of subfields is again a subfield, 
which is no doubt the smallest (cf. Prob. 4 below); the only prime fields of F, are 
then the field R of rational numbers and the field P of integers modulo p. 


Th. 4.2.1.5 For every integral domain D there exists a field @ containing a subdomain 
D’ isomorphic to D (cf. Th. 4.1.2.3.8), which is the set of all quotients of the form: 
a’/b’, where a’,b’eD’ and b’#0. (Cf. Prob. 5.) 


Th. 4.2.1.6 If F is a field which contains a subdomain D” isomorphic to an integral 


domain D, then the set 1 of all quotients of the form: a’’/b’, where a@’’,b’¢D”, 
b” #0, is a subfield isomorphic to Q, obtained by Th. 4.2.1.5. (Cf. Prob. 6.) 
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The results, obtained by Th. 4.2.1.5-6 (and Th. 4.1.1.11), make it now self-evident 
that every integral domain D can be embedded in a field, and actually is contained 
in a quotient field Q which is the smallest field containing D. If D is here equated 
to be the domain 1 of integers, then the field R of rational numbers can be actually 
constructed from the integers simply by defining R to be the quotient field of J 
(cf. §5.1.1, Prob. 1-4). 


Solved Problems 


Prove Th. 4.2.1.2. 


PROOF: 

Let 1 be the ring of integers and R’ be the cartesian product (cf. Df. 2.2.2.3) of I by R, 1.6. 
R’' = IXR = {(a,b)}, where ael, be R, and (αι, δι) = (a2, b2) iff ai = ae and bi=b2, where aicl 
and bie R, 2=1,2,.... 

Define, then, addition and multiplication in RF’: 
R’1: (αι, δι) ae (a2, be) = (αι ΞΕ a2, by + bo) 
R’6: (a1, δι)ία:, δ.) = (aide, arbe + a2bi + δι) 

Other properties in R’ are then found as follows: 
R’2: (a1, δι) ΝΗ ((α», δ.) aly (as, bs)) == (αι Ἐπ (α: Ἔ α3), bi + (be Ἔ bs)) ΞΞΞ ((α: + az) + a3, (bi Ἔ δ.) =F bs) 

ΞΞ ((αι, δ.) or (de, be)) (as, bs) 


R’3: (0,0) 
R’4: —(a1,b1) = (—a1, —b1) 
R’'5: (ai, δι) ale (de, be) = (ai + a2, δι + δ.) ΞΞΞ (a2 + ai, δι + δὴ = (ae, be) sa (a1, δι) 
ΕΊ: (α:, δι)((α:, δ.)(α5, bs)) = (αι, δι)(α:ας, debs + αι. + bobs) 
= (ατ(ας:α3), ai((debs + asb2 + bobs) Ἢ δι(α:α) ΝΗ bi(adabs + a3b2 + b2b3)) 
= ((Aid2)a3, (a102)b3 + (aibe + ab + bibs)as + (aibe + α:ϑι + bib2)bs) 
= (aid2, dib2+ αδι + bibe)(aa, bs) = ((α;, δι)(α:, b2)) (as, bs) 
R’8: (ai, δι)ί((α;, bz) + (a3, bs)) = (αι, b1)(a2 + a3, be + bs) 
-- (a1(a2 + as), ai(be +e bs) 51: bi(de + 3) Ἔ δι(δ. + bs)) 
= (a1d2 + a1@3, (αι: me a1bs) Ἔ (α:ὃ1 ἘΠ a3b1) ss (bib. τ bibs)) 
— (Gide, dib2 + debi + bbe) ot (a1as3, dibs + asb1 + bbs) 
= (a1, δι)ία;, be) + (ai, δι)ία5, bs) 
Likewise, ((a1,01) Ἔ (ae, b2))(as, bs) ΞΞ (αι, δι)(α, bs) Ἔ (α:, δ.)(α, bs). 
R'10: (1, 0) 


Hence Α΄ is a ring with unity. 
Now, let a subset of R’ be Ri, whose elements are of the form (0, 6); then, since 
(0, δι) + (0, b2) = (0, διιἘδ2), (0, δι)(0, b2) = (0,b:1b2), O = (0,0), —(0,b1) = (0, —b:) 
Ri is a subring of R’. 


Furthermore, the substitution δ = (0, δὴ sets up a 1-1 mapping: δὲ 6} 06], which reveals an 
isomorphism of FR into Ri. Hence R is now embedded in R’. 


Note. As is evident in the above context, the set J of integers is also embedded in FR’, since the 
mapping: a; < (ai,0) is an isomorphism of J into a subring R, of R’. 
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Prove Th. 4.2.1.3. 

PROOF: 

(i) Let M be the set of all multiples of the form n-°1, nel, of the multiplicative identity 1 of the 
integral domain ἢ. Then it immediately follows that a- 1, b> le M implies 


α"1 bel (a+ δ) "1 ε M, (α " 1)(ὃ 51) = (αδ)Ρὲὲὃ»"» 1 ε M, 


0.1 = 1eM, —(ae1) = ~-areleM 
Hence M is a subdomain of D. 


Furthermore, since any subdomain D’ of D must contain 1 of D, and since D’ is closed 
under addition, D’ must contain all multiples of 1. Hence M CD’, proving that M is the least 
subdomain of D. 


(ii) Let H be the homomorphic mapping of I onto M, i.e. 
A: H(n)> n-1, nel 


Then, if D has characteristic zero, H is a 1-1 mapping of 1 into M, since αὐ" = δ91, αξξ ὃ, 
implies (a—b)*1 = 0, which in turn implies a—b=0, ie. a= ὃ, since the characteristic of 1 
itself is zero. Hence M is isomorphic to J. 


(ili) If D is of a prime characteristic p, then it is first to be proved that, for every a#0, a*1 = 0 

implies p| a. 

Since p is a prime, (p,a) = 1 or p, ie. by Df. 4.1.2.2.18, 

(p,a) = rp + sa, γ,8ε 1] 

But, if a-1 = 0, then (p,a)*1 = (rp)*1+ (8α)"1 = γί" 1) + s(a*1) = 0, which implies 
(p,a) =p, since 140. Hence ρα. 

It is to be proved, secondly, that the mapping F, viz. 

EF: F({in}) @ nel 

where nel and {n} is a subset of the residue class modulo p, is 1-1, ie. that α"1 = bel iff 
{a} = {b} (mod p). 

If {a}={b} (modp), then a—b = prgq, gel, ie. (a—b)°1 = (pe g)*1 = qe(pel) = 0, 
which implies a°1 = 61. 

Conversely, if α51 = b+1, then (a—b)-1 = 0, and since, by Df. 4.1.2.2.19, a—b = neg 
for some φεῖ, it follows, by Df. 4.1.2.2.20, that a°1 = bel implies {a} = {b} (mod p). 


Furthermore, since {a}+{b} 4» (a*1)+(b*1) and {a}> {b} <> (a*1)+(b+1), the 
mapping F is an isomorphism of M into the residue class I’ modulo p, which verifies that I’ is a 
subdomain of D of characteristic p. 


This completes the proof. 


Prove Th. 4.2.1.4. 
PROOF: 


Since F; is a fortiori an integral domain, the set J of integers is the least subfield of F:, by 
Th. 4.2.1.3 above. Also n-'eF, for every nel, n#Q, since F, is a field. Hence F: contains a subfield 
Εἰ isomorphic to the quotient field Q (cf. Th. 4.1.2.3.7), which in turn is isomorphic to the set R of 
rational numbers (cf. Th. 4.1.2.3.9). 1 being the least subdomain of F,, R is then evidently the least 
subfield of 1}. 


The rest is proved by two isomorphisms: F2<>D and P< I’, D and I’ being defined by 
Th. 4.2.1.3 above. 


The meet of any number of subfields of a field F is again a subfield of F. 
PROOF: 


Let M=NSi, 1=1,2,....n, where any of S; is a subfield of F’; then M contains, by definition, 
all elements which are contained in any of Sj, where all of F1-11 are satisfied, again by definition. 
Hence M contains 0 and 1, and if a,beM, then atb, —a, a*b, a 4teM, satisfying Df. 4.1.2.4.2a. 


M is thus a subfield of Ε΄. 
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5. Prove Th. 4.2.1.4. 
PROOF: 


Since Q has already been proved, by Th. 4.1.2.3.7, to be a field, let D’ be a subset of Q@ whose 
elements are of the form (a,e), where ac/ and e is the unity of D. Then the mapping M: 


Μία) «4» (a, e) 
is an isomorphism (cf. Th. 4.2.1.3, ii) of D’ into D. 


Hence D’ is an integral domain. 


Furthermore, D’CQ implies a’/b’ceQ, where a’,b’e D' and b’#0, and moreover, since any 
element (a,b)¢Q is the solution (a,e)/(b,e) of an equation (b,e)(x,y) =(a,e) in D’, every element of Q 
is a quotient of the form a’/d’. 


6. Prove Th. 4.2.1.6. 
PROOF: 
Since, by hypothesis, D is isomorphic to D’’ CF, let the isomorphism be defined by the mapping MM, 
f D: 
or every ae Μία) © αἱ ε Ὁ" 


Then the mapping M’, defined by 
M’'((a,b)) «Ὁ M(a)/M(b) @ a/b" ε Ε΄" 


for all (a,b) © Q, is also an isomorphism, viz. of F’ into Q, where F” is obviously a subfield of F’. 


*84.2.2 Ideals 


Df. 4.2.2.1 An ideal I in a ring R is an additive subgroup of R with the closure property 
that αεἰ and γε αὶ imply ar,raecl. 


Since ar=ra in a commutative ring, the first definition may be modified as 
follows: 


Df. 4.2.2.la An ideal J in a commutative ring Καὶ is an additive subgroup of RA with the 
closure property that aeI and reR imply αγεῖ (or what is the same, rac/). 
Example: 

The set E of even integers in the ring J of integers is an ideal (cf. Prob. 3); so is the set M of 
all multiples of an integer, say 5, in J, or indeed the ring 1 in I itself, as can be verified without 
difficulty. 

It must be emphasized, however, that these two definitions yield no ideals other 
than those in a (commutative) ring; ideals in an algebraic number field, for instance, 
are defined otherwise. 


Ideals in a ring in general may be defined also in terms of cosets (cf. Df.3.2.2.2), 
Viz. 


Df. 4.2.2.1b An ideal I is a subring of a ring R if rICI and Ircl for every reR. 


If ideals are defined by this definition, then the following definition of ideals 
becomes deducible, viz. 


Th. 4.2.2.2 A complex C of a ring R is an ideal iff (a—b),ar,ra ε C for every a,beC 
and re. (Cf. Prob. 2.) 
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Df. 4.2.2.1b and Th. 4.2.2.2 can be simplified, like Th. 4.2.2.la, if R is defined to 
be commutative. Since a ring is not always commutative under multiplication, how- 
ever, it is possible, though seldom practiced in the following pages, to consider one- 
sided ideals as follows: 


Df. 4.2.2.3. An ideal J is a left-ideal if αεὶ and reR, as in Th.4.2.2.1, imply only rac, 
and a right-ideal if they imply only arel. Ideals in a commutative ring are then 
called, in the same context, two-sided ideals or, as below, simply ideals. 


The concept of one-sided ideals is not superfluous, since it may be employed, for 
instance, to characterize sfields (cf. Supplementary Prob. 4.58). 


As has already been observed, the whole ring R, like J in the first example, is 
always an ideal, just as any group is a subgroup of itself. Of rings as such, the 
whole ring Καὶ and the minimal ring 0 are specially defined as follows: 


Df. 4.2.2.4 The whole set R and the set 0 of the zero element alone of a ring # are called 
the improper (or trivial) ideals, while all other ideals are called proper. Of the two 
trivial ideals R and 0, the latter is sometimes called the zero ideal and any other 
ideal a nonzero ideal. 


These trivial ideals may not be literally trivial, since they may be able to charac- 
terize some important sets, e.g. 


Th. 4.2.2.5 A sfield F* has only the two trivial ideals; so does a field F. (Cf. Prob. 7.) 


More significantly, the ring J of integers also has a special name for its special 
role in the theory of ideals, viz. 


Df. 4.2.2.6 The ring J of integers is called the unit ideal, denoted by (1), if it is to be 
considered an ideal in 1 itself or generally in a commutative ring Rk with unity; i.e. 
I=(1). (Cf. Prob. 8-9.) 


I is obviously an ideal generated by the unity itself, and every element of J is 
thus a multiple of 1. More generally, the set M of all multiples of an integer n, 
denoted by (n), is also an ideal in J (cf. Prob. 4-5); hence the following definition. 


Df. 4.2.3.7 An ideal, each element of which is a multiple of an element a of a commu- 
tative ring RK with unity, is said to be generated by a, called a principal ideal, and 
denoted by (a). 


I is thus a principal ideal, which is further characterized as follows: 


Th. 4.2.2.8 Every ideal in J is principal. (Cf. Prob. 5.) 


This theorem is actually a restatement of the Division Algorithm for integers, 
and the similar algorithm for polynomials over a field F (cf. Th. 5.3.1.2) will yield 
a similar theorem: 


Th. 4.2.2.9 Every ideal in the domain F(x) of polynomials over a field F is principal. 
(Cf. Prob. 6.) 


Since ideals in a ring are not always principal, the rings of Th. 4.2.2.8-9 are in a 
class by themselves, viz. 


Df. 4.2.2.10 A commutative ring FR is called a principal ideal ring if R has the property 
that every ideal in R is a principal ideal. 


Sec. 4.2.2] SUBRINGS — IDEALS 203 


Besides IJ and F(x), given above, there are of course other principal ideal rings; 
e.g. the ring obtained by the following definition: 


Df. 4.2.2.11 A ring E is called Euclidean if a nonnegative integer π(α) can be assigned 
to aeE such that (i) #(ab)=f(a) for be Ε and ab#0, and (ii) there always exist 
q,reE such that ὃ = ga+yr, for any a#0,be E#, where either “(a)>n(r) or r=9. 

E is a principal ideal ring (ef. Prob. 9), which is in fact an analog of the Euclidean 
Algorithm (cf. §4.1.2.3, Prob. 31), generalized to arbitrary rings. 

Since the principal ideal (a) generated by an element a of a ring R generally 
contains all elements of the form ra+na, where r,acR and nel (cf. Prob. ὃ below), 
a natural extension is the ideal (a1,@2,...,@n) in R generated by the finite number 
of elements 41,Q2,...,@n¢R, which is the set of elements of the form > ari + 2 ajNj, 


¥] 
i,f=1,2,...,.n, where ricR and njel. The elements d1,d2,...,@n are then said 
to form a basis of the ideal. (The principal ideal (a) is thus, in this context, an 
ideal with a basis consisting of only one element a.) 


This is further generalized by the sums and products of ideals, defined as follows. 


Df. 4.2.2.12 The (direct) sum of any two ideals A and B is the set {ai + bj}, where aicA 
and b;<B, and the product of A and B is the set {δ αιδῃ), $12 I PS Noite 


In general, then, two ideals A and B in a commutative ring Καὶ generated by bases 
A = (@1,@2,...,@m) and B = (bi, be,...,0n), imply that their sum is of the form 
Sax + > bjy;, where the basis is 
i j 


(Q1, ...,@m) τ' (b1, ..., On) πὶ (αι, .. .», μι», bi, ..., On) 
and their product is of the form (> aixi)(>/biyi), where the basis is 


(Oi Ὁ 59. Om) . (bi, ξερὰ κα Dn) ἘΞ (a161, dib2, ...,AmDn—1, Ambn) 


Solved Problems 


1. An ideal / in a ring R is necessarily a subring of FR. 
PROOF: 


Since J is an additive subgroup of R by Df. 4.2.2.1, acl implies a—a = θεῖ, 0-—a = —ael, 
and atb=a-—(-bd)el. 


Furthermore, by the given closure property, a,b el implies ab, ba ε I. 
Hence, by Df. 4.1.1.7, I is a subring of R. 


2. Prove Th. 4.2.2.2. 
PROOF: 


(i) If (a—b)eC and ar,rae C for every a,beC and ref, then it immediately follows, from 
Th. 4.1.1.7, that C is a subring of R. 


Hence rCCC and CrcC for every reR, which proves, by the second definition of 
Df. 4.2.2.1, that C is an ideal. 


(ii) Conversely, if C is an ideal in a ring R, then, by Prob. 1 above, it is necessarily a subring of R, 
which implies (a—b),ar,ra ε C for every a,beC and reR, completing the proof. 
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The set F of even integers, which is evidently a group under addition, forms an ideal 
in the ring 1 of all integers. 
PROOF: 

Let a,be EK, where a=2a’ and b=26' for every a@’,b’clI; then a-—b = 2a’—2b’ = 
2(@’— δ) ε E. Also, for every rel, ar = ra = 2ra'ck. Hence, by Df. 4.2.2.2, Εἰ is an ideal. 


The set M of all multiples of an integer n, denoted by (n), is an ideal in 1. 
PROOF: 


For every a,be¢M, where a=na’ and b=nb’ for any α᾽,δ᾽ εἴ, a—-b = na’—nb’ = 
n(a’— ὃ) ε M, and also for every mel, am = ma = n(a’m) © M. Furthermore, (n) is an additive 
subgroup of I, since 0 = n*O0e(n) and —a = —na = n(—a)e(n). Hence (n) is an ideal in J. 


The ideal (n), of Prob. 4, is the only ideal in J. 
PROOF: 


(i) Assume that a non-empty set L, ΠΟ, is an ideal in J; then L must have at least one element, 
say 0, which, however, at once implies that L = (0). If Z has only one element other than 0, 
Say n, then manifestly L = (n). 


(ii) Assume that L has more than one nonzero element, then L contains some positive integers 
(." LCI, by hypothesis; i.e. L is a ring and contains some additive inverses), where ἢ may denote 
the least positive integer in L. If m is any other integer in L, then, by Th. 4.1.2.3, there exist 
qreL such that 

m= neqt+y, =ron 


Since LZ is an ideal and meL, ie. reL and neqelL, it follows that. m—n+q = reL and 
that r=0 and m= π"ᾳ, n being the least positive integer such that r<n. Hence, again, L = (n). 
(i) and (ii) exhausting the cases, the proof is complete. 


It must be noted that the theorem above, stated in terms of “principal ideals”, yields 
Th. 4.2.2.8. Note, also, that all ideals in J are thus unit ideals. 


Prove Th. 4.2.2.9, 

PROOF: 

(i) Let F’ be an ideal in F(x], and let F’=0, viz. the ideal consisting of 0 alone; then, as in 
Prob. 5, (i) above, F’ = (0), viz. the principal ideal generated by 0, i.e. zero polynomial over F. 


(ii) Let τεῦ and g(x) be a non-zero polynomial of the least degree in fF’; then, for every 
f(x) ε Fla], there exist q(x), r(x) ε F[x] such that, by Th. 5.3.1.2, 


f(x) = g(x)a(x) + r(x), 0 = degr(x) < deg g(x) 


le, r(x) = f(x) —g(x)q(x), which implies r(z)=0 since degr(x) < deg σία). Hence 
f(x) = g(x) q(x), 1.6. f(x) ε (g(x)), proving that every f(x)e F[x] is contained in the principal 
ideal (g(x)). Hence F’C(g(x)). 


Furthermore, g(x) ε F’, i.e. (9(x)) CF’. Hence F’ = (9(”)), proving that every ideal in 
Flx] is principal. 


Prove Th. 4.2.2.5. 
PROOF: 


(i) If A is an ideal in a sfield F*, then either A=(0) or AX (0)γ. If A - (0), then let acA 
and a0, which implies, by Df. 4.2.2.1, aq = le A, which in turn implies, by the same 
definition, b+ 1 = beA for every be F*. Hence A = F*, completing the proof. 


(1) The proof of (i) ean be repeated, a fortiori, for a field F. 
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8. If Ris a commutative ring with unity and 1 the set of all integers, then the set S of all 
elements of the form γα πα, where a,reR and nel, is a principal ideal (a). 
PROOF: 


Let 8ι,8216 5, where si: = natma, Ss = rata, and 11,72 eR, 1,me1. Then S is an 
ideal in R, since S is evidently an additive subgroup of R and furthermore 8:— 8 = (γι — rea + 
(1 —-ma = ratna = sseS and, for any ReR, 

rs, = r(natma) = (rmtruja = rat Ora = saeS 


S is also a principal ideal (a), since # has a unity e and 


ratna = rat+n(ea) = (rt+nela = ra, reR 


9. Every Euclidean ring is a principal ideal ring. 
PROOF: 


Let E be a Euclidean ring and J an ideal in E. 


If I is the zero ideal (cf. Df. 4.2.2.4), it is trivially principal, and if it is not, then there must 
exist nonzero elements in 1 , one of which, say a, may be chosen such that f(a) > π(6) for σε 1. Then, 
by the following reason, 1 is exactly the principal ideal generated by a. 


Since E is given as a Euclidean ring, ὃ = ga+r for every bel and some q,reE imply that 
either #(a)>7(b) or r=0. The latter follows at once, however, since #(a) has already been made 
minimal. Hence b=qa, implying that every element b in 7 is thus a multiple of the generating 
element a and that 7c(a), while (a)ciJ, since ac I. Hence I= (a), completing the proof. 


*84.2.3 Quotient Rings 


Df. 4.2.3.1 If R is a ring and M an ideal in R, then the set Q of elements of the form 
r+, for a fixed element reR and every meM, is called a residue class (or remainder 
class) in 1. 


The set Q, viz. r+M, is evidently a coset in terms of an additive group, just as 
σαι, σε, is a coset in group theory (cf. Df. 4.2.2.2). In the same sense, two residue 
classes 7:+M and r2+M, where 71,726 R, may be interpreted in terms of modules 
(i.e. additive Abelian groups) and considered equivalent, viz. ri = 72 (mod M) iff 
71-12 ¢ M. (Cf. Prob. 1.) This is a generalization of congruences, formulated in terms 
of ideals as follows. 


Th. 4.2.3.2 If Ris a commutative ring, M an ideal in R, and every a,b,c,d¢R, then α Ξ ὃ 
(mod Μὴ and c=d (mod Μὴ imply (i) atc = b+d (mod M), (ii) ac = bd (mod M), 
and (iii) ar = br (mod M) for any reR. (Cf. Prob. 2.) 


This theorem indicates that residue classes function in rings in analogy to groups 
(Th. 3.2.6.8-9). The analogy becomes closer still when the cosets, 1.8. residue classes, 
in a commutative ring R, which partition R into non-overlapping complexes of FR 
(cf. Th. 3.2.2.6), actually form a ring. 


Th. 4.2.3.3 The set Q of residue classes of an ideal A in a commutative ring Ff is a ring. 
(Cf. Prob. 3.) 
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It is but natural at this juncture to call the set Q of Df. 4.2.3.1 a quotient ring, 
analogous to a quotient group, since an ideal A in a commutative ring R is a normal 
subgroup of the additive group of R, which implies, as has already been seen, that 
the elements of R can be separated into cosets of A in k, viz. residue classes of R 
modulo A, an ideal. Hence the following restatement of Df. 4.2.3.1. 


Df.4.2.3.la The residue class Q of elements of the form r+a, for a fixed element re R, 
a ring, and every acA, an ideal in R, is called a quotient ring (or factor ring), 
denoted by R/A. 


This notation is plainly in accordance with the quotient group G/G: of G by G; 
(or what is the same, the factor group of Gi in G) in group theory (cf. Df. 3.2.5.2) 
where G; is a normal subgroup of G. 


bd 


The analogy goes further, as is obvious in the following theorems of homo- 
morphisms. 


Th. 4.2.3.4 The set S of elements mapped onto zero in any homomorphism of a ring R 
is an ideal in R. (Cf. Prob. 6.) 


This theorem, as well as others below, articulates a functional similarity between 
normal subgroups in a group (cf. Th. 3.2.5.8) and ideals in a ring, even up to the 
“kernel” (cf. Df. 3.2.5.9) of homomorphism, which is S in the above context, just as 
C in the following theorem: 


Th. 4.2.3.5 If a homomorphism H of a ring R onto a ring fk’ is a mapping of a complex 
C of & onto the zero element of R’, then C is an ideal in R and R/C is isomorphic 
to Κ΄. (Cf. Prob. 7, and also cf. Th. 38.2.6.18.) 


Sometimes, parallel to proper and improper ideals, homomorphic images may be 
classified as follows: 


Df. 4.2.3.6 =A homomorphism which maps a proper ideal in a ring or the whole ring 
onto zero is called proper; otherwise, it is called improper. 


It follows at once, then, that a sfield F* or a field F has no proper homomorphic 
images, since ἐπ or F has no proper ideals (cf. Th. 4.2.2.5). 


* * ω Ἂς ἧς 


In relation to quotient rings, two special types of ideals may be studied separately. 


Df. 4.2.3.7 An ideal P in a ring R is called a prime ideal if abe P implies either acP 
or beP. 
Example: 


The principal ideal (3) is prime, since αὖ ε (8) implies that a or ὃ must be a multiple of 3, 
while (10) is not prime, since e.g. 202 (10), yet 20 = 4.85 implies 4¢(10) and 5¢ (10). 


Th. 4.2.3.8 The quotient ring Q=R/P, where P is an ideal in a commutative ring R 

with unity, is an integral domain iff P is prime. (Cf. Prob. 8.) 
Example: 

The quotient ring R/{10} cannot form an integral domain, since some nonzero elements such as 
(2+ (10)) and (5+ (10)) may turn out to be zero-divisors (since (2+ (10))+(5+ (10)) = 10- (10) = 
(10)). 

As a matter of fact, every element which is neither zero nor prime (cf. 
Df. 4.1.2.3.12) in an integral domain, where the unique factorization theorem (cf. 
Th. 4.1.2.3.17) holds, generates a nonprime ideal (cf. Supplementary Prob. 4.57). 
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Example: 

The ideals (3), (5), (7), ete. are all prime in J; so is (~?+ 2) in R{x}, of polynomials over the 
field R of real numbers, although it is not a prime ideal in C{x}, of polynomials over the field C of 
complex numbers, since #?+2 = (x+ V2i)(a — V2i) is certainly not a prime element in C{z}. 

The concept of prime ideals may be further articulated through maximal ideals, 
defined parallel to maximal normal subgroups (cf. Df.3.2.7.1). 


Df. 4.2.3.9 An ideal M in a ring R is called maximal if an ideal M’ which properly con- 


tains M cannot be properly contained in R. 
Example: 

The principal ideal (4) in the ring J of integers is not maximal, since (4) is properly contained 
in (2), which in turn is properly contained in (1) ΞΞ 1; the principal ideal (8), however, is maximal, 
since it is properly contained only in (1) ΞΞ 1. 


Th. 4.2.3.10 The quotient ring Q=R/M, where R is a commutative ring with unity 


1. 


and M is an ideal in R, is a field iff M is a maximal ideal in R. (Cf. Prob. 10.) 


Solved Problems 


Given an ideal M in a commutative ring R and 1r1,r2eR, prove that 71 = 72 (mod M) 
iff 71-72 is in M. 
PROOF: 


Since any ideal, say M, in a commutative ring FR satisfies the definition of a normal subgroup 
(ef. Df. 3.2.5.3) under addition (ie. instead of “o” or “*” multiplication under which Df. 4.2.5.3 is 
defined), and since, by Df. 4.2.3.1, a residue class modulo an ideal M can partition FR into disjoint 
cosets of M in R, the cosets are now given under addition, i.e. of the form 7+ M, where 7; is any 
element of FR. 


Furthermore, since aG:= δα, in a subgroup G: of a group G (under multiplication), to which 
a and b belong, iff a~'beG:, or what is virtually the same in this context, iff ab~'e Gi, it can be 
translated in terms of addition, viz. a+G; = b6+G, iff a—beGi:. Translate, then, αι in G into M, 
an ideal, in R and a,beG into 1,r2¢ R, and the proof is complete. 

Note. For example, M = (2) in a ring C of complex numbers of the form a+ δὲ, where a,bel and 


i= V-—1, implies the following four distinct residue classes, viz. (2), 1+ (2), 7+ (2), 1+7+ (2), all of 
which may be represented by their general form a+ bi = c+ di (mod(2)), where 0. ΞΞ ο,α «2. 


Prove Th. 4.2.3.2. 
PROOF: 
(This is merely a restatement of Th. 3.2.6.8-9 in terms of modulo ideals (instead of integers).) 


(i) Since, by hypothesis, (a—6),(ec—d) ε M, it immediately follows that (a—b)+(e—d) = 
(a+ec)—(b+d) eM, 1.6. ate = b+d(modmM). 


(ii) Since, as above, (a—b),(c—d) eM, it follows that ec(a—b),(e—d)b e M and ec(a—b)+ 
(c—d)b = ac—bde M, i.e. ac = bd (modM). 


(iii) (a—b)eM implies (a—b)re M for every reR, which in turn implies ar—breM, ie. 
ar = br (mod M). 
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Prove Th. 4.2.3.3. 
PROOF: 


The two binary operations in the set Q of residue classes are defined, for an ideal A in a com- 
mutative ring R&R and a,b,ce Κα, 


Ql: (a+A) + (b+A) (a+b) + A (mod A), 
Q6: (a+A)*(b+A) = (a°b) + A_ (mod A), 
both of which are well-defined, since a+A-=ct+A and δια - 4(-Α imply ab+A = edt+A 


(1.6. ab—ede A, since a = e+ and ὃ d+’, «,’eA, imply ab = (ec+2)(dt+2’) = edt 
(cw + dx + χα = edt+a"e A). 
Q2: (a +A) + ((b+A)+(€+A)) = (@+A) 4+ ((Ὁ - ὁ) -- Α) = (a+(b+c)) +A 

= ((a+b)+e) +A = ((a+6b)+A) + (€4+ A) 

= ((a+A)+(b+A)) + (€ +A) 
Q3: A 
4: -(a+A) = (-a) +A 
Q5: (a+ A)+(b+A) = (a+b) +A = (b+a) +A = (b+A) + (A+A) 
Qi: (a+ A)((b+A)(e+A)) = (at+A)(be+A) = α(δοὸ) +A = (able + A 

= (ab+A)(e+A) = ((α - Α)(Ὁ -- Α))(ς - A) 
98: (ὦ - Α)γ((ὃ Ὁ 41) (6 -Ὁ 4)᾽) = (α- Α)γ((ὃ - ὁ) - Α) = albte) +A = (ab+ac) + A 
= (ab+A)+ (ae+A) = (a+A)(b+A) + (€+A)(O +A) 


which completes the proof. 


There exists an isomorphism between the set J of integers and the residue classes of 
I{x] modulo M, where I/x] is a polynomial ring over 1 while M is an ideal (x—1), con- 
sisting of all elements of the form a(x)(x-1) for any a(x) ε 1{1]. 

PROOF: 


smce f(%) = (ὦ -- 1)φ(α) Ὁ 14) for any element f(x)eI[z], by Th. 4.2.2.9, it follows at once 
that f(x) = f(1) (mod («—1)), where obviously f(1)eJ, which implies that an integer may 
determine a residue class. 


Furthermore, every integer represents a distinct residue class. For a=b (mod (x—1)), 1.6. 
a—be(x—1), implies α -- ὃ = (x—1) q(x), which in turn implies deg (a -- δ) = deg ((x —1)q(x)) > 0 
unless q(x) = 0. Hence it must be the case that g(x) = 0, which implies a—b = 0, ie. a=b. 

Thus two elements of the residue classes of I/x| modulo (ὦ -- 1), say α Ὁ (ὦ -- 1) and ὃ Ὁ (x —1), 
are distinct, which consequently yield two distinct mappings: α Ὁ (ὦ -- 1) 4» α and δι(-- 1) 4» ὃ. 

This mapping is isomorphic, since 


(a+ (x —1))+ (b+ (ὦ -- 1)) = (a+b) (mod(x—-1)) ©& α-τ Ὁ, 
(a + (ὦ -- 1))» (ὃ -Ὁ (ὦ - 1)) = ab (mod(x—-1)) «9 ab 


which completes the proof. 


Note. The residue classes of J[x] modulo M, the ideal (x—1), is by Df. 4.2.3.3 a quotient ring, 
of course, and may be denoted by I|x]/(a—1), which is thus isomorphic to J. Cf. Prob. 5 below. 


The quotient ring I{x]|/(z*>+1), where 171] is a polynomial ring over 1 and (x?+1) 
denotes an ideal in /[x], is isomorphic to the field C of complex numbers. 
PROOF: 

Parallel to Prob. 4 above, every polynomial f(x)eI[x] is now expressed in the form 


f(x) = (a+ 1)q(a) + ba + a, abel 


which implies that every integral pair (a,b), analogous to every integer a in Prob. 4 above, may be 
proved likewise to determine a distinct residue class. 


Thus two elements of the quotient ring IJ[x|/(z7+1), say at+ba+q(x)(x?+1) = a’ and 
e+ dx + q'(x)(x’ +1) = δ΄, are distinct, and a+bx =a’ (mod(x?+1)) and b’ = 6-Ὁ ἀχ (mod (%?+41)) 
establish the desired isomorphic mapping of /[x]/(~?+ 1) into C, since a+ bx (mod (#?+1)) © (a,b) 
and c+ bx (mod (x?+1)) — (e,d) imply the isomorphic mappings M and M’: 
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M: (at+bx) + (e+dxz) = (ate) + (b+ d)x (mod (x? + 1)) 
= (a,b) + (c,d) = (a+ bi) + (6-Ὁ αὖ = (ate) + (b+d)i = (ate, ὃ  αἡ ε Ὁ, 
M’: (a+ bx)*(e+dx) = ace + (ad+ be)x + bdx? = ac — bd + (ad+ be)x + (bd(x’ + 1)) 
= (ac — bd) + (ad+ θοὴν (mod (x? + 1)) 
<> (a,b)+(c,d) = (a+ bille+di) = (ac— bd) + (ad+ be)i = (ας -- δά, ad +t be) εὦ, 


completing the proof. 


Prove Th. 4.2.3.4. 
PROOF: 


Let H be the given homomorphism; then, by hypothesis, 
H(s) = ο’ 
for every seS, SCR, where H(R)=RF' and o’cR’. Hence, for every ref, 81,828 ὃ, 
H(rs1) = Hi(r)H(s1) = Hr)’ = ο’ 
(sir) = H(si)H(r) = o'+H(r) = ο’ 
H(s:—s2) = H(si) — H(s2:) = ο’ — 0 = οἵ 


and 


since, by hypothesis, H(s1) = H(s2) = ο΄. 


Hence, by Df. 4.2.3.2, S is an ideal in K. 


Prove Th. 4.2.3.5. 
PROOF: 


By Th. 4.2.3.8, R/C is a ring and, by Th. 4.2.3.4, C is an ideal in Κα. 
Now let Ho 7 ἘΦ ΣΝ 


for every reR and H(r) =r’. Then, since C is an ideal, i.e. a normal subgroup of R under addition, 
the mapping H can be proved to be 1-1, analogous to Th. 3.2.6.18, viz. two distinct images: 


H(ri+C) @ ri and A(r+C) > τὶ 


where 11,%2¢8R, 14+C,m4+C C R/C, and r,rje’, imply 


H((ri+ C) Fi (r2+ C)) Ξ-- Ἠ(γι τ r2+ ΟἹ <> (ri + 72)’ = Ae ae = (γι C) + Al(re+ C) 


and 


H((m+C)*(r2e+C)) = Πρ ἘΠ © (nn)! = ren = A(nt+C): Η(γ:- ΟἹ) 


Prove Th. 4.2.3.8. 
PROOF: 


(1) 
(ii) 


If R=P, then R/P=(0), which trivially proves the theorem. 
If R+*P, then R/P contains at least two classes, viz. a+P and 6+P, where a,bcR. 


Now, if R/P is an integral domain, then a and ὃ can be chosen in such a way that abeP, 
which implies (a+ P)(6+P) = ab+P = P, meaning the product of the two classes zero, 
which in turn implies that, since R/P is here an integral domain, one of the classes is zero, 
ie. either a+P= P or b+P =P, or what is the same, in the notation of congruence: 
a=0 (modP) or 6=0 (mod P). 


Hence either ac P or be P if abe P, which immediately implies, by Df. 4.2.3.7, that P is a 
prime ideal in R. 


Conversely, if (a-+-P)(b+P) = P, where P is a prime ideal, then ab+P = P_ since 
(a+ P)\(6+ P) = a+b+P, which implies ab=0 (modP), which in turn implies a@=0 or 
δ =0 (mod P), since P is a prime ideal; thus abe P implies ae P or be P. Hence either a+ P = P 
or 6+P =P, proving that a+ P or 6+P must be the zero element of P if the product of 
a+P and 6+P is zero. Hence P must be an integral domain, completing the proof. 
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9. The mapping H: R->R/A, where R is a ring and A an ideal in Ff, is homomorphic. 
PROOF: 


and 


Let H: r>r+A, for every re R; then, for any a,be R and a+A,b+Bc R/A, 
a+b-> H(a+b) = at+b4+A = (a+A) + (b+A) = H(a) + H(b) 
a°b > Hiaeb) = ab+A = (α Ὁ Αγ(ὃ - Α) = H(a) H(b) 


Hence ὦ > R/A is a homomorphic mapping, completing the theorem. 


10. Prove Th. 4.2.3.10. 
PROOF: 


ἘΠῚ}. 


* 4.2, 


4.3. 


4.4, 


4.5. 


4.6. 


(i) 


If M is a maximal ideal in R, a commutative ring with unity, then MCR implies that R’ = R/M 
has at least two classes and, by Prob. 9 above, there exists a homomorphism H: R- R’, where 
a,b,...¢R and a’,b’,...¢R’ such that a’ = a+M, δ' = b+M,..., and of course ο' = 0+ M. 


Now, to find the property of F1ll (cf. Df.4.1.2.4.1) in R’, let a’ #0’, which implies a¢gM 
(since ae M implies a’ = a+M = M = oOo’, contrary to the assumption). Furthermore, M 
being a maximal ideal and a¢M, any ideal generated by M and a must be the whole ring καὶ 
itself, which implies that r = ab+™m, for every ref, where bce R and meM. Since γ is to 
denote any element of R, including the unity e of R, it follows that ὁ = ab + m, ie. e = ab (mod M) 
or what is the same: (e+ Μὴ = (a+M)(b+M), which is equivalent, by mapping through H, to 
e’=a’b’, establishing F11 in R’. 


Conversely, if M is not a maximal ideal in R when R’ is a field, there must exist an ideal N 
such that MCNCR. Then, let me M (and τὶ ἴε Κ', R’ being a field) such that m¢N, which 
implies that, R’ being a field, there exists an element α' ε Κ' such that a’m’'= b’, where 0’ is an 
arbitrary element in R’. Hence, by the mapping H, am=b(modM), which evidently holds since 
MCN. But then me M; hence am=0 (mod N), i.e. ὃ =0 (mod N), which implies be N for any 
δεῖ, which proves that N = R, thus implying that M is a maximal ideal if R’ is a field. 


Supplementary Problems 
Part 4 


The set of N1-4 (Peano Axioms) of Df. 4.1.2.3.1 is categorical (or complete); i.e. any set which satisfies 
N1-4 is isomorphic to the set N of natural numbers. 


The set of N1-4 (Peano Axioms) is independent; i.e. none of the four axioms among Ν] -4 is deducible 
from the other three. 


Addition in N (cf. Df. 4.1.2.3.2) is well-defined; i.e., for every a,6,ce N, the binary operation a+b =e 
is always possible in N and ¢ is here uniquely determined. 


Multiplication in N (ef. Df. 4.1.2.3.3) is well-defined; le., for every a,b,ce N, the binary operation 
of αὖ =e exists in N, determining 6 uniquely. 


Subtraction, 1.6. the inverse operation of addition, in N is well-defined; i.e., for every a,b,ce N, 
a—b=ce is feasible, determining ¢ uniquely, iff a> b. 


If M is a complex of the set N of natural numbers, then M contains a number a such that a=b 
for any be M. 
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4.7. 


4.8. 


4.9, 


Let I be the set of all integers and S be a set which contains the set N of natural numbers; then 
I= S iff every element of S is defined by a difference between two elements of N. 


The set I of integers is unique except for the sets isomorphic to J; i.e. every minimal ring containing 
the set N of natural numbers is isomorphic to 1. 


If a ring R contains the set N of natural numbers, then Εἰ contains also the set J of integers. 


4.10(a). The set 1 of integers is an integral domain, the unity of which is le N. 


(b). The order of J coincides with the order of N. 


4.11. 


4.12. 


4.13. 


4.14. 


4.15. 


4.16. 


4.11. 


4.18. 


4.19, 


4.20. 


4.21. 


4.22. 


4.23. 


4.24. 


4.25. 


*4.26. 


The following theorems hold in N: 
(i) For every a,be N, a <b+1 implies a= 6. 
(ii) For every a,b,smneN, (ab)" = ab", a™a" τὸ απ", and (a”")"=a™". 


(iii) 1" = 1. 


If (x,y), (y,x), (2,3) « J, then 
(i) (x,y) + yx) = 0. 
(ii) (w,y) + (z,z) = (x,y). 
(iii) (a, y)(z,z) = (2,2). 


The linear Diophantine equation ax+by = n, where a,b,n,x,yeT, has a solution iff (a,b) | 2. 


If p is a prime and neither p|a nor p!|b, then ραν, and if p|(a—6), then p’|(a?— δ) and 
p | ((a + b)? — a? — BP). 


If a and ὃ are relatively prime, i.e. (a,b) =1, then (a+ ὃ, α -- δ) = 1 or 2. 
For every ne N, a = ὃ (mod m) implies a" = δ᾽ (mod m). 

If p is a prime and a? = δ᾽ (mod p), then a = ὃ (mod p) or a = —b (mod p). 
If »p is a prime and p/a, then a?~! = 1 (mod p). 


If none of ai, 1=—1,2,...,n, is divisible by 2, then 
(i) (a1d2...a@n—1)/2 = 3 (ai—1)/2 (mod 2), 


(ii) ((a1a2...@n)?—1)/8 = δὲ (a?—1)/8 (mod 8). 


Given 28x = 8 (mod 44), find x. 
Find « if 38% = 1 (mod 8) and 4a = 3 (mod 11). 


Solve for x in the following simultaneous equations: 


x = 1 (mod 6), x = 4 (mod 9), x = 7 (mod 15) 


If the characteristic of a field F is a prime p, then for every a,beF, 
(i) (a+ 6)? = a? + ὃ», (ii) (a—b)? = α + bP, (iti) (Qi t+a2+--- tan)? = αἴ τἮ αὐ Ὁ... tan. 


Every field contains one, and only one, prime field in itself. 
The characteristic of an ordered field is always zero. 


Th. 4.1.2.5.19 holds conversely. 
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*4.27. A polynomial in «1, a2, ...,%n, represented by the expression of Th. 4.1.2.5.19 vanishes iff A,=0, 
4=1,2,...,m. 


"4.28. f (a1, %2,..., 30) = 9(%1,%2,...,%n) in Dla, xe, ...,%n] iff the terms which constitute f coincide as a 
whole with those which constitute g. 


“4.29. If F(X1,%2,...,0n) g (921,02,...,%2) = 0 in Di%1,02,...,0a], then f(x1,02,...,%2)=0 or 9 (%1,02,...,%n) = 0. 
*4.30. D[w1, %2,..., χα] of Th. 4.1.2.5.19 is an integral domain. 


4.31. In Dios, %2,...,an], deg (f(x1, x2, .. -»¥n)) = m and deg (g(a, a2,...,%n)) = ἢ imply 


deg (f (x1, 2, ...,%n) g (αι, 2, .. -»%n)) = mtn. 


4.32. If τε υ --Ἰ, then 


are quaternions. 


4.33. By Df. 4.1.3.1.11 it follows that, for every ἄφες, 
(i) |a|=0, and [ἃ] ξ 0 iff &=0. 
(ii) |@+6] = [ἃ] - [6]. 
(111) ja@+b| = [ἃ] [6]. 


484, Find vectors x,y,z which satisfy the following equations: 


(i) 2(—1,3,1) —- 2% = (38,4,5). 
(1) 3(2,6,1) + ὃν = (6,5,4) — ψ. 
(iii) a+t2b+2z = 4A(z—a) + δα — 4(:-- b). 


4.35. Determine whether the following vectors are linearly independent or not: (1, 2,7), (--2, 5, 4), (—1, 4,5). 
4.36. Any finite-dimensional vector space over a field F' is isomorphic to V.(F). 


437. If A = Ee | and f(x) = x*—(a+d)x + (ad— be), then f(A) = 0. 


4.38. Find a matrix X which satisfies the following equation: : 3 X = [0]. 


a 0 0 
4.39. Find a square matrix X such that AX = XA, where A = ; b J ; 


4.40. If A is nonsingular, then 
(i) |A~'}=1//A|, (ii) (A719) = 4, (fi) (A) = 4 τὴν, αν) (4-98 = AJJAL. 


4.41. If A and B are two square matrices of the same order, then 


JAB" = |BTAl = ΙΑ1Β] = |BA™| = |A| |B 


4.42. If A and B are two square matrices of the same order, then 
(i)  (AT)* = (A*)?, 
(ji) A*B = BA* if AB = BA. 
(iii) (A*)* = AjA|*-2, 
(iv) (42)-: = ΑΛΑΙ. 


4.43. Find |A|,A*,|A*|,Aq!, given A = E 5 Ἰ} 
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4.44. 


4.45. 


4.46. 


4.41. 
4.48, 
4.49. 
4.50. 
4.51. 
4.52. 
4.53. 


* 4.54, 


* 4.55. 


* 4.56. 


* 4.57. 


* 4.58. 


0 12 
Find (f1]—A)({1j)+A)71, given A = - 0 ] ; 
—2 —3 0 


If A is nonsingular and B is a matrix of the same order as A, there uniquely exist two matrices X 
and Y such that AX=B and YA=B and that AB=BA implies X=Y. 


If the sum of a finite number of the unity e in F is not zero, then the prime subfield of F is 
isomorphic to the set FR of rational numbers. 


If J is the ring of integers and E the ideal of even integers, then J/E is a ring. 

The ideals (10,6) and (6,4) are principal ideals in J, generated by 2; ie. (10,6) = (6,4) = (2). 
Prove, in terms of cyclic groups, that every ideal in the ring I of integers is principal. 

If R is a commutative ring with unity and M is a maximal ideal in R, then M is a prime ideal. 
Every Euclidean ring contains a unity element. 

The integral domain F(x) of polynomials in « over a field Κ᾽ is a Euclidean ring. 

A field is a Euclidean ring. 


If (a) and (δ) are two nonzero principal ideals in an integral domain D, then (a) ΞΞ (Ὁ) iff a and ὃ 
are associates in D. 


If a and b are two nonzero elements in a Euclidean ring R without zero divisors, then either 
n(ab) = π(α) or (ab) > πία) according as ὃ is a unit or not, 


If a principal ideal ring R is also an integral domain and contains a prime element p in itself such 
that p|ab, where a,be FR, then p|a or p|b or both. 


If D is an integral domain in which factorization is uniquely feasible, then every prime element 
in D generates a prime ideal. 


A ring with a nonzero identity is a sfield iff it has no proper right (or left) ideals. 


Part 5— Algebra of Fields 


Chapter 51 


Number Fields 
§9.1.1 Rational Numbers 


Df.5.1.1.1 The rational numbers are the elements of the set R isomorphic to the field Q 
of quotients, defined by Th. 4.1.2.4.7; the set R as such is called the rational number 
field. 

Καὶ is unique as the minimal field of all fields which contain the integral domain 1 
of integers (cf. Th. 4.2.1.3-4 and Prob. 2-3 below); Rk as such contains no proper 
subfields which contain J. Hence the following alternative definition: 


ἢ. 5.11.1 The rational number field R is the minimal field which contains the ring 1 
of integers. 


Stated otherwise, any field which contains J contains also R (cf. Prob. 4-5). Καὶ 15 
further characterized by the following theorem: 


Th. 5.1.1.2 & is a prime subfield of a field F', containing no subfield other than itself ; 1.6. 
R, in itself, is a prime field. (Cf. Prob. 5.) 


Since the other prime field of F is the field P of integers modulo }, i.e. Ip (or I/{p}), 
as has been proved by Th. 4.2.1.4, every field is then a (simple) extension (cf. Df. 5.3.1.5) 
of either FR or Ip. 


Th. 5.1.1.3 There exists no isomorphic mapping other than automorphism in R, which is 
in fact of only one kind, viz. the identity automorphism, which maps every element 
of αὶ into itself. (Cf. Prob. 6.) 


Such a mapping may be considered an order-automorphism if R is ordered, as in 
the following theorem: 


Th.5.1.1.4 Καὶ is an ordered field (cf. Df. 4.1.2.4.11) iff a/b > 0 implies ab >0, where a,bel 
and 6+0. (Prob. 7-8.) 


Since the quotient form may be replaced by the ordered-pair form of (a,b) or 
the inverse form of ab~', the theorem may be stated in terms of the latter: R is an 
ordered field iff (a,b) >0 (or ab~!>0) implies ab>0 for every (a,b)ceR (or able R). 


Th. 5.1.1.5 If a and ὃ are any two distinct rational numbers, say a<b, then there exists 
a rational number ὁ such that α «ὁ «Ὁ. (Cf. Prob. 9.) 


The set &, satisfying this theorem, is said to be dense, which is an important 
concept in analysis, where the density of a set of elements relative to an order 
relation plays a significant réle. The order in R is also articulated in the following 
theorem: 


Th.5.11.6 & is an Archimedean ordered field (cf. Df.4.1.2.4.12). (Cf. Prob. 10.) 
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In addition to the fundamental operative properties of the quotient field Q (cf. 
Th. 4.1.2.4.6), which of course hold for R, some other properties of &, which in turn 
hold for Q, are as follows: 


Th.5.1.1.7 For every a,b,c,d,a’,b’ ε Κα, 


(i) 0< l/a iff 0<a. 

(1) a>b6 and c>0O imply a/c > b/c. 

(iii) a>b>0 and a’>b’>0 imply a/b’ > b/a’. 

(iv) a,b,c,d,a’,b’ > 0 and a/b >c/d imply a/b > (a’a+0b’c)/(a’b + b’d) > c/d. 
(v) deR,i=1,2,...,n, implies >) a? = 0. 

( 


vi) a,bieR, 1=1,2,...,n, implies (Y (αιδὴ}" = (Σ αὖ (Σ δ). (σὲ, Prob. 11-13.) 


These properties hold for any ordered field Κ΄, as a matter of fact, and Th. 5.1.1.7 
will be carried into the field R of real numbers, for instance, without any modification. 


The following properties, which are the immediate results of Th.5.1.1.4-5, 7, also 
hold for both R and R: 
(vii) a/b <c/d iff abd? < bcd. 
(vii) O< 1/b<l/a if 0<a<b. 
(ix) O>I1/a>1/b if 0>0>a. 


There are, of course, many other similar and deducible properties (cf. Prob. 12). 


Th. 5.1.1.8 For every a,0,c,d,a’,b’,c’,d’ ε R, a/b=c/d and a’/b’=c’'/d’ imply 


1. 


(i) (ab’+a’b)/bb’ = (ed’+c’d)/dd’, (ii) aa’/bb’ = cc’/dd’ 
(Cf. Prob. 15.) 


Solved Problems 


A complex R’ of the set R of rational numbers is isomorphic to the set 7 of integers 
iff there exists a 1-1 mapping f of R’ into J such that, for any vz,yel, 

(i) f(x+y) = f(x) + fly), 

(ii) = f(xy) = F(x) fly), 

(iii) «>y implies f(x) > f(y). 

PROOF: 


Let every element of R’ be of the form 1/a, where aeJI; then any element p/q, p,gel, of R 
will be contained in R’ iff q/pel, since 1/(p/q) = q/p. 


Now let the mapping f be defined by 
f: f(a) =1/a, for every acl 
Then wel & aw/l=f(x)eR’ and με] & y/l=f(y)cR’ imply 
(i) wtyel @> flaty) «Ὁ» f(x) + fly) = (at+y)/le R’, 
(il) wyel > f(xy) > fla)fly) = xy/le RF’, 
(ili) wc >y @ f(x) > fly) @ a«/1 > y/L, 
which completes the proof. 


Note. f in this context is evidently an order-isomorphism (cf. Th. 4.1.2.3.8). 
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A field F’ containing the set J of integers is a minimal field, in fact, the set R of 
rational numbers itself, iff every element of F is of the form p/q, p,qel. 
PROOF: 
If Εἰ contains J, and if every element of F is of the quotient form, then, by Th. 4.2.1.3-5, Ε΄ is 
a minimal field Q, coinciding with R. 
Conversely, assume Κ᾽ to be a minimal field. Then any field A, every element of which is of 
the quotient form, satisfies the following properties of Q or R (cf. Th. 4.1.2.4.6): given b,d #0, 
(i) a/b = c/d iff ad = be, 
(ii) (a/b) + (c/d) = (ad + δε) δα, 
(iii) (a/b)(c/d) = ae/bd, 
(iv) (a/b)/(c/d) = ad/be. 
Hence A is a subfield of Q or RF and also, by Prob. 1, contains J, ie. A=R, completing the proof. 


Any minimal field which contains J is isomorphic to Q or R; i.e. the rational number 
field F is unique except for its isomorphs. 
PROOF: 


Let A and A’ be two minimal fields containing I individually; then, by Prob. 2 above, all elements 
of A and A’ are of the quotient form. Now, if a mapping of A into A’ is defined to be 


f: f(x) = y 
for every x«=a/b and y=a/b, where the choice of a and ὃ is arbitrary, then, by the property (ii) 
of Prob. 2 above, 
(i) f(x) = a/b =y and f(x’)=c/d=y' imply f(x) + f(a’) > yty’ 
Likewise, by the property (iii) of Prob. 2, 
f(a) > f(a’) <> yey’ 
Hence f is an isomorphism, completing the proof. 


Any field A which contains the set J of integers contains the set R of rational numbers. 
PROOF: | 


Since the meet of any number of subfields of a field F is again a subfield of F (cf. §4.2.1.1, Prob. 4), 
the meet of all subfields of A containing I is a subfield containing J, which in turn is contained in 
any subfield containing J. Hence A must be a minimal subfield, thus isomorphic to R, by Prob. 3. 


Any field A of characteristic zero contains one, and only one, subfield B, which in 
turn is isomorphic to the rational number field R. 
PROOF: 

Since the characteristic of A is zero, any integer a0 implies ae*0 for ec A; also bel and 
a~b imply α-- ὃ #0 and ae—be = (a—b)e #0. Hence the mapping f of J into A, a<> ae, is 1-1; 
moreover, it is isomorphic, since x<> xe and y< ye for every x,yel imply 

ary <> f(x)t+ fly) <> xetye = (a+ y)e 
and ary <> flx)sfly) 49 (xe)(ye) = (xy)e (2) 

Likewise, for any rational numbers x,yc¢B, where x =a/b and y=c/d, 

arty > f(x)+ fly) <> xetye = (wxt+y)e 
and ary <— fl(x)> fly) > (xe)(ye) = (xy)e (2) 
since we + ye = (ae/be) + (ce/de) = ((ae)(de) + (be)(ce))/((be)(de)) = (ad+ be)e/(bd)e = (a+ y)e 
by (ii) in Prob. 2 above, and 

(xe)(ye) = (ae/ce)(ce/de) = ((ae)(ce))/((be)(de)) = (ac)e/(bd)e = (xy)e 

by (ili) in Prob. 2. Hence, by (1) and (2), A contains B, which is isomorphic to R. 


Furthermore, if a subfield B’ is contained in A and also isomorphic to R, B’=B, because there 
exists no isomorphism in R other than the unique identity automorphism, which is the following 
theorem (Prob. 6 below). 
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6. 


10. 


Prove Th. 5.1.1.3. 


PROOF: 
Let f be the mapping of R into R, hence an automorphism f: aa’, where a,a’ceR. It follows, 
then, that a’*e’ = a’ for every a’, since a*e = a for every a. But, by F9, the unity is unique, 


which implies e’ = e (or 1’=1). 
If a is an integer, then 
α' = 1 Ἐ1Ὶ +.---+) = 14+1+--+1a4 


which means that the automorphism a@ a’ implies a’=a. Likewise (a’)~' = (a~')’ since a’(a~*)’ = 
1’=1=aa""', and also 0’=0, and —a’=(-—a)’, verifying that a<>a’ implies a’=a for every 
integer a. 
If, more generally, a is a rational number of the quotient form, say a=p/q, p,qel, and if 
f: pla < (p/q)’ is an automorphism, then 
a’ = (p/q)’ = p’/q’ = pla = a 
since it has already been established that p< p’ and qq’ imply p=p’ and q=q’ for every p,qel. 


Hence it follows here again that aa’ implies α ΞΞ α΄, verifying that R has no automorphism 
but the identity automorphism. 


Prove Th. 5.1.1.4. 


PROOF: 
If a/b = c/d for every a,b,c,de TI and διά #0, then ad = bc, by Prob. 2, (i), which implies abd? = b’cd, 
where obviously 6?,d?>0 (cf. Th. 4.1.2.2.9), which in turn implies that cd has the same sign as δ᾽ σα 


just as ab has the same sign as abd®. Hence a/b >0 and a/b—c/d imply c/d > 0, verifying that equals 
of positive elements are positive. 


Conversely, Df. 4.1.2.2.5 is satisfied in this context, since for every x—a/b and y=c/d, where 
a,b,c,d are defined as above, 
(i) x>Q and y>O imply x+y > 0; for «+y = (ad+be)/bd > 0 since (ad+ be)bd = (ab)d? + 
(cd)b? > 0, 
(ii) 2>0 and y>0O imply sy >0; for xy =ac/bd >0 since (ac)(bc) = (ab)(cd) > 0, and 
(iii) «> 0 excludes the alternatives of x=0 and « “0. 
Furthermore, by Prob. 1 above, the order of positive fractions coincides with that of special 


fractions of the form a/1, which in fact represent integers, where a/1>0 iff a*:1>0, com- 
pleting the proof. 


The ordering in Th.5.1.1.4 is unique. 
PROOF: 

Assume that there exists the second mode of ordering, which does not change the sense of 
positiveness. Then x«—a/b>0 iff ab>0, since a/b>0 implies δ᾽(α7 8) > 0, 1.6. ab >0, and con- 
versely, ab > 0 implies a/b >0; for, otherwise, —(a/b) = 0, i.e. 6?(—(a/b)) =0, which implies —ab = 0, 
contradictory to the assumption. Hence the theorem must follow. 


Prove Th. 5.1.1.5. 

PROOF: 

Since a « ὁ, it follows at once that at+ta<a+b, ie. 2a < a+b, which implies a < (a+ 6)/2. 
On the other hand, α - ὃ implies a+b < δὲ δ, ie. a+b < 2b, which implies (a+ b)/2 < ὃ. Hence, 


combining the results, a < (a+ 06)/2 < δ, which implies the existence of c = (a+ 6)/2 such that 
a<xe<ob. 


If x=a/b and y=c/d, a,b,c,deN, then there exists n, ne N, such that nz> y. 
PROOF: 
By Prob. 2, (i), n(a/b) > c/d iff n(ad) > be, which is always the case, however, since ἢ can be 


always equated to 2bc. Then, by hypothesis, ad=1 and n(ad) = 2be(ad) = 2ad(be) > be, ie. nx > y, 
completing the proof. 
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11. For every a,b,c,d,a’,b’ ε R, 
(i) O<1/e iff O<e. 
(ii) a>bandc>0 imply a/c> b/c. 
(iii) a@>6>0 and a’>b’>0 imply a/b’> b/a’. 
PROOF: 
(i) This is merely a special case of Th. 5.1.1.4 where substitution is carried out as a=1 and b=c. 


(ii) Since ¢>0 implies 1/e>0, by (i) above, and since a—b > 0, by hypothesis, it follows from 
Th. 5.1.1.4 that (a—6)(1/e) > 0, 1.6. (a/e)— (b/c) > 0 or what is the same: a/c > b/c, which 
was to be proved. 


(iii) Since aa’ > 6b’ >0 and a’b’ >0, by hypothesis, it follows from (i) above that aa’/a'b’ > bb’/a’b’, 
ie. a/b’ > b/a’. 


Second Proof. Since a’—b’ > 0 and a’b’ > 0, by hypothesis, which implies 1/a’b’>0 as in (i) 
above, it follows from Th.5.1.1.4 that (a’—b’)/a’b’ = (1785) —(1/a’) > 90, 1.6. 1/6’ > 1/a’, which 
implies a(1/b’) > 6(1/a’), since a Ὁ ὃ, by hypothesis. Hence a/b’ > b/a’. 


12. If a,b,c,d,a’,b’ e N and a/b>c/d, then 


a/b > (a’a+b’c)/(a’b+ b’d) > c/d 
PROOF: 
Since a/b<c/d, b,d>0, by hypothesis, it follows that ad—be <0. Hence a’,b’ > 0 implies 
(i) (ad — be)a’ ada’ — bea’ = ada’ + cdb’ — edb’ — bea’ 
d(aa’ + cb’) — c(ba’ + db’) > 0, 1.6. (a’a + b’c)/(a’b + b’d) > c/d, and 
(ii) (ad—be)b'’ = adb’— bcb’ = adb’ + aba’ — aba’ — beb’ 
a(ba’ + db’) — b(aa’+ cb’) > 0, ie. a/b > (a’a+ b’e)/(a’b + δ΄ ἃ). 


Hence, combining the results of (i) and (ii), 
a/b > (a’a+b’c)/(a’'b+b’'d) > e/d 
Note that this is merely an explicit form of Prob. 9 (Th. 5.1.1.5). 


13. For every aibie R, i=1,2,...,n, 
i) Da=0, 


(i) (Σ (αιδ))" = (Σ αἢ (LOH). 
PROOF: 


(i) Let a:=2i/yi, where «,yie I and y;#0; then (ai)? = (x,)?/(y)? > 0 since αὐ, >0 by Th. 4.1.2.2.9, 
and aj—0 iff x=0. Hence 


Za =0, i=1,2,....n 
(ii) (2 az)(S oi) — (1/2) 3B (αιῦ; — aj.) ij =1,2,...,n 
(Σ at)( 67) — (Σ Sai bj)/2 -- (2 Daj δ) + > & (asbja5b,)” 
(> αἴ Σ δ) - (Σ αὐ ἃ δι )) -- ( αἱ Σ δ)}})2 ἜΣ (aids) ΣΣ (α;δὴ 
(Σ (αἰδΡ)( (αιδῦὴ)) = (Zab), 
ie. (Σ (αἰδ}" = (Bat) Boz) - (1/2) & Σ (aibj— jb)? νἱξ. (Slab = (2 αἰ) (Σ 03). 


| 


| 


Note. (ii) is in fact the generalized form of the (Cauchy-)Schwarz inequality (sometimes called 
Buniakovsky’s inequality), which can be employed for the set R of real numbers without any 
modification. 
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14. For every a,b,celI, (a/b)+(a/c) = a/(b+c) implies that a=0 or b?+be+c? = 0, 
and that a=0 in an ordered field. 
PROOF: 
(i) Since (a/b) + (a/c) = (act+ab)/be, it follows from hypothesis that (ac+ab)/be = a/(b+e) or 
(ac+ab)(b+c) = abe, by Prob. 2, (1) above, which implies a(6?+ 6c+c’) = 0. 
Hence the necessary and sufficient condition for the identity at issue is that a=0 or 
b?+be+c? = 0. 


(ii) If the identity is in an ordered field, however, then δ᾽ -᾿ bc +c? # 0, since b,c #0, by hypothesis, 
which implies δ᾽ τ b¢+c? = (b+ οὖ --δὲ > 0 (. (6+6c)? > 2be > be since (b+ c)?—2be = 
b?>+c? > 0). Hence the alternative: a=0, completing the proof, 


15. Prove Th. 5.1.1.8. 


PROOF: 
(i) Since a/b=c/d and a’/b’=c'/d’, 1.6. ad=be and a'd’=b’c’, by hypothesis, it follows that 
(ab! +a’b)dd’ = (ab’)(dd’) + (a’b)(dd’) = (ad)(b’d’) + (bd)(a'd’) 
= (bc)(b’d’) + (bd)(b’c’) = (ςα’ - ς΄ α)δδ’ 


Hence (ab’+ a’b)/bb’ = (cd’ + c'd)/dd’. 
(ii) Likewise, (aa’)(dd’) = (ad)(a'd’) = (bc)(b’c’) = (bb’)(ec’). 
Hence aa’/bb’ = ce’/dd’, 


§5.1.2 Real Numbers 


Df. 5.1.2.1 <A proper complex S of the set R of rational numbers, viz. SCR, and S#¥R, 
is called a Dedekind cut (or D-cut, or more simply, cut), 
(i) if se S and γε such that r<s imply reS, and 
(ii) if seS implies s’>s for some s’cS. 
Example: 


Any nonempty subset T of FR, defined by 7 = {t| te R « γε ΕΚ), is a D-cut, called a D-cut at τ; 
T as such may be denoted by 7,. 7.3, then, is a cut at 3, designating the set of all rational numbers 
less than 3, which may be pictorially represented by a segment T in Fig. 5.1.2.a below: 


—3 —3/2 0 1 2 8 


πὰ ΝΣ 


Fig. 5.1.2 


The other part of the line, denoted by 7’ above, is evidently the complement (cf. Df. 2.3.3) of T, 
designating the set of all rational numbers which are not in T, viz. T’ = {t| teR = 38cR}. T’ as 
such may be denoted by 73 in this context, and in general, JT’ = {t| teR = reR}. 


It is also pictorially evident in the same context that, given a cut Τὶ, some mem- 
bers in 7 must be quite close to some numbers in JT’. This fact, intuitively obvious, 
is formulated in the following theorem: 


Th. 5.1.2.2. There exists an element s of a cut S such that s+reS’ for any positive 
rational number r. (Cf. Prob. 1.) 
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Since a cut is a set, a collection of cuts is a class, denoted by C, in which addition 
and multiplication are defined as follows: 


Df.5.1.2.3 For every A,BCC, and for every acA and δε 8, 
(i) AUB = {a+b} forevery acA, dcB; 
Gi) ANB = {a:b} for every a,b>0 or α,ὖ «0; 
= {-a-°b} forevery a>0 and b<0 or a<0 and b>0; 
= {0} for every a=0 or D=0. 


Note. {0}, as will be seen below, is a cut at 0, and as such may be denoted by 0* 
or even more simply by 0 if no confusion is to result. 


Th. 5.1.2.4 The join (or sum, as is often called) of two cuts A and B of the class C, 
defined as above, uniquely defines a cut which belongs to C itself; so does the meet 
(or product) of A and B. (Cf. Prob. 2, 12.) 


This is evidently the closure property of binary operations in C, from which an 
algebra of cuts as a special algebra of sets (cf. §2.3.1-8) can be developed, verifying 
associativity, commutativity, ete. As a matter of fact, these joins and meets of 
cuts satisfy all the properties of Fl-11, proving C to be a field (cf. Prob. 18), which 
is also ordered, as is exemplified in the following theorems: 


Th. 5.1.2.5 Given two members A and B of C, A is less than B, ie. A<B, iff A is a 
proper subset of B, ie. ACB and A¥B. (Cf. Prob. 9.) 


Transitivity follows at once, as can be readily verified (cf. Prob. 11), as well as 
trichotomy: 


Th. 5.1.2.6 Given any A,BCC, one and only one of the following three cases holds: 
(i) A<B, (ii) A=B, (iii) A>B. (Cf. Prob. 12.) 


Once order is introduced in C, a subclass of C is first verified to be order-isomorphic 
to the rational number field καὶ on the strength of the following theorem and definition: 


Th. 5.1.2.7. Given any A,BCC, where A<B (or dually, A>8), there always exists a 
cut C in C such that A<C<B (or A>C>B). (Cf Prob. 20.) 


Df. 5.1.2.8 The third cut C in Th. 5.1.2.7 is called a rational cut, and if a rational number, 
say 7, is explicitly assigned to the cut, it is then denoted by Οὐ, or more simply by γῆ. 
Example: 

Co or 0* designates the cut at 0. 


The class C* of rational cuts, however, cannot exhaust the class C; i.e. there 
exist cuts other than the cuts at rational numbers. There are many, in fact infinitely 
many, and indeed uncountably (cf. Df.2.1.13) infinitely many gaps between rational 
cuts, even though Th.5.1.2.5 allows the cutting at rational numbers to go on ad 
infinitum. Infinite as it may be, the whole set of rational numbers is still countable 
(cf. $2.1, Prob. 12). 


The cuts which are not rational do exist, individually exemplified by such irra- 
tional numbers as 2 (cf. §2.1, Prob. 4 note); such cuts, then, may be called irrational 
cuts, the existence of which in general is assured by the following theorem: 
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Th. 5.1.2.9 If A and B are two mutually exclusive sets of rational numbers (or what is 
the same, two disjoint classes of rational cuts) such that every rational number is 
either in A or in B, but never in both, and a<b for every aeA and ὃς ΒΒ, then 
there exists either a leap whenever A has the largest number and B has the smallest 
or a gap whenever neither A has the largest number nor B has the smallest. (Cf. 
Prob. 23-25.) 

Between rational numbers (or cuts), therefore, there always exist discontinuities, 
either as leaps or as gaps, which are then to be filled by irrational numbers (or cuts). 
The class C* of rational cuts is thus a subclass of the class C of cuts, which contain 
both rational and irrational cuts, yielding the real number field as follows: 


Df. 5.1.2.10 An ordered field isomorphic to the class C of cuts is called the real number 
field, denoted by R (or R*), each element of which is called a real number. 


In terms of rational numbers, a real number is further characterized by the 
following theorem: 


Th. 5.1.2.11 Every real number is the l.u.b. (or sup. (cf. Df.2.4.1.6)) of a set of rational 
numbers. (Cf. Prob. 28.) 


Example: 


V2 = lub. (1.4, 1.41, 1.414, 1.14142,...), which may be considered also in terms of g.l.b. (or 
inf. (cf. Df. 2.4.1.7)), viz. 


V2 = gJl.b(1.5, 1.48, 1.415, 1.41438, ...) 
which yields the dual of Th. 5.1.2.11, viz. 


Th. 5.1.2.1la Every real number is the g.l.b. (or inf.) of a set of rational numbers. 
(Cf. Prob. 28.) 


In the same fashion, then, the D-cut in general may be defined also in terms of 
lower and upper bounds, viz. 


Df.5.1.2.12 A (Dedekind) cut S in any ordered field Κ΄ uniquely determines a pair of 
proper complexes LZ and U of F' such that 
(i) Lis the set of all lower bounds to every we U, and 
(ii) U is the set of all upper bounds to every le L. 
Since Th.5.1.1.5 or its equivalent, e.g. Th.5.1.2.7, can be readily generalized to 


the existence of a rational number c or a real number d such that a<c<b or 
a<d<b forevery a,beR (cf. Prob. 26-27), Th.5.1.2.11 is also generalized as follows: 


Th. 5.1.2.13 If A is a set of real numbers bounded from above, then there uniquely exists 
a l.u.b. s such that 


(i) a=s for every acA, and 
(ii) there exist some numbers, say a’, in A such that a—p < a’, where p is any 
positive number. (Cf. Prob. 29.) 


As is but natural in view of its relation to Th.5.1.2.11, this theorem also has its 
dual: 


Th. 5.1.2.138a If A is a set of real numbers bounded from below, then there uniquely 
exists a g.l.b. ἐ such that 


(i) O6&=t for every acA, and 


(ii) there exist some numbers, say a’, in A such that a’ < a+p, where p is any 
positive number. (Cf. Prob. 29.) 
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R as such is also Archimedean ordered, viz. 


Th.5.1.2.14 If abeR* (ie. abe R and a,b>0), then there exists neI+ such that 
na>b. (Cf. Prob. 30.) 


The Archimedean ordered field R is further characterized by its completeness 
(cf. Prob. 42), in the sense of the following definition: 


Df. 5.1.2.15 (Axiom of Completeness). An ordered field F is called complete if every com- 
plex of F having an upper bound has a 1... and every complex of F having a lower 
bound has a g.l.b. 


Hence RF is now known to be an ordered and complete field; in fact, R is the only 
complete ordered field (to which, of course, some fields may be isomorphic, cf. Prob. 
44-45), 


* * * * * 


As has already been explicit in Th. 5.1.2.13-14, the set R of real numbers may be 
defined in terms of Cauchy-Cantor sequences, the development of which may be con- 
sidered more analytic and less algebraic than that of Dedekind cuts. It begins with 
infinite sequences in general. 


Df.5.1.2.16 An infinite sequence is a (single-valued) function: f(n) =an, where Quek, 
the domain (cf. Df. 2.2.2.6) of which is the set N of natural numbers. 


The function f is then prescribed by the correspondence of a unique value or 
term of the sequence to a positive integer, viz. 


lea, ες» αὐ, ..., NOMn, ..., 


where the nth term a» is sometimes called the general term of the infinite sequence, 
which itself is then represented by {a,}. Unless stated otherwise, sequences will 
mean infinite sequences in the following pages. 


Df.5.1.2.17 A subsequence of a sequence S = {an} is a sequence A, denoted by {Qn,}, rep- 
resenting @n,,@n,,..., Where m1<m2<... in the original order of S. 


Example: 
1/3,1/5, ... is a subsequence of a sequence 1/2, 1/3, 1/4,1/5,1/6,... 


Df. 5.1.2.18 The sequence S= {an} is said to have the limit a, denoted by Tim =O, 


or more simply lima, =a, iff corresponding to any natural number Ὁ there exists 
a natural number m=m(p) such that |an—a| < p whenever m<n. If S has the 
limit a, then it is said to be convergent (to a); otherwise it is divergent. 

Example: 

1,1/2,...,1/n,... converges to 0, since |αἡ -- αἱ = |1/n—0| = 1/n, and since 1/n<p whenever 
l/p<n; 1.6. m(p)=1/p in this example. 

As can be readily verified (cf. Prob. 31-33), the alteration of a finite number of 
terms of a sequence S has no effect on convergence or divergence or limit, which is 
always unique if S converges, and any subsequence of a convergent sequence S 
converges to the same limit of S. 


Df.5.1.2.19 A sequence S= {an} is bounded iff there exists a positive number ὃ such 
that |a,|<b for any πεν. 


Stated otherwise, S is bounded iff all of its terms are contained in some finite 
interval; e.g. any convergent sequence is bounded (cf. Prob. 94). 
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Df. 5.1.2.20 If {an} and {b,} are two sequences, the sequences (αν Ὁ bn}, {@x— bn}, and 
{anbn} are called their sum, difference, and product, respectively; if furthermore 
b,~0, the sequence {an/bx»} is their quotient. In particular, sums and products may 
be extended to any finite number of sequences. 


As can be verified without difficulty (cf. Prob. 36-40), the sum (or difference or 
product or quotient) of two convergent sequences is again a convergent sequence, its 
limit being the sum (or difference or product or quotient) of the respective limits. 


Df. 5.1.2.21 (Cauchy’s Convergence Condition). A sequence S= {an}, ἀπε, is a Cauchy 
(-Cantor) sequence (or simply C-sequence) if corresponding to a positive number peF’ 
there exists a natural number m=m(p) such that |ja.—a.| < p whenever m<u 
and m<v. 

Example: 
Given a sequence: 


ἐς = 1— (1/2) + (1/3) — (1/4) + 9... 35 (1) nt 
u>v implies 
js—s.| Ξε 1ΛΚυ dl) — 1/04 2) — Ver 8) = .-- Aw) 
Hence, if m is so chosen that m+1 > 1/p, 


lsu— 8»| < 1/(m+1) < p whenuv>m 


The sequence thus converges, obviously to a number between 1 and 1/2, since 


8. = (1-1/2) + (1/3—1/4) τ... = 1-- (5 -- 1,3) — (1/4-1/5) -- ... 


The field F, to which any of a, belongs, is still the rational number field καὶ (or 
its isomorphs), since the real number field R has not been defined in this context; 
once defined, however, Df.5.1.2.21 will be stated in terms of R without any modifica- 
tion except that anc R. 


Th. 5.1.2.22 Any convergent sequence in F’ is a C-sequence. (Cf. Prob. 41.) 
This theorem and others (cf. Prob. 42) lead to the following theorem and definition: 


Th. 5.1.2.23 An ordered field F which contains R is Archimedean ordered iff every element 
of F' is the limit of a sequence {an}, where ἀπε. (Cf. Prob. 43.) 


The real number field Κα is thus defined in terms of sequences. 


Df. 5.1.2.24 The complete and Archimedean ordered field is called a continuum, and the 
real number field is a continuum R which contains as a subfield the rational number 
field FR. 

It must be remembered that the continuum R has a cardinal number o(R)=c 
(or the so-called ‘“aleph one’, cf. Df. 2.1.16). 
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Solved Problems 


1. Prove Th. 5.1.2.2. 
PROOF: 
Since re S’ implies that 0+reS’ (. Oc A, as A has already been defined to be non-vacuous), 
the theorem is trivial if reS’. 


Let γε δ΄, then reS, since SUS’ = R (ef. Df. 2.3.3). If α is a fixed element of S’, then, by 
Th. 5.1.1.6, there exists πὲ N such that nr >a, which implies nreS’, since ur¢S’ would imply ure S 
and consequently aeS, contradictory to the present assumption. 


Now, since there exists at least one element, viz. n, the subset of N which contains n is not 
empty; also, since n>1 ('.. n=1 implies ler = reS’, contradictory to the assumption), it follows 
that (n—1)reS, which implies (n—1)r+7reS’, ie. 5 = (n—1)r, completing the proof. 


Note. This theorem holds also conversely (cf. Prob. 2 below). 


2. The join of two cuts A and B of C is again a cut in C. 
PROOF: 
Let AUB =C; then C is a proper complex of R, since A~0 and B¥ ®imply AUB =C#Q, 
and since Α τὰ αὶ and BAR imply that there exist a’,b’ec R such that a’¢A and 6’¢B, which in turn 
imply a’+b’¢C, ie. C¥R. Furthermore, 


(i) IfreR and a+6 =e, where acA, be B, ceC, such that r<e, then reC, since r < c=a+tob, 
le. r—a < 6, which implies r—aceB, ie. r = a+(r—a) and consequently γε AUB=C. 
(ii) If at+b=ceC, where acA and δε ΒΒ, then there exists de A such that d> a, since A is a cut 
(cf. Df. 5.1.2.1, ii); this implies d+b >a+b=e and dt+b=ce'e C, ie. c’>ec and δ ε6. 


Df. 5.1.2.1 is thus satisfied with respect to C: hence C = AUB is again a cut, completing the 
proof. 


Note. As is explicit in (ii) of the proof, the condition (11) of Df. 5.1.2.1 can be more simply stated: 
S contains no largest rational. 


3. If Cz is a cut at x, where xe R, then 
CrpUCy = Cp+q 
where p,qeR (cf. Df. 5.1.2.8). 
PROOF: 
If at+beC,+Cy, where aeC, and beC,, then a<p and b<q, which imply a+b < pq. 
Hence at+beCpiq, ie. ΟΡ. Ὁ Cote 


Conversely, if ceCp+q such that ὁ < p+ q, then (p+q)—c = d, where obviously de Rt. 
Hence ὁ = (p+ q) —d = (p— (d/2)) + (q— (d/2)), where p—(d/2) <p and q— (d/2) <q, which imply 
p— (d/2) ε Cp and q—(d/2) © Cy, ie. c © Cp+Cq, which implies Cp+_¢ GC CpUC,. 


Combining both results, C,UC, = Cyiq. 


4. Addition in C is associative and commutative. 
PROOF: 
If Ca, Cv, Ce C C, then by Prob. 8, 


Gi) “Ga U(CL,UC.) = CoUCrxe = τον = Caries Ξ C.420C.-= (CaUCe) U Co; 
Gl). (GaUiCy = "Coa = Cora =: Cs Cu 


5. If A,BCC and A<B, then AUC < BUC for every CCC. 
PROOF: 

Since A < B, there exists ae R such that ae B and a¢A. Choose, then, be R such that a<b and 
ὃς B; then, by Prob. 5, there exist c,deR such that d—ec = b-—a, ie. b+e = a+d, where ceC 
and d¢C, which implies 

b+ee BUC (1) 
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On the other hand, a¢A and d¢C imply that a+d=b+e > e+f for every ecA and feC, 
which implies b+e% AUC (2) 


Hence, by (1) and (2), AUC < BUC. 


Note. Th. 5.1.2.5 is taken for granted here, which is to be proved in a different context (cf. Prob. 9); 
within the frame of this proof, then, Th. 5.1.2.5 may be considered a definition, without falling into a 
vicious circle. 


If ACC, then there uniquely exists BCC such that AUB = 0*. 


PROOF: 
Since AUB; = AUB2, where B:* Β., is a direct contradiction to Prob. 5, there is at most one 
such B to be considered in the following. 


Let B be the set of all rational numbers a such that —a is an upper bound of A, but not the 
smallest number. Then B is a cut, since B#M, BAR, and 


(i) aeB and 6<a, where bc R, imply —aeA and —b>-—a, so that —b is an upper number of A, 
but not the smallest, which implies be B, satisfying Df. 5.1.2.1, (i); and 


(ii) aeB implies that —a is an upper number of A, but not the smallest, so that there exists ce R 
such that —c <—a and —c¢A, which imply —b < —d < --α (cf. Th. 5.1.1.5), where d = (a+ c¢)/2, 
such that —d is an upper number of A, but not the smallest; hence d>a and deB, satisfying 
Df. 5.1.2.1, (ii). 


Furthermore, if pe AUB, then there exist ge A and reB such that p = q+r, which implies 
—r¢A, —r>q, qtr < 0, and pe 0*, 


Conversely, if pe 0*, then p< 0 and, by Prob. 4, there exist qe A and r¢A, where r is not the 
smallest upper number of A, such that r—q = —p, which implies, since —reB, that 


p = q—-r = qt(-r)e AUB 
Hence AUB = 0*. 


Note. Notationally, B may be written as —A in this context, ie. AUB = AU(-—A) = 0*. It 
should be emphasized that —A cannot be replaced by A’ (the complement of A; cf. Fig. 5.1.2.a) in this 
specific algebra of sets. 


If A,BCC, then there uniquely exists CCE such that AUC = B. 
PROOF: 

As in Prob. 6, it follows directly from Prob. 5 that there exists at most one such C, since Οἱ τέ ΟΣ 
implies AUC, τὸ AUCs. 


Let C = BU(-A) (cf. Prob. 6 note above); then, by Prob. 4, 
| AUC = AU(BU(—A)) = AU((—-A)UB) = (AU(—-A))UB = 0*UB = B 


If A,O*CC, then AUO* = O*UA =A. 
PROOF: 

Let ae AUO0*; then a = δ: ἐσ for some bcA and ce* (1.6, 6 “0), which together with 
b+ec< ὃ implies that b+cecA, 1.6. acd. 


Hence AUO*CA (1) 


Conversely, if ace A, then there exists de A, where de R and d>a, such that ὁ = a—d, which 
implies «<0, ce0*, and a = c+d, so that ace AUOD*. 


Hence AcAUO* (2) 
Hence, by (1) and (2), A = AUO*, where AUO* = 0*UA by Prob. 4; thus AUO* = 0*UA =A. 


Prove Th. 5.1.2.5. 


PROOF: 


If BCA, then every bc B implies be A and there exists ac A such that a¢B, ie. ace B’. More- 
over, if there exist ¢,de A such that a<c<d, then —ce—B (.. ac B’). Hence d—c is a positive 
rational number in the cut A—B, 1.6. (A—B)CC and A>B. 


Conversely, if A>B, ie (a+6)e(A—B) where acA and b6<-—b’ for some b’cB’, then 
a>-b>0'’¢(.. at+b>O0 and ὃ < —b’) such that a¢B, which together with ace A implies A+B. 
Furthermore, c< δ' for every ce B; hence c<a, which together with ce A implies BCA, completing 
the proof, 
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10. Transitivity holds in C. 


11 


12. 


13 


14 


PROOF: 

Let A,B,CCC, where A<B and B<C; then, by Prob. 9, A ΕΒ, B#C, and ACB, BCC, from 
which it follows that ACC (ef. Th. 2.1.5) and that A #C (ef. Df. 2.1.8). 

Hence A <C, which completes the proof. 


Second Proof. Since A < B, there exists ace R such that ace B, but a¢gA. Likewise B<C implies 
be such that be C, but b¢¥B. Since ace B and b¢B imply a< δ, and this, together with a¢A, in 
turn implies b¢A, it immediately follows that be C, but δέ. 


Hence A <C. 


Note. The relation in C, however, is neither reflexive nor symmetric, as can be readily verified. 


Prove Th. 5.1.2.6. 
PROOF: 

Let A+B and also A+B; then there exists some aceA such that acB’. This implies b<a 
for any δὲ B, which in turn, by Df. 5.1.2.1, implies that BCA. 


Likewise, A#B and A+B dually imply ACB, from which it follows, together with the first 
result, that A¢ B and A} B imply A =B, completing the proof. 


If A,BCC, then ANBCC. 
PROOF: | 

Let A > 0" and B>0*, which imply Α τὸ ὁ and B#@; hence ANB ¥ (Ὁ. Also ANB - R, since 
there exist some a’¢A and b’¢B such that a<a’ and b « δ’ for every ace A, and be B, which implies 
that there exists a positive rational number a’b’ ¢ (ANB) such that ab < a/b’ for every abe (ANB). 


Furthermore, (i) if ce R such that 0<ec<ab, where abe (ANB) as above, then ce (ANB), 
since c/a<b implies c/ae B, and since c= a(c/a). 


Also, (11) there exists a1e A such that ai>a, since A is a cut. (Or, for the same reason, there 
exists bie B such that δὲ» δ.) 


Hence aib¢ (ANB) (or abie(ANB)) such that aib>ab (or abi > ab). 
Df. 5.1.2.1 is thus completely satisfied with respect to ANB; hence ANB CC. 


It is proved likewise that ANBCC for (i) A>0O* and B<0* or 4. «0 and B>0O*, and 
(ii) A=0* or B=0*, 


Multiplication in C is both associative and commutative. 
PROOF: 
For every ac A, be B, σε, where a,b,c > 0 and A,B,CCC, 
(it) ANM(BNC) = An{bc} = {albe)} = {(ab)e} = {ab}nc = (ANB)NC, and 
(ii) ANB = {ab} = {ba} = BNA. 
It is proved likewise if (i) a>0, b>0, e<0, (ii) a>0,b<0,c>0, (iii) a>0, ὃ «0,Ο c<0, 


(iv) a<0, b>0,¢>0, (v) a<0, b>0, e<0, (vi) a<0,6<0,e>0, (vii) a<0,b<0,c<0, and 
(vii) @a=0 or b=0 or c=0. 


Distributive laws hold in C. 


PROOF: 
For every ac A, be B, ce C, where A,B,CCC and a,b,c> 0, 
a(b+c) = αὖ τ ae 
which implies that every positive element of Α ἡ (B UC) is a positive element of (ANB) U (ANC). 
Hence An(BUC) © (ANB) U (ANC) (1) 


Conversely, if r ¢ (ANB) U (ANC), it follows from above that r = s+ t, where se ANB and 
te ANC, which implies s=aib and t=azc, where a2,0:d2e€A, say αι Ξα:Ξα. Hence 


r= @b+me = αὖ - ας = α(ὖ - ο) 


which in turn implies re AN(BUC), since a(b +e) ε AN (BUC). Every positive element of 
(ANB) U (ANC) is thus also an element of A ἢ (BUC), i.e., 


(ANB)U(ANC) Cc AN(BUC) (2) 
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From (1) and (2) it follows that AN(BUC) = (A NB)U(ANC). 


As in Prob. 13, other cases (6.5. A >0*, B>0*, C<0*, ete.) can be treated likewise, arriving 
at the same conclusion. 


Similarly, (AUB)NC = (ANC) U (BNC), which completes the proof. 


15. If 1*=S, is a D-cut at 1, then ANS: = A for every ACC. 
PROOF: 


Since the case of A =So is trivial, let A >So; then ANS: = {ar}, by Df. 5.1.2.3, (ii), where ae A 
and 0 < reR < 1. Hence ar<a, which implies arcA, Le. 


AnS: € A (1) 


Conversely, since A is a D-cut, ae A implies some be A such that a< ὃ, which implies αε ANS, 
and also be ANS:, since b= b(a/b), where 0<a/b<1. Hence 


A c ANS; (2) 


It follows, then, from (1) and (2), that ANS: = A. 


Note. ANS, = SinA =A, since multiplication in C is commutative. 


16. If A-! is defined to be a set which consists of every element a of Rz, ie. a rational 
cut at x, such that a<1/b for some ὃ ε A’, then 4.1 is a D-cut. 
PROOF: 


Since ce A implies ὁ «ὃ for every beA’, it follows that 1/c>1/b for every be A’; hence δε 
implies 1/e¢A~', which yields A~'*R. Also, by hypothesis, A~* - (ὦ. 


Furthermore, (i) ae A~! and d<a, where de R, do imply de A~', and (11) there exists no largest 
element in A~', since a<1/b for some be A’ implies, by Th. 5.1.2.2, the existence of a rational number 
γ such that a <r <1/b, which in turn implies re A™', satisfying Df. 5.1.2.1 completely. 


Hence A™! is a D-cut. 


17. Prob. 16 above implies that ANA7~!= A7!1NA = 1*. 
PROOF: 


If ae A, where A > 0*, and bc A~!, then, by Prob. 16, there exists some a’c A’ such that b<1/a’, 
which implies 0 <ab<a/a’<1, ie. αδε 1. Hence 


AnA-! = 13 (1) 


Conversely, if ae A, where A>0* as before, and cel* such that O0<ec<1, then 1—e > 0 
and (1—c)a > 0, which by Th. 5.1.2.2 imply some de A such that d+(1—c)a = a’ for some a’cA’, 
Also, evidently, a<a’ and ἃ « α΄, which imply 


0 < a —d = (. --ὃα < ( -- ε)α’ 
i.e. a’ —~dt+ca’ « (1 -- ο)α' + ca’ = a’ 
which implies ca’ <d, i.e. a’<d/e, which in turn implies c/d<1/a’. Hence c/de A’, 1.6. c= bd for 


some b&A~', which implies ce ANA. But then, by the initial assumption, ὁ is an arbitrary 
positive element of 1*; hence 
1* c ANA™?} (2) 


Hence ANA! = 1*, by (1) and (2) and also, by multiplicative commutativity in C, 
ANA! = A7“!nA = 1" 


18. C is a field. 
PROOF: 


ΕἸ for C is assured by Prob. 2, and F2,5 by Prob. 4. Furthermore, F3 is satisfied by 0*, and 
F4 by Prob. 7. 


F6 for C is proved by Prob. 12, F7,9 by Prob. 13, and F8,10,11 by Prob. 14,15,16,17 respectively, 
which exhaust the properties of a field. 


Hence C is a field. 
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For any a,beR and Sa,SoCC, Sa< Sy iff a<b. 
PROOF: 
If α «ὃ, then ace Ss, but αὖ Sa. Hence Sa< S}. 


Conversely, if S.< Sv, then there exists ce R such that ce Sy, but ¢¢S., which implies a ΞΞ ὁ < ὃ, 
ie. ὦ « ὃ, completing the proof. 


20. Prove Th. 5.1.2.7. 


21. 


22. 


PROOF: 

Since A <B, there exists ace R such that aceB, but a¢gA. Take, then, ce R such that a<e and 
ce B. This implies 5, « B, since ce B and c¢S,. Also A<S,, since ae S-; but acA. Hence, letting 
εξ, A<C<B. 


Note. If A and B are explicitly defined to be rational cuts, this theorem is virtually equivalent 
to Th. 5.1.1.5. On the other hand, if A and B are merely defined to be contained in C, as is stated in 
the theorem, they can be irrational as well as rational. Hence the theorem as such is equivalent to 
the following form: There exists a rational number between any two distinct real numbers (ef. 
Prob. 26 below). 


For any cut A, acA iff S.<A. 
PROOF: 
Since a¢S. for every ae R, it follows at once that S.< A if acA, 


Conversely, if Su< A, then there must exist be R such that be A and b¢Sa. Hence a= Ὁ, which 
together with bce A implies ac A, completing the proof. 


Note. This theorem has proved that every cut A, representing a real number 2, is the set of all 
rational numbers y such that y <x (cf. Prob. 28 below). 


If ACC and re R?*, then there exist peA and q¢A, but geR, such that q is not the 
lu.b. of A, and that q—p = 1. 
PROOF: 

Let ae A and a. = at+nr, n=0,1,...; then, by Th. 5.1.1.6, there uniquely exists an integer m 


such that ame A and am+i¢A. If am+i1 as such ig not the Lub. of A, then the substitution p= am 
and g = @mn+1 verify the theorem. 


If am+1 is the Lu.b. of A, then the substitution P= Qm+(r/2) and αὶ = sniit (r/2) verify the 
theorem. 


In either case the theorem is verified, exhausting the cases, and the proof is complete. 


If A and B are two sets of rational numbers such that every rational number is either 
in A or in B, but never in both, and that a<b for every @eA and beB, then there 
exists a case where A has the largest and B has not the smallest. 
PROOF: 

The partition of R defined by hypothesis yields the following four exclusive and exhaustive cases; 
(i) A has the largest number and B has not the smallest. 
(ii) A has not the largest number and B has the smallest. 
(iit) A has not the largest number and B has not the smallest. 
(iv) A has the largest number and B hag the smallest. 

The first case, then, is to be proved first. Suppose that B contains the smallest number, say ὦ, 
while a<10 for every ac A: then 

10 < (10+06)/2 = γ 
since be B. Hence r¢ A. Also 
(10+ 0/2 =r <b 


since 10 «ὃ. Hence r¢B, contradictory to the initial assumption that every rational number, in- 
eluding r in this context, is either in A or in B. 


Hence B must not contain the smallest number if A has the largest. 


Note. The case (ii) can be proved likewise, while the case (111) is proved by Prob. 24 below, and 
the case (iv) by Prob. 25. 
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29. 


26. 


27. 


Given A and B as defined in Prob. 23 above, show that A has no largest number and 
B has no smallest. 


PROOF: 
Let B be the set of all rational numbers ὃ such that 2 < δ᾽ and A be the set of all rational numbers 
a such that a¢gB. Then A is evidently a D-cut, since a<b for every acA. 


If, say, α = 2, where a=p/q for some p,geTI such that (p,q) =1, then p* = 2q’, which implies that 
p and q are both even numbers (cf. §2.1, Prob. 4 note), contradictory to the assumption. Likewise 
2—2 faces a similar contradiction. 


Hence neither a? =2 nor δ᾽ = 2. 


Furthermore, take a rational number ¢ such that 0<e<1 and e¢ < (2—a’)/(2a+1), where a 
is assumed to be the largest in A such that a?<2. Let ὃ =a+e; then α «ὃ, and 


b> = αδ τ (2α -ἰ δἣὴἣς < α τ (2Ζα - 1ὴς < at+(2—a) = ἃ 
which implies be A, contradictory to the assumption. 


Hence A has no largest number. 
Likewise, if 6 is assumed to be the smallest in B such that 2 « δ᾽, take de® such that 
d = ὃ -- ((b?—2)/2b) = (6/2) + (178) 
which implies 0<d<b and 
d? = 6b? — (b?— 2) + ((b? —2)/2b)? > δ᾽ — (b?—2) = 2 
which implies de B, contradictory to the assumption. Hence B has no smallest number. 


Thus neither A has the largest number nor B has the smallest. 


If A and B are defined as in Prob. 23, it is impossible that A has the largest number 
and B has the smallest. 
PROOF: 

If A has the largest number, say a1, and B has the smallest, say az, and if, by hypothesis, the 
field is limited to R (or what is the same, the class of rational cuts only), then the density (cf. 
Th. 5.1.1.5 for R and its equivalent, Th. 5.1.2.7, for rational cuts) of R allows the existence of ase αὶ 
such that αἱ < as < de. 


Hence the case (iv) that A has the largest number and B has the smallest is an impossibility in R, 
thus yielding a leap between A and B. 


There exists ceR such that a<c<b for every a,beR. 
PROOF: 

There are three cases to be considered: (i) both a and ὃ are irrational; (ii) α is rational and 
b irrational; (iii) a is irrational and ὃ rational. 


(i) If @ and ὃ are irrational cuts, yielding two pairs of disjoint classes A:,A2 and B:1,Be respec- 
tively (as in Th. 5.1.2.9), then there exist rational numbers in B: which are not in Ai, since 
a<b by hypothesis. Hence, if ¢ is one of such rational numbers, it follows immediately that 
ax<e<b, 


(ii) If @ is irrational and ὃ rational, then (a+ b)/2 is also irrational. For, otherwise, it must be 
rational, say r = (a+ 6)/2, where re R, which implies 2r—b = a, contradicting the closure 
property of rational numbers. Thus, (a+ 6)/2 being irrational, the problem is now very much 


the same as (i), viz. pig ὦ eee. ay 
(iii) Likewise, if a is rational and ὃ irrational, 
a< (a+b)/2 < ς < ὃ 


which completes the proof. 


There exists an irrational number de R such that a<d<b for every a,beR. 
PROOF: 

As in Prob. 26 above, there are three cases to be considered, and also an additional case, viz. 
(iv) both a and 6 are rational. 
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If both a and ὃ are irrational, then (a+ b)/2 = ¢ may be either rational or irrational. If ¢ 
is rational, however, (a + c)/2 and (ὁ + b)/2 must be irrational as in Prob. 26; hence 


a< (a+ b)/2 =e < (at+e¢)/2 =d «Ὁ or a< (a+b)/2 =e < (e+ b)/2 = α' < b 
If ¢ is irrational outright, then it follows at once 
a< d(ord’) < ὃ 
If α is irrational and ὃ rational, then (a+ b)/2 = d is also irrational; hence 
a<d< b 
If a is rational and b irrational, the case is exactly the same as (ii). 


If both a and ὃ are rational, then take γνῶ, which has already been proved to be irrational 
(cf. Prob. 24 above), so that 


V2/n < b-—a 


where ne N can be made large enough to establish the inequality. Since a+ (V2/2) is obviously 
irrational, it follows at once that 


a<at (/2/n) < ὃ 
completing the proof. 


28. Prove Th. 5.1.2.11. 
PROOF: 


In the context of Prob. 26, let R: be the set of rational numbers ὁ such that c= ὃ for a given 


real number ὃ. Then, by this assumption itself, b is an upper bound of fi. Also, since it has 
already been proved by Prob. 26 that no smaller real number (a, in Prob. 26) can be an upper bound 
of Κι, ὃ must be the l.u.b. of Ri, which completes the proof. 


Note. The dual (Th. 5.1.2.11la) can be proved likewise, starting with a=c in the same context 


and ending with the conclusion that a is the g.l.b. of Ri. 


29. Prove Th. 5.1.2.138. 
PROOF: 


(i) 


(ii) 


Let R, be the set of all real numbers x such that x<a’ for some a’cA, and R: the set of all 
other real numbers. Also, let Ri and ἢ. be the sets of all rational numbers in Κι and Κ᾽, respec- 
tively. This implies that the rational number field R is now divided into two disjoint sets of 
Ry, and Εἰς by a cut at, say, 8. Then, by Prob. 26, there exists re R such that a<r<s for 
any ae PR such that a<s. 

Hence re Ri, which in turn implies ac Ri. 


Likewise, if be R such that 8 «ὃ, then, by Prob. 26 again, there exists 8΄ εἰ such that 
s<r’<b. Hence γ'ε 2, which implies be Ro. 

Hence there does exist a number se FR such that ae R; implies a<s and be ᾿ς implies 8 «ὃ. 

Conversely, s as such is actually the l.u.b. which satisfies (i). For, if not, by assuming 
te A such that s<t, the following inequality 

s <u = (s+t)/2 < ε 

establishes a contradiction that «eR, and ue R2, both of which follow from the result obtained 
above. 

Furthermore, s is unique. For, if both 5: and 82, Say 8ι “82, are to satisfy (i), ss may be 
assumed by Th. 5.1.2.7 such that 

8i < 83 < Se 
which implies a contradiction that sse Ri, (΄." ss « 82) and sse Re (΄.᾿ 81 < 83). 
Assume, contrary to the conclusion to be drawn, that σέ αὶ such that s—p < ec for any p> 0. 
Then the inequality 
8—-p < v = 8—(p/2) < ς 

implies ve Re, since "Ὁ. by hypothesis is to contain any x such that x <a’ for some a’eA, while 


the same inequality implies ve ἴθι, since Ri has already been proved by (i) to contain any number 
less than s. 
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31. 


32. 


33. 


Hence the initial assumption is evidently a contradiction, which thus proves (ii) to be valid. 
Note. The uniqueness of 8 may be reaffirmed by (ii). For, if both s and s’, say 8s<s’, are to 
satisfy (ii), then let s’—s = p’, and 
8 < w = 58’ -- (p’/2) < 8’ 
introduces a contradiction, since the inequality may be viewed in terms of s and (i), which imply all 


αἴ such that w<a, while the same may be viewed in terms of s’ and (ii), which imply all acA 
such that w <a. 


It must be also noted that the dual (Th. 5.1.2.13a) can be similarly proved with a very slight 
modification of Th. 5.1.2.138, as is but natural for a dual. 


Prove Th. 5.1.2.14. 
PROOF: 
Prob. 26 has already verified the existence of re R such that a’ <r<a<b for any a’,a,be R. 


Also, as is quite obvious, there must exist se R such that b<s. But then, by Th. 5.1.1.6, there exists 
neI* such that nr>r. Hence 


na > nr >s > db, ie na > ὃ 
which completes the proof. 


If {an} and {bn} are two sequences and if p and q are two positive integers such that 
AQptn = bain for any neWN, then the two sequences either both converge to the same 
limit or both diverge. 

PROOF: 


If {an} converges to a, then every neighborhood of a contains all but a finite number of the terms 
of {a,}, 1.6. all but a finite number of the terms of {δι}. Hence the alternation of a finite number of 
terms of a sequence cannot have any effect on the convergence. 


The same is true in the case of divergence, since the two sequences either both have the same 
infinite limit or neither has an infinite limit. 


Note. The proof presumed the term “neighborhood” to be intuitively self-evident, but it can be 
more strictly defined as follows: 


If x is a given point and p>0O, then the open interval (x—p,2-+p), sometimes denoted by 
N(x; p) or N(x), is called a neighborhood of x as center and of radius p. 


The neighborhood can be similarly defined in the space of two or three dimensions or more 
generally of n-dimensions. 


Any subsequence of a convergent sequence converges, and its limit is the limit of the 
original sequence. 
PROOF: 

Let the convergent sequence be {a,}, the limit of which is a. Then, since every neighborhood of a 


contains all but a finite number of the terms of {αν}, it must contain all but a finite number of the 
terms of any subsequence. 


Hence any subsequence of {a,} must converge to a, the limit of {a,} itself. 


The limit of a convergent sequence {an} is unique. 
PROOF: 


Suppose lima,=a and lima,= ὁ, where a+b. If, however, the neighborhoods of a and ὃ 
are made so small that they have no points in common, then each must contain all but a finite number 
of the terms of {a.}, which is evidently a contradiction. Hence a=b, which proves the uniqueness 
of the limit. 


Second Proof. Since ατ ὃ, |ja—b| > Ὁ, and also ja—b|/2 >0. If lima, = ὁ, then there must 
exist p,qgeN such that ἰαν-- αἱ < ja—b|/2 and [ας -- δ < Ja—6|/2 for alln>p and n>q. Hence 


la—b| = |(a—a,)  (α. -- 8) = [α -- αὐ + [αν -- δὶ < la -- δ}7)]2 + Ἰα -- ὃ] = Ἰα -- δ] 


1.6. α -- δ] « [|ἰα -- δ, which is inconsistent. Hence the limit must be unique. 
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Any convergent sequence is bounded. 
PROOF: 


Let the given sequence be {a,}, where lima, = a, and take a specific neighborhood of a, say 
the open interval (a—1,a@+1). Then, since this neighborhood contains all but a finite number of 
the terms of {an}, a suitable enlargement of the neighborhood will contain the remaining terms. 


Hence all terms of the sequence is now contained in some finite interval, which makes the sequence 
bounded, by Df. 5.1.2.19. 


Given two sequences A = {a,} and B= {bz}, the convergence of A and lim (dn -- bn) = 0 
imply the convergence of B and also 
and conversely. 


PROOF: 


Let lima,=a and p>0O. Then, by hypothesis, there exist p,qeN such that |a.—a| < p/2 for 
alla >p and |a.—b,| < p/2 for all n>q. Hence 


ἰδ. ταὶ = [(bxr—an) + (αι -- αὐ] = [δ -- αὐ + |an—al < p/2+p/2 = p 
which implies, by Df. 5.1.2.18, 


liman = limb, 


The converse is logically equivalent to Prob. 36 below. 


The sum (or difference) of two convergent sequences is a convergent sequence, and 
the limit of the sum is the sum of the limits. 
PROOF: 


Let the two sequences be {a»} and {b.}, where lima, =a and limb, = δ, and let p>0. If meN 
is chosen to be so large that the following inequalities can be simultaneously held for any n>: 


lar—al < p/2 and [δι — 6] « p/2 
then, by the triangle inequality [cf. Th. 4.1.2.2.13, (i)], 
| (@n + bn) — (@+b)| = |(a,—a) + (bn—6)| = |an~al] + [δὲ -- ὃ] < p/2+p/2 = p 
Hence, by Df. 5.1.2.18, 
lim (απ +62) = liman + lim da 


Note. The result can be readily generalized to the sum (or difference) of any finite number of 
sequences (cf. Supplementary Problem 5.4). 


If {an} is a convergent sequence, and if {b,} converges to 0, then (απ ὃ.} converges to 0. 
PROOF: 


Since {ax} is bounded, there exists keZ+ such that lan] =k for all πεν. Let p>0, and take 
me WN so large that |b.|<p/k for n>m. Then, for n>m, 


lan On = 0| = ΤᾺ ὃ. = lan! . [δώ] « (p/k) be k Ξ » 
Hence, by Df. 5.1.2.18, Ἰἴπι απ δι = 0, which completes the proof. 


The product of two convergent sequences is again a convergent sequence, and the 
limit of the product is the product of the limits of the two sequences. 
PROOF: 
Assume as in Prob. 36; then 
Gnbn — ab = (da—a)ban + (δ. -- δ)α 


where, by Prob. 37, both sequences (αν -- αὐδ, and (δ. -- b)a converge to 0 (᾽. lim(a.—a)=0 and 
lim (6, — 6) = 0 by the initial assumption). 
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Hence, by Prob. 36-37, 
lim (αν δι) = ab = (lim ax) " (lim bn) 
Note. Like Prob. 36, Prob. 38 can be readily generalized to the product of any finite number of 
sequences. Furthermore, the proof itself can be carried out independently of Prob. 37, viz.: 


Second Proof. Since lima, =a by hypothesis, there exists pe N such that [αν -- αἱ <1 for all 
n>, which implies 
lanl = |(an—a) +al = [|ακ-- αἰ + lal < 14 jal 
Let a’ be the largest of |a:|, jac, ..., |apl, 1+ a], and also a’+1=e; then ¢ >1>0, which implies 
lan| << for all n. Hence the sequence {a} is bounded. 


Furthermore, choose d suitably, so that d>|b|, say ἃ = |b|+1, which implies d>0. Since 
lima,=a and limb, = ὁ by hypothesis, there exist s,te N for p>0O such that |a.—a| < p/2d and 
bn — b| < p/2d for alln>s and n>t. Hence 

Ια ὃ. -- αὐ = | (anba—anb) + (anb—ab)| = |anb»—anb| + |anb — abl 
Hence, by Df. 5.1.2.18, 


lim (ας δ.) = ab = (lima,)(lim δ.) 


The quotient of two convergent sequences, where the denominators and their limits 
are not zero, is a convergent sequence, and the limit of the quotient is the quotient 
of the limits of the sequences. 
PROOF: 

Assume as in Prob. 36; then 

Gn/bn = (Gna) * (1/ba) 
and the proof is complete, by Prob. 38, if it is proved that 
lim 1/b, = 1/8, i.e. lim ((1/6n) — (1/b)) = lim ((6 — bx)/b)* (1/b.)) = ὁ 

Since the sequence {(b — b,)/b} converges to 0, by Prob. 37 and the initial assumption, the proof 
is then complete if the sequence {1/b.} is proved to be bounded. But, since #0 by hypothesis, two 
neighborhoods of 0 and ὃ can be chosen such that they have no points in common, and since {ba} 


converges to ὃ by hypothesis, the neighborhood of ὃ contains all but a finite number of the terms of 
{b,}, which in turn implies that the neighborhood of 0 may contain only a finite number of these terms. 


Furthermore, since b,#0 for all ne N, there must exist a smaller neighborhood of 0 which 
excludes all terms of {b.}. If this neighborhood is the open interval (—p,p), where p>0O, then for 


all ne N, Ibn] = p, ie. |1/bal = 1)» 
which implies that {1/b.} is bounded, completing the proof. 


Note. As was possible in Prob. 38, the proof above may be carried out without resorting to 
Prob. 37, viz.: 


Second Proof. There exists se N such that |b.—6| « |b\/2 for alls<vn. For, if not, there exists 
te N such that t<s and [δι = |b|/2, which implies 


[8] = (Ὁ -- δὴ δὲ} = [ὃ -- δὲ] + [Bel « [δῶ + |b\//2 = [Ὁ] 
ie. [δ] « [δ], which is absurd. 
Hence there must exist se N such that [δι] > |b|/2 for all s<n. 


Furthermore, by Df. 5.1.2.19, the sequence {αι} is bounded as it is convergent. Hence there exists 
re R* such that ja.|<r for all ne N. 


Finally, since lima,=a and limb, = δ, there exist t,t’s N such that [ας -- αἰ < p{d//2 for all 
t<n and |b,—b| < pb’/4r for all t’<xn, which together imply 


| an/dn a/b | = |(a,6—ab,)/b.b| = [|(ακὖ -- αι.) + (Gnd, — abn) | / |b, 6} 
= |anb—anbal/|bab| + [|ακ8. -- αδη δ. 8] = (ααί |b—b,!/|b.6) + lan -- αἱ / |b} 
<  r(rb?/4r)/((|b|/2) (b]) + (pjb|/2)/\b| = p 


which in turn implies, by Df. 5.1.2.18, 
lim (a@n/b.) = a/b = (limaz,)/(lim ὃ.) 
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If lima, > limb,, then there exists meN such that a,—b, > p, where p> 0, for all 
n>m, and conversely. 
PROOF: 


Let a>b and p = (a—6)/3 >0; then, by hypothesis, there exist s,te N such that lan—al < p 
and ὃ. -- δ] <p for alln>s andn>t. If ax.—b,a <= p, then 


Le. @a—b < a—b, which is absurd. 
Hence ὧν -- ὃ, > p for all n<7n’, where n’ is the smaller of 5 and t. 


Conversely, if aj.—b, = 0 for all πη.» πη’, then a<b implies the existence of p>0 and seN 
such that 6,—a, > p > 0 for allu>s. Let n>7n’ and n>s; then an= ὃ, and yet ὃ. -Ξ da, which is 
again absurd. 


Hence it must be the case that a=b, which completes the proof. 


Prove Th. 5.1.2.22. 
PROOF: 


Let the given sequence be {a.} and lima,—a. Then there exists meN for any peF, where 
p>0, such that |a.—a| < p/2 for alln>m. If s>m and t>™m, then by the triangle inequality 
(cf. Prob. 36 above), 


“«“ 


[am -- αὐ = |(am—a) -- (α.-- αὐ] = |α« -- αἱ + |α.-- αἱ < 5,8 τ p/2 = p 
Hence, by Df. 5.1.2.21, {an} is a C-sequence. 


Note. This theorem may hold even for some divergent sequences if the Axiom of Completeness 
(cf. Df. 5.1.2.15) is to be ignored. E.g. a sequence of rational numbers converging to V2 (an irrational 
number) does satisfy this theorem, but does not converge within the field of rational numbers itself. 


The concept of limits and C-sequences in an ordered field F can be applied to a sub- 
field F’ of F iff F is Archimedean-ordered. 
PROOF: 


Assume that F is not Archimedean-ordered; then, by Prob. 30, there must exist an element ας 
such that πὶ =a for some ne N, which implies r < n= a, i.e. r<a, for every rc R, since the rational 
number field R is Archimedean-ordered (cf. Th. 5.1.1.6). If α is multiplied by 1/ar>0, then 1/a < 1/r, 
le. O<1/a<b, where 1/r = beR*. Now, let 1/a = p>0; then [1/e— 1/d| > p for any 
cedeF and ed. Hence there does not exist n’eN such that |1/e—1/d| < p for every ¢d>n’ 
if F is not Archimedean-ordered. That is, say, a rational sequence {1/n}, n=1,2,..., which evidently 
converges to zero, is a C-sequence in R (which is of course a subfield of F), and yet does not converge 
in ΕἾ, which is absurd. 


Hence F' must be Archimedean-ordered. 


Conversely, if ΓΕ is Archimedean-ordered, then the convergence of a C-sequence, liman=a, is 
assured in F’ if the same holds in F. Since F is Archimedean-ordered, there exists ne N such that 
n>I/p, ie. 0< 1/n = p’ < p, where p’cR, hence p'c F’. Then, since lima, =a in F’, there must 
exist 2’e N such that |a.—a| < p’ < p for every ἢ « π'. 


Hence lima, =a in F, which implies lima, =a in F’ iff the same holds in P, completing the 
proof. 


An ordered field F, which contains the rational field Rk, is Archimedean-ordered iff 
each element of F is the limit of a rational sequence. 
PROOF: 
Let ac F, where a is the limit of a rational sequence {a,}. This implies the existence of ke N 
such that [ακ -- αἱ <1 and 
a= [a| = | (a — ae) + ax | = |a — a,| + jax < 1+ [ακ 


where evidently 1+ [ακ] ε R, by the initial assumption. But then, since R is an Archimedean-ordered 
field (cf. Th. 5.1.1.6), there exists ne N such that n > 1+ ax|. Hence >a, which implies by 


Df. 4.1.2.4.12 that F is Archimedean-ordered. 
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Conversely, if Εἰ is Archimedean-ordered, then there exist s,te N for any neN and any acF 
such that 
s(1/n) > a and t(1/n) > —a, ie. (—t)(1/n) < a 


which implies that the set M of integers, in which r(1/n)=a for every reM, is bounded above. 
Hence M must contain the largest integer m such that 


min = a « (m+1)/n 
ie. O = a—(m/n) < 1/n. 


Let m/n=an; then, since there exists πε N such that n’ > 1/p for peFt (ie. pe F and p> 0) 
and 
lan—a| = a—ada < I/n < 1/n’ < 0 


for every n>n’. 


This implies lima,=a for every ace F, completing the proof. 


44. If R and Pf’ are two real number fields, there exists one, and only one, order-isomorphism 
M (cf. Th. 4.1.2.3.8) of R into R’, in which the rational number field R is one and the 
same. 

PROOF: 

Since R is Archimedean-ordered, it follows from Prob. 43 that there exists a rational sequence, 
say {an}, such that lima, =a for every ae R, which implies that {a.} is a C-sequence in R. Hence, 
by Prob. 42, {an} is also a C-sequence in the rational number field R, where of course RCR and 
RCR’. Since R’ is also Archimedean ordered, by hypothesis, {απ} is a C-sequence in R’, too, and 
consequently lima, =a’ for a ’s R’, where a’ is independent from any specific choice of the rational 
sequence {a,} for the following reason: 


If there exists a rational sequence, say δώ), such that τὰ δὶ =a, then lima,=—limb, in R 
and R, which implies lim (a.—6,n) =0 in R and likewise in R’, which in turn implies lima, = 
lim ὃ. = α΄. 

If f is the mapping of R into R’, ie. a’=f(a), then lima, =a, where acR, entails a.=a for 
every ne N. Hence f(a)=a or f(a’) =a’; ie. R is not affected by the mapping f. 


On the other hand, if lima,=a and limb,=b where ab in Κα, then lim (an— ὃ.) ~ 0 in 


R’, which implies lima, # lim 6, in R’, ie. a’ = f(a) τέ f(b) = δ' or a’ τὸ δ' in R. Hence the 
mapping f of FR into RFR’ is 1-1. 


Furthermore, for the same mapping f, 
fia+b) flima, + limbs) = ζΚ{(11π| (α, -Ῥ δ.) = lim f(an+t δ.) 


lim (f(@n) + f(ba)) = lim f(an) + lim f(b,) 
f(lim az) + f(lim6b.) = f(a) + f(0) 


ll 


lI 


and likewise 
fiarb) = f(a) f(d) 
Hence the mapping f is an isomorphism. 


The mapping is also an order-isomorphism. For, if 
lima. = a < ὃ = limba 


in R, then there exists πε N such that an.< b, for every n> 7’, which implies that lima.<limb, in 
R’, by Prob. 40, i.e. 
= f(a) = f(b) = 


But a+b, as the above implies f(a) τέ f(b). Hence a< ὃ implies a’ < 6’, which completes the proof. 


45. The mapping f, defined by Prob. 44, is unique. 
PROOF: 
Assume g to be also an order-isomorphism of R into R’. Then g maps the subfield R of R into 
a rational field R’ contained in Κ΄, which cannot be affected by the mapping, as was proved by Prob. 44. 
Hence R’= Καὶ, i.e. g(r) =r for every γὲ αὶ in Κα. 
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If fg, then there must exist an element acR such that a’ = f(a) γέ g(a) = δ΄. Say a’<b’: 
then let b’—a’ < 1/n, where ne N. This implies 


| min = al « ὁ = (m+1)/n 
for some me Ν, i.e., a’ « ¢ = (m/n) + (17) < a’ Ὁ (b’—a’) = δ’ 
But ce FR and, by Prob. 44, c= f(e), which implies f(d) = a’ < ς, while c=g/(c) implies 
gid) = δ'΄ < ¢€ = gfe) 
1.6, 6'<c, which is contradictory to a’ < ¢ « b’, 
Hence it must be the case that f=g, completing the proof. 


Note, This theorem thus assures the uniqueness of the real number field R, but the existence 
of Καὶ is revealed nowhere within the frame of the theorem. It can be constructed in concreto, of 
course, on the strength of Th. 5.1.2.11 and Th. 5.1.2.22, which Cantor himself used for the construc- 
tion of R. 


$0.1.3 Complex Numbers 


Df.5.1.3.1 A complex number z is an ordered pair (or Hamilton’s number couple) of 
the form (x,y), where x,yeR, the real number field, obeying the following binary 
operative rules: for every a,b,c,dcR, 

(i) (a,b) + (¢,d) = (at+e,b+d), 

(ii) (a,b): (c,d) = (ac—bd, ad + be). 

The former, x, of the pair (x,y)=z is sometimes called the real part (or component) 
of the pair, denoted by καὶ (2) or Re(z), while the latter, y, is called the imaginary part 


(or component), denoted by J(z) or Im(z), since (x, y) may be replaced by its equivalent: 
x+ty, where ἐξ γί--Ἰ. 


In this definition the knowledge of ὁ is taken for granted, in particular the 
following property: 


Df.5.1.3.la For every (a,b)eC, (a,b) =a+ib =0 iffa=0 and b=0. (Cf. Prob. 1 note.) 


Stated otherwise, for every ac R and every ibeC, a and 2b are linearly independent 
(ef. Df. 4.1.8.2.4); viz. ax+iby = 0 for every w,yeR iff x=y=0. 
It must be noted that Hamilton’s quaternions (or quadruples, cf. Df. 4.1.3.1.8) are 
capable of subsuming complex numbers (1.6. Hamilton number couples), viz. 
(a, δ) + (c,d) (a, b,0,0) + (¢,d,0,0) = (a+c,b+d, 0, 0) 
(α, δ) " (c,d) = (a,b,0,0) " (c,d, 0,0) (ac — bd, ad + be, 0, 0) 


While quaternions form only a sfield, however, complex numbers form a field, viz.: 


[| 


| 


Th. 5.1.3.2 A set C, each element of which is of the form defined by Df. 5.1.8.1, forms 
a field. (Cf. Prob. 1.) 


Df. 5.1.3.3 The field C, established by Th.5.1.3.2 is called the complex number field. 


The field C is evidently embedded in the sfield Q of quaternions, as has already 
been pointed out above; so is the real number field R embedded in C (cf. Prob. 2-3), 
with the following clear-cut provision: 
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Th. 5.1.3.4 The complex number field C is not ordered. (Cf. Prob. 7.) 


Here can be drawn a line of demarcation between R and C, to which every 
operative property but the order of R can be carried over. It must be remembered, 
too, that C is isomorphic to the quotient ring [{x}/(x*+ 1) (cf. 84.2.8, Prob. 5, and 
also Prob. 5 below). As will be seen later (cf. Th.5.2.1.19), C is actually isomorphic 
to R{a}/(2? +1). 

Also, as the student has already been introduced 
through College Algebra and Trigonometry, C is iso- 
morphic to the so-called complex-plane (or the Gauss- 
Argand plane, or to be more historically exact, the 
Wessel-Argand-Gauss plane), where the orthogonal 
axes X (the real axis) and Y (the imaginary axis) 
through the origin O (cf. Fig. 5.1.3.2) correspond to 
the real and imaginary parts of complex numbers; 
viz. a point P in the plane 1-1 corresponds to a complex 
number: z = x+1Yy. Fig. 5.1.34 


Y 


Df. 5.1.3.5 A complex number z = x+iy is uniquely determined by the polar coordinates 
γ and 6, where r is the distance between O and P (cf. Fig.5.1.3.a) and @ the angle 
from the real axis to the segment OP, such that 


yr = lel = Vart+y’, 6 = argz = tan '(y/z) 
The polar coordinates r and 6 in this context are called the absolute value (or modulus) 
and the argument (or amplitude), respectively, of the complex number 2. 


It immediately follows that x = rcos@é and y = rsiné, hence Ζ = rcosé + 
irsin 6 (or more concisely, z= rcis6), and that there exists an isomorphism between 
(r,6) and (x,y) under rational operations, as can be readily verified through the 
familiar de Moivre’s theorem, viz.: 


Th. 5.1.3.6 (by de Moivre). If ἢ εἰ, then 
(rcis#)"” = r™cis(né) 
(Cf. Prob. 9.) 


The triangle inequality (cf. Th.4.1.2.2.18) as well as the Schwarz inequality 
(cf. Prob. 19 below) also holds in C with a slight modification, i.e. in terms of moduli: 


Th. 5.1.3.7 If Ζι,ζῶ ἕξ C, then 


lea] — [22] = Jar — 22] = aaj + [22 
(Cf. Prob. 12.) 


From the theory of equations (cf. Prob. 21-80 below) and others, two complex 
numbers differing only in the signs of their imaginary parts are specifically defined 
as follows: 


Df. 5.1.3.8 For every x«+iy =zeC, the conjugate of z, denoted by Ζ, is ὦ — iy =Z2eC. 


Directly from this definition there follow (i) [2] Ξε [2], (ii) <%= |z*|, which is some- 
times called the norm of z, (iii) Z=z, (iv) #2. = +22, (Ὁ) 21°%2 = 21" 25, (cf. 
Prob. 13-14), which also establish the following theorem: 


Th. 5.1.3.9 The mapping V: zz, where z,zeC, is an automorphism. (Cf. Prob. 32.) 
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Note, also, that each real number maps into itself through V, which can be 
repeated, yielding the following result. 


Th. 5.1.3.10 The double mapping V? is an identity transformation (cf. Df. 2.2.2.16). 
(Cf. Prob. 33.) 


Note. An isomorphism is sometimes called an involution (cf. 82.4.2, Prob. 5) if, 
when applied twice, it has the effect of an identity transformation; V, then, is an 
involution in the above context, where, geometrically, it is merely a reflection of z 
in the X-axis, as is quite obvious in the location of z with respect to z. 


Of some elementary mappings of the complex plane into itself, the following 
transformation has particularly interesting properties. 


Df. 5.1.3.11 The mapping f defined by the linear fraction of the form 
W = f(z) = (az+b)/(cz +d) 


where ad—be # 0 and a,b,c¢,deC, is called the Mébius (or linear or homographic) 
transformation. (Cf. Prob. 34-39.) 


Th. 5.13.12 The set M of all Mdbius mappings forms a transformation group. (Cf. 
Prob. 40.) 


Note. M represents some familiar transformations, of infinite varieties, e.g. 
(i) translations when w = z+b (ie. a=d=1, c=0); (ii) rotations when w-=az, 
a=cis¢g, y being the angle of rotation; (111) dilations when w=az, a>0 and a¥1; 
(iv) inversions when w= 1/z, etc. 


Solved Problems 


1, a+ib =c+id, where a,b,c,deR and i= \/—1, iff a=c and b=d. 
PROOF: 

If a=c and ὦ =d, then simply by substitution (cf. MTh. 1.1.1.9) α- ἰδ = e+ id. 

Conversely, if a+ib = c+id and also b=d, then ib =id, which immediately implies, by 
hypothesis, a= δ. If, however, a+7b = ¢+id while b¥d, then i = (a —c)/(d— 6b), which implies 
ie R, since a,b,c,deR. But ἐξ hk, by the definition of 7 itself. 

Hence, in either case, ἃ {ἰδ = c+id implies a=ec and b=d. 

Note. If the concept of “linear independence” (cf. Df. 4.1.3.2.4 and also Prob. 3 below) is pre- 
sumed in this context, it follows at once that (a —c)+i(b—d) = 0, which implies a=c and b=d, 
and conversely. 


2. Prove Th. 5.1.3.2. 
PROOF: 
The set C does satisfy all the properties of a field (ef. Th. 4.1.2.4.1), viz. for every (a,b), (c,d), (e,f) © C: 
C1,6. By Df. 5.1.3.1 itself. 
C2. (a,b) + ((c,d) + (e,f)) = (a,b) + (e+e,d+f) = (ate+e,b+d+f) = ((ate)+e, (b+ d) + ἢ 
= (a+c¢,b+d) + (ef) = ((a,b) + (e,d)) + (e,f) 
C3. (0,0). (.- (a,b) + (0,0) = (a+0,6+0) = (a,b). ) 
C4. —(a,6) for every (a,b)eC 
(. (a,b) + (—(a,b)) = (a,b) + (—a,—b) = (a—a,b—b) = (0,0) = (~—(a,b)) + (a,b). ) 
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C5. (a,b) + (ed) = (ate,b+d) = (e+a,d+b) = (c,d) + (a,b). 

C7. (a,b)((c,d)(e,f)) = (a,b)(ce—df, cf + de) = (ace —adf — bef — bde, acf + ade + bee — bdf) 

(ace — bde — adf — bef, acf — δα} + ade + bce) = (ac — bd, ad + be)(e,f) 

= ((a,b)(¢,d))(e,f) 

C8. (a,b)((e,d) + (e,f)) (a,b(cte,d+f) = (act+ae—bd— δῇ, ad+ af + be + be) 

(ac — bd + ae — bf, ad+ be + af + be) 

(ac — bd, ad+ be) + (ae— bf, af +be) = (a,b)(e,d) + (a,b)(e,f) 
Likewise ((a,b) + (c,d))(e,f) = (a,b)(e,f) + (c,d)(e,f). 

9. (1,0). (΄- (α,8)(1,0) = (a°1— δ"0, α"0Ὸ Ὁ 6°11) = (a,d).) 

C10. (a,b)-! = (a/(a? + b?), —b/(a?+ 6*)). (Cf. Prob. 3 below.) 

C11. (a,b)(c,d) = (ac— bd, ad+be) = (ca—db,cb+da) = (e,d)(a,b) 


ἢ 


II 


Given (a,b)(x,y) = (¢,d), where (a,b), (c,d),(z,y) eC and not simultaneously a=0, b=0, 


find (2,y). 
Solution: 
By Df. 5.1.3.1 and hypothesis, 
(a,b)(x,y) = (ax — by, ay+ bx) = (e,d) or (ax — by) + ἰί(αψ - δα) = e+ id 


where, by definition, a,b,c,d,x,y ¢ R, which implies (ax — by),(ay+6x) ε R. Then, since any real 
number and i—V-1 are linearly independent (cf. Df.4.1.3.2.4), ie. pxt+iq τὸ Ὁ for any nonzero 
p,q,ceR, it follows that ax — by = ς and αν τ δα = ἃ 
Hence, solving these equations simultaneously for x and y, 
xe = (ac+ bd)/({a’ + δ᾽), y = (ad — bc)/(a? + δ) 
Note. A direct verification yields 


(a,b)((ae + bd)/(a? + b?), (ad — bc)/(a* + 85} 
= ((a?c + abd — bad + b?c)/(a? + b*), (a2d — abc + bac + b’d)/(a*? + δ5)) = (e,d) 


and if (c,d) = (1,0), then evidently 
(x,y) = (a/(a? + b)), —b/(a? + b?)) 
verifying C9-10 in Prob. 2 above. 


The real number field R is embedded in the complex number field C. 
PROOF: 


Let a<(a,0) and ὃ «Ὁ (0,0), where a,ob¢R and (a,0),(b,0) ε C’; then 
(a,0) + (b,0) = (a+ 6,0) “9 ατ ὃ and (a,0) ° (0,0) = (a°b,0) — arb 


which proves an isomorphism of R into a subfield C’ of C, where every element of C’ is uniquely of 
the form (x,0) for every «eR. 


Hence FR is now embedded in C. 


The real number field R and i=\/—1 form a minimal field containing RP, i.e. the com- 
plex number field C, iff every element of C is uniquely of the form x+7zy, where 


αι εκ. 
ΡΕΟΟΕ: 

Assume that C contains a subfield B which consists of R and 7- Y—1. Then, since ὥ Ξ 22 =~—1, 
it follows that (i+ j)(i— ἢ — {2 — ij “4 71 -- 72 Ξε 0 
which implies i+j = 0 or ἐ--} = 0, ie. i=+j, since, by Df. 5.1.2.4.1, C is not to contain any 
zero-divisors. Hence ze B, where z = xt+iy = x+jy, if ze C, and conversely, which evidently 


implies B=C, proving that C is a minimal field. 
Conversely, if C is a minimal field, then every element of C is uniquely of the given form x + vy. 
For, if a,be¢C, where a = x+iy and ὃ = «’+iy’, then, by Prob. 1 above and Df. 5.1.3.1, 
(i) xewtiy = α' +iy iff «=e2’ and y=y’; 
(ii) (a tiy) +(e’ +iy’) = (a@t+ea’) + iyty’); 
(iii) (a +iy) + (a’+iy’) = (xu’— yy’) + τ(αμ’ + α΄ ψ). 
This completes the proof. 
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6. The complex number field C, except its possible isomorphs, is unique. 
PROOF: 


Let C and C’ be two complex number fields, where i= i’ =V-1 if ἐε and i’ceC’. Then, by 
Prob. 5, every element of C and C’ is to be uniquely of the form x+iy and x+ vy respectively, 
where αν ε , which thus implies the 1-1 mapping f of C into C’. 


Furthermore, if z:,22eC, where z1 = a+ib and 25 = c+id, then f(a) = a+b, f(z) = e+7d 
ae flate) = f((at+ib)+(e+id)) = fate) + τ(6 - ὦ) 
= (a+e)+7(b+d) = (atid) 4+ (ς - ἃ = f(z) + f(z) 
Likewise (21°22) = f(z1) " f(z2). 


Hence f is an isomorphism, which maps i into 7’ and a into a itself for every acR. This 
completes the proof. 


3 


7. Prove Th. 5.1.3.4. 


PROOF: 
Assume that C is ordered. Then, by Th. 4.1.2.2.9, 1#0 implies 2.» 0, contradictory to the 
definition: 12 = —1 < 0. 


Hence C cannot be an ordered field. 


8. Express the following complex numbers in their respective polar forms: 
(i) -1+%, (ii) -2-384, (iii) ὧν --ὖ 
Solution: 
(i) Since, by Df.5.1.3.5, z2 = a+iy = —1+i, ie. x =—1 and y=1, in this context, it follows at 
once that r = |z| = γ(--1)} 12 = v2. Furthermore, 9. = argz = tan™'(y/x) = tan~1(—1), 
1.6, @ = 37/4+ 2k7 or, taking its principal value, 6 = 37/4, since cos 9 = —1/V/2 and sin 9 = 1)ν2. 
Hence z = γ'ἃ εἰβ (87/4). 
(ii) Likewise, r= ν 18, which implies cos¢6 = —2/V18 and sing = —3/V138, which in turn implies 
9 = 2k7 + (7 + tan! (3/2)) or, taking its principal value, 6 = 7+ Tan7! (3/2). 
Hence καὶ = y 18 cis (τ + Tan“! (3/2)). 
(iii) Likewise z = (2/8) cis (—7/3). 


9. Prove Th. 5.1.3.6. 
PROOF: 
Let 2 = ricis61 and 2 = recis 62; then 


Zi%2 = 11 C1S61° r2cis62 = γιγείοοβϑθι + isin 61)(cos 62 + 7 sin 62) 
= frif2((cos 61 cos 82 — sin 6: sin 62) + i(sin 61 cos 6. + cos 6: sin 62)) 
= 7172(cos (@1+ 62) + ἢ 51η (θι 82) = rire cis (61 + 62) 
and in general, by induction, for 2: = γι cis 61, 22 = 75 cis O2, ..., Zn = Tn CIS On, 
im2---%n = 71 CIS 01° T2 CIS O2°% 1: * TA CISOn = 117 2---Tn Cis (61+ 62+ +--+ On) 
If =2@=-+--=2,=2, then n=m=-:-=r,=r7r and 9, -- 62 = +++ = 6, = 6, which imply 
55 = γῆ cis (née) 


which proves the case for πὲ}. 
On the other hand, if —neJl~, then, since 
(cis@)"* = I/(cise) = (cose — isineé)/(cos@ + sine) = cose —ising = cis (--9) 
it follows at once that, applying the first result, 
(cis 8)" " = ((οἰβ 9)" = (cis (--9))» = cis (-- 6) 
which completes the proof. 


Note. »=0 implies the trivial case 2° = γϑ cis0 — 1. 
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10. Th. 5.1.3.6 holds also for fractional values of n. 


PROOF: 
Let 
wa wm = Va (1) 
so that w is a solution of 
w= 2 (2) 
Then, by Df. 5.1.3.5, 
w= Reis@ and z = rcisé (3) 
From (2), (2), and Prob. 9 above, | 
τυ" = R*cis(n~) = recisé 


which implies 
R* =r and no = 6+ 2kz, where k=(0,1,2,... 
1.6. R=Vr and o = (9: 2kz)n, k = 0,1,2,... 
which then entail, by (3), 
w = Vr cis ((6 + 2kr)/n) 
and, by (1), 
zn = (γ οἱβ 9)" = γ᾽ cis ((9 + 2kz)/n) (4) 


where cos ((@+2k7z)/n) and sin ((6+ 2kr)/n) have the same values for two integers k differing by a 
multiple of n, since they are of course periodic. Hence (4) yields exactly ἢ distinct values for χ᾽), viz., 


Vz = r™ cis ((9 + 2kr)/n), k=0,1,2,...,n—1 (5) 
Hence, by Prob. 9 above and (5), 
gue = γῆμη cis (m(o + 2kr)/n) (6) 


for every m,nelI, which completes the proof. 


11. Find all roots of (i) ΨΊ and (ii) V/1 47. 


Solution: 
(i) By Prob. 10, 1“°=1, 6=0, and 
V1 = cis(2kx/n), k=0,1,2,...,n—-1 
which exhausts the n roots of unity. (Pictorially, they coincide with the vertices of a regular 
polygon of n sides inscribed in the unit circle, with one vertex of the polygon at z=1.) 
(ii) Since 1+% = V2 cis(z/4), it follows from Prob. 10, (5), that 


V1+i = V2 cis (((r/4) + 2kr)/3), k=0,1,2 


Hence the three roots are: 


Ww, = 28 cis (7/12), we = 2% cis (87/4), ws = 2") cis (177/12) 


12. Prove Th. 5.1.8.7. 
PROOF: 
Let z: = at+ib ~# 0 and z = c+id τὸ 0, and also let O 
denote the origin. Then, if O,2:, and z are not collinear, 
O, 21,22, and z1+ 2 are the vertices of a parallelogram (cf. Fig. 
5.1.3.b), where |z:| and |z2| are two sides of the parallelogram and 
χι +z:| is a diagonal. That is, |z1|,|z2|, and |zi1+2z:| are three 


Z1 + 22 


sides of a triangle. Hence 22 

21+ ζεῖ «ἰχιὶ + Jee (1) 
and iff arg 21 = arg 22, 

lex + zo] = σι] + [κε] (2) 7 
Combining (1) and (2), a 


[χι + 22] = fas] + [ze (3) Fig. 5.1.30 
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13. 


14. 
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which immediately implies |z1 + (—z2)| = |z:| + |(—z2)| = |21| + |za|, i.e. 
ἰζι τ- 2εῖ = [κι] + [χε] (4) 
Furthermore, from (8), || = [z1—22+2:| = |21 — 22] + |zel, 1.6. 
|z1| — za] = αἱ — 2a (5) 
Combining (4) and (5), 
[5 — |ae] = |za— χε = zal + [εὐ 


which completes the proof. 
If either z:1=0 or 22=0 or if ζΖι ΞΞ 22 = 0, the case is obviously trivial, yielding the same result. 


Second Proof. A direct computation yields 
Vater+ td? = Veith + Vere 
which is evidently true, since, by squaring both sides of the inequality, 
(ate? +(b+d)? = αὐ Ὁ δ᾽ +e? Ὁ d+ 2V(a? + δ᾽)65 +d’) 
1.6. ac+bd = V(a?+b%\(e? +d?) 
and, squaring again, 
ae? + 2abed + δα = atc? + a2d? + be? + b2d? 
1.6. (ad -- bd)? = 0 
which of course holds, since a,b,c,deR. Hence 
ἰΖι + 2] = [zi] + [κε] 


The rest can be proved likewise. 


If zv,yeC, then 
(i) <+y=4+49, (ii) c—-y = 4-H, (iii) zy = 4-9, (iv) Z/y — 2/9, where yX0 
PROOF: 
Let x =a+ib and y = c+id; then 


Gi) «ty = (ate) +ib+d) = (α τοὺ -- (δ -- ὦ = (a—ib) + (e—id) = #€4+%. 
(ii) Likewise x—y = #— 7%. 


(ili) xw*y = (ae—bd)+ i(ad+be) = (ae—bd) — uUad+be) = (α -- ἰδ)ίο -- ἰὰ) = "ἢ. 
(iv) Likewise αὐ = %/y. (Or, directly from (iii), it follows that g*(a/y) = y-(z/y) = 
that, dividing both sides by 9 #0, α΄ = 2/7.) 


If xz,yeC, then 
(i) |x} = [2], (ii) φᾷ = |xP, (iii) [e-y| = [ἡ 
PROOF: 
(i) Let « =a+ib; then ἃ = a—ib and, since |x} = (a? + Bb)? and [ἃ] = (a?+ (—b)*), it follows 
at once that |x| = [6]. 
(1) 2% = (α- ἐδ)ί(α --- 18) = a? +b? = ((a? + 6?)¥?)? = | a? 


y|, (iv) |x/y| = |x|/\y|, where y x0 


(111) |e+y| = |(ae—bd) + i(ad+ be)| = ((ac— bd)? + (ad + be)*)1” 
= (a%e? + ard? + be? + b2d?)¥? = (a? + b%)" (ο3 + 45}. 
= |x| ely! 


Y= αλλ τ = 
|x| + |yl. 
Note. |a1%2-++aa| = [αι] [vel +--lanl, for every 21,%2,.. -»treC, evidently holds as a general- 
ized result of (iii). 
(iv) |a/y| = | (ae Ὁ bd) + i(ad — δο)))(ο" + d*)| = V(ae + bd) + (ad — bo)*/(c? + a) 
= γί(αὖ Ὁ δ5)(65-Ὁ P(E - ΑἹ = Vet+e/Vete = lal / |y| 
Second Proof. By (iii), |y||x/y| = ly(x/y)| = |x|, and, dividing both sides by ly] τέ 0, 
|x/y| = |x| ἡ ν]. 


Second Proof. By (ii) immediately above, |x+y|? = (xey)\(¥*yY) Ξξ αὐ" 8" 
|x|?*|y|?, and since |xa+y| = 0, |x! = 0, and |y| = 0, it follows that jaey| = 
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If |z:|= |2e] =... =|2n|=1, then 
[21 Ἐ 22 Ὁ ..- ἜΖη| = |1/eit+ 1/eet+.-.+1/en| 
PROOF: 
Since, by Prob. 14, (i), [Ζι] = |2:| and evidently also 
lai +22] = [ζΖι + 2e| 
(or Ζι = ait+ibi and 2 = de2t+ib, imply 2% = ai—ibi and 22 = ας —ibe, which in turn imply 


Zi + 22 = (αι απ 2) τ (δι =f be) and 2+2Z= (αι + 2) — (δι — be), 1.6. 21 7 Z| = ((a1 =f 2)” ΞΕ (bi ΞΕ δ.}}}"" - 
|Z: + 22|), this result can be readily generalized to 


Coie oes + Z,| = ζι -"Ἔ Ζ: Ἔ 55 + Z| 


Since, by Prob. 14, (ii), and the initial hypothesis, |z:|?=21Z:—1, it follows at once that 2: = 1/a:. 
Likewise 22 = 1/z2,...,2n =1/en. Hence 


χι tzeters+an) = | Wert 1/eet τ. +1/2n| 


If x,yeC, and if |jz|=1 or ly;=1, then 


\(2+y/(1+éy)| = 1 
PROOF: 
Let |x| ΞΞ 1; then, since 7% ΞΞ [αὐ ΞΞ1, ie. x=1/%, it follows that 
aty = (17) Ἐν = + Zy)/a 
(aty/A+ay) = (1+ éy)/z)/(1+ zy) = 178 
\(a+y/A+ay)| = |1/e) = 1/2, = 1Π|] = 1 


The same result is obtained likewise by assuming |y|=1, which was a part of the initial 
hypothesis. 


If zeC, where z = a+ib, then (i) z=z, (ii) <+2Z = 2Re(z), (iii) z—Z = 2Im(z), 
where Re (2) and Im (2) are the real and imaginary part of z, respectively (cf. Df. 5.1.3.1). 
PROOF: 

(i) z= a—ib, by hypothesis and Df.5.1.3.8 itself. Hence καὶ = (a—ib) =atib =z, ie. ΚΖ ΞΞ Ζ. 

(ii) z2+2 = (a+b) + (α -- 18) = 2a = 2Re(z) 

(iii) z—2 = (a+%b) — (α -- ἰδ) = 2ib = 2Im(z) 


18. If z,yeC, then (i) |at+y)? = [α]2-Ὁ |y?+2Re(ry), (ii) |2—y? = ja? +|yP—2Re(xy), 


(111) [0 - ψ{5-Ἐ 2 --τῦῇ δ = 2(\x?+\y)), where Re(xy) denotes the real part of xy (cf. 
Df. 5.1.3.1). 

PROOF: 

(i) By Prob. 18, (i), and Prob. 14, (ii), 


[Ια τ ψ]2 = (e@ty\aty) = (ὦ Ὁ νυ) Ἐ 7) = χὰ Ὁ yp + v9 + By 


where, by Prob. 14, (ii), αὦ ΞΞ [χ]2, γῷ ΞΞ [ψ|2ῷ, and, by Prob. 18, (iii), Prob. 17, (1), and Df. 5.1.3.8, 
fy = δε = xy, which implies, by Prob. 17, (iii), zy+ay = cy tay = 2Re(xy). Hence 


jety|? = lal? + Ἰν] + 2 Re (ay) (1) 
(ii) Likewise, going through similar steps as above, 
lx —yl|? = |x| + [ψ] — 2 Re (xy) (2) 
(iii) Adding (1) and (2), 
let yl? + [ὦ τὰ = 2(\x|? + ἵν} ἢ (3) 


which completes the proof. 
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19. For every ax,bieC, k=1,2,...,n, 


Eads = (ΣΙ fast) (S lon!) 
PROOF: 
Let de C such that 


ak = dbx + cx, k= 1,2,...,” 


Then |ax|> = ἀακᾶκ = (dbx + cx) (dbx + Cr) = [α]5 |bx|? + lex|? + dbxex + dbxé. Hence 


Slax? = [d? Slo? + Slel? + dS brew + dX bi ce) 
k k k k k 
and, from (1) itself, 
mds = dB bubs + > bi cr = d & [δι]; + & dice 
If every ὃκ is not to vanish all simultaneously, and if d is to satisfy 
ὩΣ ἀκ δι = ἀπ [δι 
then, by (8), & bree ἘΞ Ὁ; 
Hence, by (2), 
Σ αι" = lay? los) + Σ |οι! 
Multiplying both sides of the equation by 2 | bx|?, 
(Σ Ια )(Σ Ια) = lal (Sook)? + (ΣΟ ῚΓ(Σ δι). = (lal B lout 
by (4). The equality holds evidently iff 


(ΣΟ ΣΡ) = 0 


[CHAP. 5.1 
(1) 
(2) 
(3) 
(4) 
Ξ-- | = Ox bx i 


ie. either 3 |b.|? = 0 which implies 6:=b.=--- =b,=0, or & [σ᾽ = 0 which implies c:=e.= 
k 


"++ =¢,=0. (The latter also implies, by (1), ax = dbx.) 


Second Proof. If the inequality has already been proved to hold with respect to real numbers 


(cf. §5.1.2, Prob. 18), ie, 
(Σ Ια lol)? = (VlaP(B low), k=12,.. 0 
then, since 
| > ak δι] ΞΞ » |ax| [δε], 1,6. | > ar bx 7 <= (> [ακ [δ.}" 
k k k k 
it immediately follows from (1), (2), and transitivity that 
2 «Ξ 2 2 
| = x by | (= [ακ] le [δκ| Ὶ 


which completes the proof. 


20. If [α] «1, then |(z2—a)/(1—4z)| <1, =1, >1 according as j4Z}<1,=1,>1. 


(1) 


(2) 


PROOF: 
Since 
le—al? — [1 -- az)? = (2—a)(z—<a) — (l—az)\1l—dz) = (z-a)(2-a@ -- 4. -- &z)(1 — a2) 


(z@—1)(1—aa) = (|z|?—1)(1 — |a)*) 


and since, by hypothesis, [ἃ] <1, ie. 1—|a|? > 0, it follows that |jz—al/*—|1— az)? < 1, =1, >1 


according as [212 «1, =1, >0. 


Hence [2 -- αἰ" = [1 -- ἄχ)", ie. | (z—a)/(1—Gz)| = 1 according as [4] ΞΞ5 1, completing the proof. 
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Two numbers x and y, whose sum as well as product is real, are either both real num- 
bers or conjugate complex numbers. 
PROOF: 


Let a,b¢ R; then any two numbers x and y, where x+y =a and xy = ὃ, are in fact the roots 
of the following quadratic equation 


?—at+b = 0 


where the roots are either both real numbers if a’?—4b = Ὁ or conjugate complex numbers if 
a’— 4b < 0, 1.6, 


2 = (a/2) + i(V¥4b—0?/2) and y = (a/2) — ἰ(γ 40 -- a*/2) 


Second Proof. Let « =a+ib and y = c+ 2d; then 
aty = (ate)+i(b+d) and «zy = (αὁ-- θα) + i(ad + bc) 


which by hypothesis implies both b+d = 0 and ad+be = 0, from which it follows that b=-—d 
and b(a—c) = 0. Hence either ὃ τὺ or a=c if b #0, which implies that either b=d=0 or a=c 
and b=-—d. If b=d=0, then evidently «=a and y=¢, i.e. zyeR, and if a=ec and b=~—d, then 
χες and α τ ἢ or y=, which completes the proof. 


If a is an imaginary root of the equation: 2"—1 = 0, then 
lTtata+...-ta™' = 0 


PROOF: 


Since z*—1 = (g—1)(z""!42"7-2+-+-+2+41), and since a is a root of the equation and evi- 
dently a—1 # 0, 
(α -- 1) τ a"? +---+art1) = 0 


implies at once that 
a ita ?+--+-+a+at+1 = 0 


which completes the proof. 


If γε and eC, k=0,1,...,.n, then (i) S reek = δὲ red, (ii) οἷ = (@)" for every ceC 
and neN., 

PROOF: 

(i) Generalizing Prob. 18, (i), 


101+ Yada tees + Tan = Y1e1 + 2€2 + +++ 1 nen 


But, by Prob. 18, (iii), 
T1C1 = 71 C1, T2€2 = T2€2, aay Tr Cn - Ὁ, δὰ 
where 7x ΞΞ γκ, since γκε R. Hence 


S rex = S rnb 


(ii) Let «=y in Prob. 13, (iii); then x? = (#)*, and likewise αὖ = x” = αδοὰ = (#)*# = (#)%. Since 
both xe C and ceC, x and ¢ are interchangeable; hence, by induction, 


c* = (é)" 


which completes the proof. 
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If f(x) = Daxt, k=0,1,...,n, where axe R, then 
k —— 
f(z) = (ὦ 
for every zeC. 
PROOF: 


Since f(z) = ἋΣ ἀκ», it follows, by Prob. 23, (i), (ii), that 


f(z) = a2 +aiz2+-° + απ" = doz? taizit +++ + ane 
Go (Z)° + ai(Z)' + +++ + an(z)" = f(z) 


which completes the proof. 


If, as in Prob. 24 above, f(x) = δ᾽ axa*, k=0,1,...,.n, where axe R, and if f(z) = a+%b, 
k 


where a,beR, then f(z) = a—ib. 
PROOF: 
Since f(z) = a+%b, it follows at once, by Df.5.1.3.8, that f(z) = at+ib = α-- ἰδ. But, by 
Prob. 24, f(z) = f(z). Hence 
f(2) = a— ib 


If a complex number z is a root of the equation 


f(x) = Σ᾽ ἀκα" = 0 (1) 
k 
where ae R, then Z is also a root of (1). 
PROOF: 
Since καὶ is a root of (1), by hypothesis, it follows from Prob. 25 above, that 
f(z) = a+ib = 0 (2) 


where a,be R. Since the real part and the imaginary part are linearly independent, (2) implies that 


a =6=0, which in turn implies, together with Prob. 25, 
f(z) = a—ib = 0 
completing the proof. 


If «eC is a root of the equation: 
f(z) = > cuz! = 0. ἀρ ϑο ιν (1) 
where z is the indeterminate of (1) and cxeC, then ὦ is a root of the equation 
g(z) = Σ κι" = 0 


PROOF: 
Since f(u) =0, it follows from Prob. 26 that f(%)=0, which in turn implies, by Prob. 24, 
FH - ζω = 0 
i.e. fw) = owtaurte--+eu™ = δρῶ +407 +---4+4,4" = 0 


Hence, by substitution [and Prob. 17, (i)], 
FG) = GU + GU + ++ + FU" = Su Ἐ Bult -+- + Fu" = g(a) = 0 


which proves that ἃ is a root of g(z) =0. 


Find the roots of the equation χὡ = a+ib, where a,beR and b<0. 
Solution: 
Let z= x+y; then, by hypothesis, 
(e+iy)?? = at+ib, ie a? —y? + 2ey = at ib (1) 
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which, by Prob. 1, implies 
(i) α΄ -ν, = 4, (ii) 2ey = ὃ (2) 


Squaring (i) and (ii), then adding them, 


(ty)? = a+b, ie χ᾽ Ὁ μὴ = (αὐ Ὁ δ᾽)" (8) 

From (8) and (2), (i), 
αΣ = ((a?+ b?)/2 +4 a)/2, y2 = ((at+ b?)1/2 — a)/2 (4) 
i.e. xe = -ε(((αἢ + b*)'? 4+ a)/2), y = +(((a? + 6%)? — a)/2)” (5) 


since the right sides of the equations of (4) are both non negative. 


In general, since x and y must satisfy (2), (ii), as well as (3) and (2), (i), xy and b must have the 
same sign if 60. Hence the square roots of a+b are 


(i) ptiq and —p—iq if b>0, 
(ii) p—iq and —ptiq if ὃ «0, 
where p = (((a2 + δ). + a)/2)? and ᾳ = (((a®+ δ᾽)" — a)/2)'”. 
Note. b=0 implies that 
(i) w=y=0 if a=0 
(ii) z=+Va if a>0, since (a?+ 6”)? = a, implying by (4) that « = +Va and y=0. 
(iii) z= +i/—a if α «0, since (a?+ δ5)"2 = —a, implying by (4) that x=0 and y= ξγ --α. 


99, Find the roots of the quadratic equation rz?+2s¢+t = 0, where r~0 and 1,s,teC. 


Solution: 
Let s’=s/r and t’=t/r; then, by hypothesis, 
2+2s’zt+t? = 0, ie (5 8} = 8?-7 (2) 
which implies, by substituting z = x+iy, 8' = b+ ἰδ', U =ct+ie’, 
((ς + dy) + (b+ ib’)? = (b+ ἐδ} — [ὁ + ic’) 
1.6. (e+ δ) + ἐν - 8))} = (5 -- δ΄" -- δ), + ἠ τ(2 58’ -- c’) 
Then, introducing two sets of substitutions: 
etb= u, y+b' = v (2) 
δ --δ —ec = p, 2bb’—c’ = q (3) 
it follows that 
(utiv)?? = ptig (4) 


which reduces the problem to Prob. 28, since (4) is of the form of Prob. 28. Hence, taking similar 
steps as in Prob. 28, 


u = +(((p? + q’)'? + )/2)'”, 2 = *+(((p? 4 gq’)? = p)/2)? 
and i bo (((p? + 45)" ot p)/2)'?, y= b= (((p? + q’)'? _ p)/2)' 


30. The roots of the quadratic equation: 22+2s+t= 0 are not conjugate to each other if 
s¢R or t¢R. 
PROOF: 
Suppose the given equation has the roots z: and zz which are conjugate to each other. Then, 
by Prob. 17, (ii), and Prob. 14, (11), 


zitz = 2R(z) = 2R(z), and ze22 = lal? = |22/? 


On the other hand, since 21+ 22 = --28 and 51" 22 = t (ef. Prob. 21 above), it must be the case 
that —2s = 2R(z:) and ¢t = |2ι}2, ie. se R and te R, contradictory to the initial hypothesis. 


Hence neither 2:— 22 nor 22> 21. 
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The quadratic equation with complex coefficients: 
27+ 2(a+ia’)z +b+ ib’ = 0 (1) 
where α σε and a’ «0, has at least one real root iff 
b” — 4aa’b’  4α3. = 0 (2) 
and has pure imaginary roots iff 
—b" + 4aa’e’ + 4a’e = 0 (3) 


PROOF: 
(i) Let στῆ, where re FR; then, substituting r in (1), 
γῆ + 2(a+ia’)r + b+ ib’ = 0 
he. (7+ 2ar+ ὃ) + i(2a’r+ 6’) = 0. 
Hence, by Prob. 1, it follows that 
r?+2ar+b = 0 and 2ar+0b’ = 0 
from which r is cancelled to yield (2). The converse also holds, as can be verified by taking the 


steps in reverse. 


(ii) Let z=iu, where we R; then, substituting iu in (1) and taking similar steps as in (i) above, 
(3) is duly obtained. The converse holds likewise. 


Prove Th. 5.1.3.9. 
PROOF: 
Let 2,22eC, and 21> 21, 22<>2Z2, where Zz: = V(21) and z= V(z2). Then, by Prob. 18, (i), (iii), 
1+ z2 <> V(eit22) = V(ai)+ Vilzez) «Ὁ +2 
21" 2 <> V(e1* 22) = V(z1) + Vz.) <> 21° de 


which implies that V is an isomorphism. Furthermore, since 21,22¢C by Df. 5.1.3.8 itself, V is an 
automorphism, completing the proof. 


Prove Th. 5.1.3.10. 
PROOF: 
Since ze C implies Ζ =z, by Prob. 17, (i),-it follows that 21,22€ C implies, by Prob. 13, (i), 


“+23 < V7(21 ag Z2) = 2+ = 21 +22 = V?(21) Ἔ V?(z2) > 21+22 
and likewise, by Prob. 18, (iii), and Prob. 17, (i), 
ζΖι"» 352) <> δ ίζι" 22) = Ψῆ(Ζι) " V2(z2) «Ὁ 21° ee 


Hence V? is evidently an involution. 


If ad — be # 0, where a,b,c,deC, then the linear transformation f (ef. Df.5.1.3.11): 
w = f(z) = (az+b)/(cz+d) (1) 
defines the inverse transformation f~! of f, viz. 
| z= f-'(w) = (—dw + b)/(ew — a) (2) 


PROOF: 


Solve (1) for z, and (2) immediately follows. Furthermore, since the coefficients of (2) are 
obtained by merely changing a and d of (1) into —d and —a respectively, the original condition remains 
valid throughout the transformation, viz. 


(—d)(—a) — be = ad— be # 0 
Note. f if = f-1((az+b)/(ez+d)) 
= (a((—dw + b)/(ew — a)) + b)/(e((—dw + b)/(ew — αὐ) + d) 
= w. 
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90. 


Likewise 9 = f((-—dw-+ b)/(ew — a)) 
(—d((az + b)/(ez + d)) + b)/(e((a + ὃ + b)/(ez + d)) — a) 
as 


\| 


Hence the identity transformation 1 is defined by w =z, viz. 
w= T(z) =2z or z=Iw)=w 


which is a special case of the linear transformation with a=d*#0, b=c=0. 


If a+d = 0 for w = f(z) = (az+b)/(ez +d), then z= f(w). 
PROOF: 
Since w = (az+ b)/(ez +d), by hypothesis, 1.6. 
czw + dw—az—b = 0 (2) 
the left-hand side of the equation (1) is symmetric with respect to z and w if a+d = 0. 
Hence w= f(z) implies z= f(w). 


Second Proof. Solve (1) for z, substituting a=-—d and d=—a, and z = (b—dw)/(ew—a) = 
(aw + b)/(ew +d) = fw). 


36. The Mobius transformation w= f(z) such that f(f(z))=z, is exhausted by two, and 


37. 


only two, functions: w=z and w = (az+b)/(cz—4@). 
PROOF: 
Since, by Df. 5.1.3.11, f(z) = (az+ b)/(cz+ 4), it follows that, by direct substitution, 


f(f(z)) = (a((az + b)/ez + d)) + b)/(e((az + b)/(cz + d)) + d) = z 
by hypothesis. Simplify the equation, and 
(a + d)(cz* — (a—d)z— 6b) = 0 
which implies a+d = 0 or cz?—(a-—d)z-—b=0. If α- ἃ = 0, ie. d= —a, then 
w = f(z) = (azt+b)/(cz—a) 
and if cz?—(a—d)ze—b=0, then c—~a—d=b=0, ie. 
w — f(z) = 2 


completing the proof. 


If z is linearly mapped into w which in turn is linearly mapped into w’, then the 
double mapping is also linear. 
PROOF: 
Let 
fiz) = (az+ b)/(ez +d), where ad—be # 0 
g(w) = (a’wt b’)/(c’wt+a’), where a’d’—b’c’ # 0 


Ww 
, 


and Ww 
Then, by substitution, 
w’ = g(f(z)) = (a’((az+ b)/(ez + d)) + b’)/(e’((az + b)/(cez + d)) + a’) 
= ((aa’ + cb’)z + (ba’ + db’))/((ac’ + ed’)z + (bc’ + dd’)) 
which is evidently of the form of linear transformations, where also 
(aa’ + οδ΄ )(δο' + dd’) — (ba’+ db’)(ac’ + cd’) = (ad— be)(a'd’—b’c’) # 0 
Hence the outcome of successive linear (i.e. Mébius) transformations is again linear. 


Note. In this context, ad—be = Ὁ and a’d’—b’c’ = 0 may be called the determinants of the 
mappings f and g respectively. The determinant of the double transformations, i.e. the product, of 
f and g, is also the product of the determinants of f and g, as has already been shown above. 
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38. Mobius transformations are not commutative. 
PROOF: 
Let the mapping of f and g be linear with respect to z, i.e. 


Ζι = f(z) = (az+b)/(ez+d), where ad—be ¥ 0 
and Z. = g(zi) = (a’z,+ b’)/(e’z1+d’), where a’d’—bd’c’ ~ 0 
Then, as in Prob. 27 above, 
ze = g(f(z)) = ((aa’+ eb’)z + (ba’ + db’))/((ac’ + ed’)z + (be’ + dd’)) (1) 
where (ad — bc)(a’d’ — b’c’) ~ 0, while 


(a’z-+ b’)/(e’z +d’), where a’d’—b’c’ + 0 
= (az’+ b)/(cz’+d), where ad—be σε 0 


2° = g{z) = 
and 2" = f(z’) 
imply similarly 
= f(g(z)) = ((a’a+c’b)z + (b’a + d’b))/((a'e + e'd)z + (b’c + d’d)) (2) 
Hence, in general, 
22 = g(f(z)) σέ F(g(z)) = 
i.e. Mébius transformations are not commutative. 


Note. α,ὖ,ς, ἃ and a’, b’,c’,d’ are interchanged in (1) and (2), which implies that the transforma- 
tions are commutative iff a=a’, ὦ ΞΞ δ', c=c’, d=d’', which is rather trivial. 


39. Mobius transformations are associative. 


PROOF: 
Let, as in Prob. 38, 
Ζι = f(z) = (az+b)/(ez+d), where ad—be ¥ 0 
Ze = g(t) = (a/z1+ b’)/(c’z1 +d’), where a’d’'—b’c’ τέ 0 
28 = h(z2) = (a%22+ 6" )/(ce’%z2 +d"), where α΄ α΄ -- δ΄ ο΄ # 0 


Then, by Prob. 37, either 


Zs = A(z) = A(g(zs)) = A(g(Ff(z))) = higf(z)) 
or ws = h(a) = h(g(zi)) = (ἀρ)ίσι) = (hg)f(z) 
and in either case, z3 = hgf(z), i.e. 
4 = ((a’(aa’ + cb’)  δ' (ασ’ + ed’))z + (a’’(ba’ + db’))) 
/((c’"(aa’ + cb’) + d’’(ac’ + ed’))z + (e’’(ba’ + db’) + d’'(bc’ + ad’))) 


where (ad — be)(a’d’ — b’c’)(a""d”’ — b’’e’’) ~# 0, which establishes the associativity: A(gf) = (hg)f 
in Mobius transformation. 


40. Prove Th. 5.1.3.12. 


PROOF: 

The closure property (G1) has already been established by Prob. 37, and the associativity (G2) 
by Prob. 39 above. As for the identity (G3), it is defined by the transformation 1: εὖ ΞΞ (2) =2% 
(cf. Prob. 34 note), and the inverse (G4) is obtained by Prob. 34. 


Hence the Mobius transformations form a transformation group. 


Chapter 5.2 


Polynomials Over Fields 
§5.2.1 Irreducible Polynomials 


Df. 5.2.1.1 If for every f(x),g9(x) e F(z], where F[x] is an integral domain of polynomials 
in an indeterminate x over a field F, there exists h(x)c F[x| such that f(x) = g(x) h(x), 
then g(x) is said to be a divisor (or factor) of f(x). Conversely, if g(x) is a divisor 
of f(x), then f(x) is said to be divisible by (or a multiple of) g(x), denoted by g(x) | f(x) 
(cf. Df. 4.1.2.3.9). 

Example: 

f(z) = #®—-1 is a polynomial in x over a field, say, the complex number field C, and 
f(w) = 2 τι = (α -- 1)(α Ὁ αὐ Ὁ αὐ Ἐπ -Ἐ 1) = g(x) h(x), where f(x) is evidently divisible by (or a 
multiple of) g(x) = «—1; conversely, g(x) is a divisor (or factor) of f(a). 

This definition is merely an outcome of extending Th.4.1.2.5.15; namely, 2).] 
(or I[{x]) there is extended to F{x] here, which is more evident in the following 
Division Algorithm. 


Th. 5.2.1.2 Given f(a), 9(x)eF[z], where g(z)~0, there uniquely exist 9(z),7(x) ε F[2], 
called the quotient and remainder of f(x) divided by g(x) respectively, such that 
f(z) = g(x)g(x)+ r(x), 0. = degr(x) < deg g(z) 
where degr(x) and degg(x) denote the degrees of r(x) and g(x) respectively (cf. 
Df. 4.1.2.5.11). (Cf. Prob. 7.) 
Example: 


8." — 5a? + 8. — ὃ = (a — 2γ(8.5 + 2? +2247) +12, where g(x) = (x—1), g(x) = 8.5 + αὐ + 2. + 7, 
and r(x) = 12°; manifestly, degr(x)=0 < deg g(x) =1. 


This theorem, like Th. 4.1.2.5.15, has the following immediate result: 


Th. 5.2.1.3. (Remainder Theorem). For every f(x)eF|x] and ref, 
f(a) = (x—r)g(x) + (ἡ 
where g(x)e Fix]. (Cf. Prob. 8.) 
Example: 
f(x) = 8χ -- 523+ 8.5 -- 2 implies, by Th. 5.2.1.2, /(2) = f(x) — (ὦ — 2) g(w) = (8. — ὅδ. + 38x — 2) — 


(a — 2)(8a° + 2? + 22+ 7) = 12, 1.6. the remainder of f(x) divided by (x — 2) is obtained by Th. 5.2.1.3, 
viz. f(2) = 3(2)* — 5(2)? + 3(2) —2 = 12. 


This theorem makes the following self-evident: 


Th. 5.2.1.4 (Factor Theorem). For every f(x)eF{x] and reF, f(x) is divisible by ἃ ---͵΄ἡἢῃ, 
i.e. f(x) has a root r, iff f(r) =0. (Cf. Prob. 8 note.) 


Also, parallel to Th. 4.1.2.5.18, there follows at once: 


Th. 5.2.1.5 If f(x)eF[x] and degf(x)=n, then f(x) has at most ἢ distinct roots in F’. 
(Cf. Prob. 14.) 


This theorem leads to the unique factorization theorem (cf. Th.4.1.2.3.17) in F 
through the following definitions and theorems. 
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Df.5.2.1.6 A monic (cf. Df.4.1.2.5.14) polynomial d(x)eFlx| is the g.c.d. (1.6. greatest 
common divisor) of f(x)~0 and g(x)+0, where f(x), g(a)e ΕἾ], if d(x)| f(x) and 
d(x)|g(x), and if e(a)| f(x) and c(x)|g(x) for every e(x)e Flex} imply e(x)| d(x). 
(Cf. Prob. 15.) 


Th.5.2.1.7 If d(x) is the g.c.d. of f(w) and g(x), defined as above, then there exist 
a(x), θ(4) ε F[x] such that 


d(x) = a(x) f(x) + d(x) g(x) 


where d(x) is the monic polynomial of least degree in this form of linear combina- 
tion (cf. Th. 4.1.2.3.17). (Cf. Prob. 18-21.) 


Df. 5.2.1.8 If the g.c.d. of f(x), g(x) ε F{xz] is 1, they are then said to be relatively prime 
(cf. Df. 4.1.2.3.15), and any polynomial p(x)eF{x| of positive degree is called prime 
(or irreducible) over F if it cannot be expressed as a product of two polynomials of 
positive degree over F. 
Example: 


w+] and «*—2x—3 are relatively prime (ef. Prob. 20), and «+1, w?—5, ete. are (indi- 
vidually) prime, i.e. irreducible, over F. 


Th. 5.2.1.9 (Unique Factorization Theorem). Any polynomial [() ε Flax], deg f(x) >0, can 
be expressed as a product: 


@(pi(%))"* (D2(ar))™ + + + (Du(a))™ (D) 


where a is the leading coefficient of f(x) and px(x)™, k=1,2,...,u, are monic prime 
polynomials over F. The expression (D) is unique except for the order of the factors. 
(Cf. Prob. 23.) 


This theorem may be readily generalized with respect to several indeterminates; 
viz. the unique factorization holds in any domain D|%1,%2,...,%n| of polynomials in 
%1,%2,...,%n Over a domain D if the theorem holds in D. In this context D is called 
a unique factorization domain (or a Gaussian domain). 


Df. 5.2.1.10 A polynomial with integral coefficients is called primitive if the g.c.d. of 
the coefficients is 1. 
Example: 


αὐ —1 is primitive while 4. — 8 is not. In general, the product of any two primitive polynomials 
is again primitive (cf. Prob. 25). Also: 


Th. 5.2.1.11 (by Gauss). If a polynomial with integral coefficients is reducible in the 
rational number field R, then it can be expressed as the product of two polynomials 
with integral coefficients. (Cf. Prob. 26.) 


On the strength of this theorem, there follows a theorem, which is the simplest 
of some irreducibility criteria depending on the divisibility properties of the coef- 
ficients, viz.: 


Th. 5.2.1.12 (by Eisenstein). If f(x) = Sax, k=0,1,...,t, where ἀκεῖ such that a.-+0 
(mod p), p a prime, and αἱ- 1 = Q:-2 = +++ =a (mod p), a <0 (mod p”), then f(x) is irre- 
ducible over Rk. (Cf. Prob. 27.) 

Stated otherwise: a polynomial f(x) = Saxx*, k=0,1,...,t, is irreducible in R 
if there exists a prime Ὁ which is a divisor of all the a’s except a:, and if p? is not a 
divisor of ao. 
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It goes beyond the present context, however, to find more general methods for 
determining the irreducibility over R of polynomials over R in general. 


The concept of irreducibility or reducibility may be readily extended to the 
polynomials over the real number field R or the complex number field Οὐ, as in the 
following theorems: 


Th. 5.2.1.13 If f(x), where deg f(x) >2, is a polynomial with real coefficients, then it is 
reducible over R. (Cf. Prob. 33.) 


Th. 5.2.1.14 If f(x)~0 is a polynomial with real coefficients, it is uniquely factorable 
into afi(x) fo(a) --- [κ(α), where a is a real constant and each of the fi(”), k=1,2,...,n, 
which has real coefficients with leading coefficient 1 and of degree 1 or 2, is irre- 
ducible over R. (Cf. Prob. 34.) 


Th. 5.2.1.15 Quadratic polynomials over C are reducible over C. (Cf. Prob. 36.) 


Th. 5.2.1.16 The only prime polynomials over C are the polynomials of the first degree. 
(Cf. Prob. 37 and Th. 5.2.3.10.) 


The unique factorization theorem, together with the concept of irreducibility, is 
also an underlying principle in the theorems of partial fractions which are indispens- 
able, for instance, in integral calculus. 


Df. 5.2.1.17 Every element of the quotient field Q[x] of polynomials in x of the integral 
domain F[z] is of the form: a(x)/b(«), which is called a rational form over F. 
Example: 

(2% + 1)/4(a?+1) is evidently a rational form over F’, where (24 -ἰ 1), 4(αΞ- 1) ε Fla]. 
It is not the case, however, that any set of rational forms constitutes a quotient 
field of polynomials, since, to be a field at all, it must satisfy the following theorem. 


Th. 5.2.1.18 A set F[z]/{f(x)}, ie. F[z] modulo f(x), of rational forms, where Fx] is an 
integral domain of polynomials over a field 9, is a field itself iff f(x) is a prime 
polynomial over Δ᾽. (Cf. Prob. 38.) 

It is presumed, of course, that the following two binary operations are well- 
defined here for every a(x), b(x)e F lx] and some f(x)eF|z], 
(i) {a(x) + b(x)} {a(x)} + [δ(}} (mod f(x) 
(ii) {a(x) + b(x)} {a(x)} + {b(x)} (mod f(z) 
which are patterned after the operative rules for residue classes in general (cf. 
Df. 4.1.2.3.18 and Th. 4.1.2.3.19-21). F{x]/{f(x)} as such obviously contains a sub- 


field isomorphic to the field F (cf. Prob. 39), in particular to C, expressed in the 
following theorem: 


| 


Th. 5.2.1.19 The quotient field R[x|/(#?+1) is isomorphic to the complex number field C. 
(Cf. Prob. 40.) 


Parallel to Th.5.1.2.7, the quotient field Q[x] in general yields the following 
theorem: 
Th. 5.2.1.20 If (5), σ() ε Fix] and (f(x),g(z))=1, then there exists a(x)e F(x] such 
that 
: a(x)/(F(a) g(x)) = (a(x) δ(α))) (α) + (a(x) e(x))/9(z) 
where D(x), 6(1) « ΕἾ“]. (Cf. Prob. 42.) 
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Stated otherwise: a rational form over F, the denominator of which is the product 
of relatively prime polynomials f(x) and g(x) over F, can be expressed as a sum of 
two quotients, the denominators of which are f(z) and g(x) respectively. The rational 
form is then said to be expressed as a sum of partial fractions. This leads to: 


Th. 5.2.1.21 A rational form a(«)/b(x) over F can be expressed as a sum of partial frac- 
tions of the form: q(x)/(p(x))", where p(x) is a prime polynomial over F, (p(x))" is a 
divisor of b(x), and deg q(x) < deg p(x). (Cf. Prob. 44.) 

Example: 
(χ᾽ + 455 Ὁ a? + Ba — 8))(' -- 1) = “7. + 27(α -- 1) + B/(e +1) (ὦ — 2)/(a? — 1). (Cf. Prob. 45.) 


The prime polynomials p(x) over F' in this theorem must be the prime polynomials 
of the first or second degree if F is to be regarded as P in particular, since this is 
what Th. 5.2.1.13 dictates. This conclusion is a key to the proof in the Calculus that 
every rational function is integrable in terms of elementary functions. 


Solved Problems 


1. If f(x)eF [x], then f(x) is divisible by itself (ie. a multiple of itself). 
PROOF: 
Since 1 = χ' = g(x)eF[x] such that 


f(x) = f(x)-1 
the theorem follows directly from Df. 5.2.1.1. 


2. If f(x), g(x) e F[x] such that f(x)| g(x) and g(x)| f(x), then 
f(x) = eg(x), deg c = 0, 


where ceF and c#0. 


PROOF: 
By hypothesis and Df. 5.2.1.1, there exist q:(z) and q2(x) in ΕἾ] such that 
f(%) = qi(x) g(x) (1) 
and g(x) = qz{x) f(x) (2) 


Substitute (2) in (1), and 
f(x) = φι(α) (qo(x) fla)) = φι(α) qo(a) f(x) 


i.e. F(x)(1 — φι(α) q2(x)) = 0 (8) 
Since F[x] is an integral domain (cf. Df.5.1.2.1) which by definition cannot contain zero-divisors, it 
follows from (3) that 

f(x) = 0 (4) 
or q(x) φε(α) = 1 (5) 


If (1) holds, then g(x) =0 and the theorem is trivially true. If (2) holds, then by Th. 4,1.2.5.12, 
deg qi(x) = deg q(x) = 0 
Le. φι(α) Q2(x) = ¢, where degc=0, completing the proof. 
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3. If ceF, then οχ9| f(x) for every f(x) eF [2]. 
PROOF: 
If f(x) = ἋΣ ἀκαν, k=0,1,...,n, then 
f(x) = ΟΣ (ax/e)z* = cg(x) 
where g(x) = 2 (a./c)x*. Hence, by Prob. 2, 
c=cx® | f(x) 


4. If f(x),g(x), h(x) ε F[x] such that g(x)| f(x) and h(x)| g(x), then A(x) | f(x). 


PROOF: 
By hypothesis and Df. 5.2.1.1, there exist qi(z) and q2(x) in F{x] such that 
f(x) = φᾳι(α) g(x) (1) 
and g(x) = ga(x) h(x) (2) 


Substituting (2) in (1), 
f(x) = ᾳι(α)(ᾳε(α) A(x)) = gs(x) h(x) 
where ᾳε(“) ε ΕἾ]. Hence h(x) | f(x). 


5. If fi(z), fo(x), g(x) ε Fla] such that g(x)|fi(v) and g(x)|fe(x%), then g(x) | (f1(x) + fa(x)), 
and in general, if f1(x), fo(x), ...,fn(x), g(x)e F[x] such that g(x) | filx), g(x) | fol(x),..., 
g(x) |fr(x), then g(x) | (fi(x) + fo(z) + +--+ + fr(2)). 

PROOF: 
By hypothesis and Df. 5.2.1.1, there exist qi(x) and q(x) in F[x] such that 
fife) = φι()σί() and ε(5) = qe(x) g(x) (7) 
which immediately implies 
filw) + fol(x) = σ(α)(ᾳφι(“) = q2(x)) = s(x) σ(α) 
where qi(x) + q2(x) = qa(w)e F [x]. Hence g(x) | (f:(x) = fe(x)). 
In general, this result justifies the assumption: 
g(x) | (fila) = few) = +++ = fi(x)) 
which implies, by induction, 
g(a) | ((fi(x) = fa(x) + - - - © frlaw)) = fuss (x)) 
which justifies the final conclusion: 
g(x) | (fala) + fo(z) = - -- © fala) 
which completes the proof. 


Note. The final result may be further generalized, by Prob. 2 above, as follows: g(x) | fi(x), 
g(x) | fala), ..., and g(x)| f(x) imply g(x) | (CS efx), i=1,2,...,n, where ce F, #0, and fi(x)e F(x). 


6. If f1(x), fo(x), g(x) ε F[x] such that g(x) |fi(x), then g(x) | f:(x) fo(x), and in general, if 
fi(a), fo(x), ...,fn(x), g(x)e F [x] such that g(zx)|fi(x), then g(x) | fi(x) fo(a) --- ξκ(α). 
PROOF: 

By hypothesis and Df. 5.2.1.1, there exists g(x)eF [xz] such that fi(x) = q(x) g(x), which implies 
fila) fo(x) = q(x) g(x) fala), 1.6. 
g(x) | fila) fe(a) 
Likewise fi(z) = q(x) g(x) implies ἐι(α) fo(w) +++ fala) = g(x) g(x) fo(x) τ" fa(x), Le. 
g(x) | fil) fala) +++ fax) 


which completes the proof. 
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Prove Th. 5.2.1.2. 
PROOF: 
Let f(x) = Baa’, i=0,1,....m, and g(x) = δὶ δ, α᾽, j=0,1,...,m. Then, if m=n, multiply 
i } 


g(x) by anxz"™"-"/b» and subtract it from f(«) itself, i.e. 
F(a) — (dna"~"/bm) g(x) τ fi(a) (1) 
where the term of the highest degree in f(x), viz. anx", has now disappeared, i.e., 
fil) = Gaye + Gny-1 e171 + +++ + ao, 


where dn, #0 and τέ “πη. If the degree of fi(x) is still greater than or is equal to that of g(x), then 
take a similar step to reduce the degree, viz., 


file) — (Anye~"/Bm) g(a) τὸ fala) (2) 


and if the degree of f.(x) is still greater than or is equal to that of g(x), a finite number of similar 
steps may be taken such that 


flat) — (dm 2% "/bm) gz) = r(x), ΚΞ 2 (3) 
where either r(x) =0 or 0 = degr(x) = deg g(x). 


Substitute (1) in (2), and take the similar steps, viz. generally substituting (k—1)-th equation 
in (3), and it follows that 
f(x) — q(x) σί() = r(x) 


where (χα) = αι απ τ δι + On, 017 π δι + +++ + dn, κ δι. Hence 
f(w) = q(x) g(a) + r(x), 0 = degr(x) = deg g(x) 
which completes the first part of the proof. 


As for the uniqueness of q(x) and r(x), its denial must face a contradiction. For, if there exist 
qi(x) and ri(x) such that 


f(x) = φι(α) g(x) + rizr), 0 = degri(x) = deg g(x) 
then q(x) g9(%) + γί) = qi(x) g(x) + rilx) 
i.e. g(x) (q(*%) — φι()) = ri(x) — r(x) 


where q(x)“ qi(x) implies r(x)~ri(x), which in turn implies deg (g9(x)(q(x) — qi(x)) > m_ while 
deg (γτ(α) — r(x)) = m, contradictory to the initial assumptions. 


Hence it must be the case that q:(x) = g(x), which implies ri(x) = r(x), establishing the uniqueness 
of q(x) and r(x). 


Prove Th. 5.2.1.3. 


PROOF: 


Since deg g(x) = deg(x—r) = 1, the remainder r(x) in Th. 5.2.1.2 must be of the degree less 
than 1, ie. degr(x)=0. Thus r(x) in this context may be denoted by a constant c, ce F, and 


f(x) = (ὦ --τὸ φία) + ς (1) 
Substitute «=, in (1), and 
f(r) = (r-r)qr) +c, ie. 6 ΞΞ f(r) 
in terms of which (1) is changed to: 
f(x) = (a—r) g(x) + f(r) (2) 


completing the proof. 


Note. From (2) above it follows at once that 
f(x) = ("—-r)g(z), ie. (a@—r) | f(x) 
if f(r) =0, and conversely, establishing Th. 5.2.1.4. 
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9. 


Divide f(x) by (x—a)(x—b), and find the remainder. 


Solution: 
(i) If a=b, then f(x) is to be divided by (x — a) twice. Hence, by this hypothesis, 
f(x) = (@—a)g(u) +r (1) 
and σία) = («—a)g’'(x) +7’ (2) 
Substitute (2) in (1), and 
f(x) = (w—a)yg(x) + τ΄ ( -- αὴ tr (3) 
Also, by Th. 5.2.1.3, it follows from (1) and (2) that 
r = f(a) (4) 
which implies, by (2), 
g(x) = (f(x) — fla))/(x — a) (5) 
and also, from (2), 
γ' = g(a) 


Hence the remainder is 


r(e—a) +r = (x—a)g{a) + fla) (6) 
where g(a) is computable by (5). 


(ii) If a+b, then, by Th. 5.2.1.3, 


f(z) = (ὦ -- αγί -- δ) q(x) + r(x) (7) 
where r(x) may be replaced by ca + d, since g(x) in this context is of the second degree, viz., 
f(x) = (ὦ -- αγία -- δ) q(x) + (cx + d) (8) 
Since (8) is an identity, substitute a, then ὃ, in (8), and 
f(a) = cat+d and f(b) = οδ τ ἃ (9) 


from which ὁ and d are readily eliminated, ie. by solving (9) simultaneously for ὁ and d; thus 
a = (f(a)—f(b))Ma—b) and ὃ = (af(b) — bf(a))a—6b) 
Hence the remainder in this case is 


r(x) = (f(a) — f(b))x/a—b) + (af(b) — bf(a))a—b) 


10. The remainder of the division of f(z?)+xg(x”) by «?—a, where f(x),g(x) ε Fx], is 


f(a) + g(x). 
PROOF: 


Let the quotients in the divisions of f(t) and g(t) by t—a@ be qi(t) and q(t) respectively; then, 
by Th. 5.2.1.3, 


f(t) = (t-—a)qi(t) + fla) and g(t) = (t—a)qlt) + g(t) (7) 
from which it follows, replacing t by x’ in (1), that 
f(x") = (a? — a) qi(x*) + f(x’), g(x’) = (α" —a) φεί(αὐ + g(x’) (2) 
from which it follows, by adding f(x”) and x g(x’), that 
f(a?) + a g(x?) = (a*—a)(qi(x*) + ὦ qo(x’)) + fla) + x g(a) (3) 


which proves the remainder to be f(a) + x g(a), completing the proof. 


11. Prove that (~—1)?| f(x) if f(a) = na"t?—(n+1)a"+1. 


PROOF: 
By hypothesis, 
f(z) = nett?— (n+)Da*+1 = λα Δὲ ἘΞ 1) — (2*—1) 
(a — 1)(ma"™ — (π΄ 1 Ὁ at 2t--++4+1)) = (ὦ -- 1) g(x) 
where (x—1) | g(x), since g(1) = n(1) — (24+14+--:4+1) = 0. Hence (x—1)* | f(x). 


i 
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12. If g(x)| f(x), where f(x) = axv?+3bx?+83cx+d and g(x) = ax?+2bx4+e, then f(x) 

and g(x) are of a perfect cube and a perfect square respectively. 
PROOF: 

If, by hypothesis, g(x) | f(x), then, by Th. 5.2.1.4, 

| αα + 3ba*? + 38cex +d = (ax*?+2ba4+c)(x+k) 
where ke F, must be an identity. Hence, comparing the corresponding coefficients of ας "oe, 

3b = ak+2b, 86 = 2bk+c, d=ck 
Le. b= ak, 6 = bk = ak’?, d= ak’, which yield, by substitution in the original equations, 
f(z) = α(α + 8ka? + 8κῖα Ὁ kh) = alfatk) = a(x + (b/a))® 
g(x) = aa? + 2ha+kh*) = alutk)® = a(x + (b/a))? 


completing the proof. 


13. If f(z) = Σ)ακαβ = 0, k=0,1,....n, has n distinct roots ri,r2,...,7n, then f(x) can 
k 


be expressed in the factored form f(x) = ακ(α -- τι)(α -- 12): - - (ἃ -- Tn). 
PROOF: 
It follows directly from Th. 5.2.1.4 that if ri: is a root of f(x)=0, then (#—71)| f(x) such that 
f(x) = ὦ —1i)fi(a) (1) 
where /:(x) is of degree (n—1) and of the form adnx"~!+ ba-2au™-2 + +++ + do. 
Conversely, if f(x) has the factor x -- σὰ, then 7: is evidently a root of f(z). 


Furthermore, if rz is also a root of f(x) and 7172 such that 


f(rz) = 0 (2) 
then, substituting (2) in (1), 
(r2—ri)filr2) = 0 (3) 
which implies fi(rz)=0 (.° γε το σι #0), which in turn implies that (ας -- γ2) | fi(x), viz., 
filw) = (ὦ — 12) fo(x) (4) 


where f2(”) is of degree (n— 2) and of the form αν "2  δι- 255 3 + +--+ + 9. Substitute (4) in (1), 
oo fla) = (@—r)(a—re)fale) 
verifying that (x -- Υιχία --- γ2) | f(x), where m and r2 are two distinct roots of f(z). 
Hence, repeating the same process, 
F(#) = an(% — 71)(% — r2)+ + (ὦ — 1H) (5) 
if f(x) has n distinct roots 71,72, ...,7n. 


Note. As a matter of fact, the factorization of (5) is unique, as will be verified by Th. 5.2.1.9 
(cf. Prob. 23 below). 


14. Prove Th. 5.2.1.5. 
PROOF: 


Since f(x) is of degree n, by hypothesis, it follows at once from Prob. 12 that if it has n distinct 
roots 71,%2,...,%n2, then HC ee en ee re ee (1) 


Suppose, however, that f(x) has +1 distinct roots, say ra+1 in addition to the original n roots 
T1,72,...,1%. Then, substituting x =72+1 in (1), it follows that, by Th. 5.2.1.4, 


(γα 6) = APn+1 = T1)(Tn+1 --" 72)" ᾿ (κε: = Tn) = 0 
which is contradictory to the assumption that 141471, Pnt+1¥% 12, ...νγ κει ΞΕ Tn 


Hence f(x) cannot have more than n distinct roots, which completes the proof. 
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15. Prove the Euclidean Algorithm (cf. §4.1.2.8, Prob. 31) with respect to F'[z], viz. f(a) 
and g(x), where f(x),g(x)eF[x] and f(x)~0, g(x)+0, have a g.c.d. d(x) ε Fx). 
PROOF: 

Let deg f(x) = deg g(x); then, by Th. 5.2.1.3, 


f(x) = g(x) g(x) + r(x), 0 = degr(x) = deg g(x) (1) 
If r(x) =0, then a g.c.d. of f(x) and g(x) is g(x) itself. 
If r(x) #0, then apply the division algorithm of Th. 5.2.1.3 to g(x) and r(x), and 
g(x) = φι(α) γί) + ri(x), 0 = degri(x) = deg r(x) (2) 
If ri(x) =0, then r(x) itself is a g.c.d. of g(x) and r(x), hence a g.c.d. of f(a) and g(x). 
If r:(x) #0, then the algorithm must be repeated, viz., 
r(x) = qe{u)ri(x) + re{x), 0 = deg r(x) = deg ri(x) (3) 
and in general, 
γκ() = Geto (X) Te+1(L) + Tr+2 (2), 0 = deg rete (x) = deg re+1 (x) (4) 
until it reaches the last stages, 
Tr-2(%) = n(x) Tn-1 (4%) + Tal), 0 = degr(x) = deg r(x) (5) 
and Tn-1(%) = nti (x) n(x) (6) 


where the remainder is finally zero, in which case qn+:(x) may be at least a polynomial of degree 0, 

say ax°e F, which certainly divides every f(x) for f(x)eF[x|. Hence, by (1)-(6), it follows that 
(f(x), g(x)) = (g(x), γί) = (r(x), ri(x)) = 

(γκία), Te+1(%)) = 

= (γι- «(), Pn-1(%)) = (Ta-1(%), γη()}) = n(x) 


Le. γκία) = d(x) is a g.c.d. of f(x) and g(x). 


Note. Since (f(x),g(x)) = di(z) and (g(x), 7(x)) = de(x) imply d2(x)|di(x) and di(x) | do(x) 
in the context of (1) and (2) above, di(~) and d2(x) are associates, by Df. 4.1.2.3.12, and differ only by 
a factor, say, ce ἢ. 


16. Find a g.c.d. of #2+%?-—2 and 234+ 2.3 -- ὃ, 
Solution: 
eat a2 ἘΞ [ 


e+ oa? —2 
we? —1 | +a? —2|e+1 
x? -- αὶ 
αἵ, Ἐπ- ὃ 
oc? --1 
x —- 1 | e?— 1 | x+1 
x? — ox 
x—l 
x—1 


Hence ((”%?+ %?— 2), (a3 + 2.32 -- 3)) = αὶ -- 1. 


Note. As is quite obvious, the algorithm may be carried out in the form of synthetic division, 
as in Prob. 17 below. 
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17. Find a g.c.d. of w3?—w#?—a4+4+1 and 241-322-2744. 
Solution: 
By Prob. 15, 


g(x) F(a) 


r(x) r(x) 


Hence ((αὅ-- a? --οα -Ὁ 1), (a*—8a?—2e¢+4)) = α -- 1, 


18. Prove Th. 5.2.1.7. 
PROOF: 
By hypothesis and Th. 5.2.1.3, 
f(a) 


1.6. (a) 


q(x) g(x) + r(x) 
F(x) — q(x) g(x) 

from which, and by Prob. 15, (2), it follows that 7 

r(x) = g(x) — qi(x) r(@) = g(x) — aula) (f(x) — g(a) g(x)) = (-- φι(α)) f(w) + (1 + g(x) φι(α}) g(x) 
Assume, then, that the equation 


If 


γη() = 8,(5) f(a) + ἐκ(α) g(x) 
is valid up to the ith repetitive process, viz., 
r(x) = si(x) f(x) + ti(x) g(x), ἡ Ξε 0,1,. .ὄ.ῳἷἦς ἃ 


() 


(2) 


(3) 


where (1) above is evidently the case of (3) for 1=0, letting r(x)=ro(x), βο(α) ΞΞ 1, to(x) = -- φία); 


(2) may be considered likewise. Hence, in general, by (3) above and Prob. 15, (4), 


Te-2(%) = γκ- (2) Q(x) + 1x (x) 


(4) 


and solving (4) for 7.(2) and substituting the values for Yx-1(%) and γκ- (2) as given by the induction 


hypothesis of (3), it follows that 


Tk(%) = --αμ(χ)ίϑε- (ὦ) F(x) + te-1 (x) g(x)) + (8κ-- (x) F(a) + te—2 (x) g(x)) 
= (— qe (X) Sk-1(%) + 8-2 (x)) F(x) + (- ᾳφκ(α) te-1(”) + tk—2(x)) g(x) 


where (—qi(x) 8κ-- τ (4) + se-2(x)) and (—qx(x) tx-1(”%) + te-2(%)) may be replaced by a(x) and b(x) 


respectively, and in the same general term, ri(x) may be replaced by d(x), by hypothesis, viz. 
d(x) = a(x) f(x) + d(x) g(x) 
which completes the proof. 


19 


and b(x) such that a#-1 = a(x) f(x) + d(x) g(x) 


Solution: 
Let f(x) =fo and g(x)=f1; then, by Prob. 15, 


fo = fiqr + fr, fi = foqe + fs, fo = fsqs 
where qi =a2+1, f2 = --οῦ --δὺ Ἔ 8, φι τὸ, - α - 8, fs = 8x—8 (cf. Prob. 17 above), which implies 
fs = fim fogs = fir — (fo—fiqi)gs = —foge + fill + qiqe) 
i.e. 8% —8 = ( -- 8) f(x) + (1 — (w+ 1)(a — 8) g(x) 
which immediately yields the required equations. 
a(x) = (x—38)/8 and δ(ω) = (--οαὖ + 2. -- 4)/8 


Given f(x) = ν' - -8.5- -25..--4 and g(x) = αϑ-- χϑ-- ᾧ 1 (as in Prob. 17), find a(x) 
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20. Given f(x) = 22+1 and g(x) = 27-24-38, find a(x) and 6(x) such that a(x) f(x) + 


21. 


22. 


b(a) g(#) = 1. 
Solution: 

Since, by the Euclidean Algorithm, 

e+ = («5 --2ὰ-- 3})9.1 + (2444) and αῷ —2e—-38 = (24+ 4)*((x —4)/2) + 5 

it follows immediately that 

5 = (w?—Qe—8) — (Qa+4)(2—4)/2 = (ω" --2. --8) — ((αὐ +1) — (x? -- 2 -- 8))γία -- 472 

= ~(%?+1)(x—4)/2 + (x? — 2x — 38)(1 + ((x — 4)/2)) 

or 1 = ((4—«2)/10)(2?+1) + (( — 2)/10)(a*? — 2% — 3) 


which implies that 
a(x) = (4—-2x)/10 and b(x) = (x —2)/10 


If d(x) = (f(x), g(x)) and if a(x) and b(x) such that 


d(x) = a(x) f(x) + d(x) g(x) (1) 
are already known, then any a’(x) and b’(a”) such that 
d(x) = a’(x) f(x) + δ΄ () g(x) (2) 
are given by the following relations: 
a’(x) = a(x) — u(x) t(x) and b’(x) = d(x) + U(x) s(x) (3) 


where s(x) = f(x)/d(a), t(x) = g(x)/d(x), and u(x) is an arbitrary polynomial in F'[z]. 
PROOF: 
From (1) and (2), 


f(x)(a(x) — α'(α)) = g{x)(b'(x) — B(x) (4) 
Divide (4) by d(x); then, by hypothesis, 

s(x)(a(a) —a’(x)) = t(x)(b’(x) — δ(.)) (5) 
Since (s(x), t(x)) = 1, by hypothesis, which in turn implies s(x) | (¢(x)(b’(x) — b(x)), it follows that, 
for some u(x)e Fix], b'(x)— d(x) = u(x) s(x), and, consequently, a(x) — a(x) = u(x) t(x), which 


yields (8). 
Conversely, if (8) holds, then 


a’(x) f(x) + b'(x) g(x) f(x)(a(a) — u(x) Ua)) + g(a)(b(x) + u(x) s(x)) 
a(x) f(x) + δ(α) g(x) + (s(x) g(x) — tx) F(x)) u(x) 
d(x) + (d(x) t(x) s(x) — d(x) s(x) t(x)) u(x) 


d(x) 


ou ott ll 


which completes the proof. 


Note. According to this theorem, all other possible sets of a’(x) and b’(x) in Prob. 20 are given 
as follows: 


a’(a) = (4—2x)/10 — (a — 2x — 8) u(x), b’(v) = (#—2)/10 + (2%? +1) u(x) 


for some u(x) ε Fx]. 


If h(x)eF[z] is irreducible and divides the product f(x) 9(x) of f(z) and g(x) in Fx}, 
then h(x) | f(x) or h(x) | g(x). 
PROOF: 

Assume h(x) } f(z). Since h(x) is irreducible, by hypothesis, there are no other divisors of h(x) 
but its associates (cf. Prob. 15, note) or units of F’, which implies (f(x), A(~)) = 1, which in turn 
implies, by Th. 5.2.1.7, 

1 = a(x) f(x) + b(x) h(x) (1) 


for some a(«), b(x) ε Flax]. Multiply (7) by σία), 
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g(x) = a(x) f(x) g(x) + b(x) A(x) g(x) (2) 


which implies that, since h(x) | f(x) σία) by hypothesis, h(x) must be a factor of both sides of (2), 
viz., h(x) | g(x). 


On the other hand, if h(x) ¥ g(x), then a similar reasoning yields h(x) | f(x), which completes 
the proof. 


Note. This theorem is readily generalized to the case of an irreducible polynomial p(x) with 
respect to n polynomials /1(x), fo(w), ..., fa(a). 


Prove Th. 5.2.1.9. 
PROOF: 


If f(x) is irreducible, then the theorem is already complete as such. 
If f(x) is reducible, then let 
f(a) = filx) fo(x) (1) 


where evidently deg f:(z) < deg f(x) and deg f(x) < deg f(x), which implies an induction that such 
a decomposition as (1) may be repeated, yielding polynomials of degree less than deg f(x), viz., 


fila) = egi(x) σε(α) - ++ g(x) and (5) = dhi(x) ho(x) +++ hs(x) (2) 

where ¢,de F, and gi{x), i= 1,2,...,r, and h(x), 7 =1,2,...,8, are monic irreducible polynomials over F. 
Hence, by (1) and (2), 

f(x) = edgi(x) ga(a) +++ g(a) hia) hale) +++ he(e) = alpsla))™ (polar) - -- (pu(x))"u (3) 


where cd = aeF, which is the leading coefficient of («) in decomposition, and px(x)"*, k =1,2,...,u, 
may be any of gi(x) and h,(x), some of which may be identical, thus yielding the exponents nel, 
k =1,2,...,u, where obviously 1 =m = deg f(x). 


Furthermore, the decomposition of (?) is unique. For, if there exist two decompositions for 
f(x), viz, 


F(a) = a(pr(a))" (pa(a))"2 +++ (pu(x))"» = b(qu(se))™ (ga(ar))™2 «+» (qu(ze))™ (4) 


then a = ὃ, since these prime polynomials are monic. Also, since any of the p’s, say pi(x), is prime, 
i.e. irreducible, (4) implies that ρι(α) must divide some of the q’s, say qi(z). But, both being monic 
and prime by the initial assumption, their quotient cannot but be the unity of F; hence pi(x) = ᾳι(α). 
Dividing (4) by this common factor and a, there follows from (4): 


(Do(x))"2 (ps(x))"3 +++ (pu(x))"™ = (qa(a))™2 (qa(x))™3 +++ (qy(ar))™ 
where similar steps of elimination may be repeated such that 
ρι(α) = q(x), po(x) = qo(a), ..., ρι(α) = φι(α) (5) 


can be established, although the order of the factors may not be the same as in (5). In any case, 
except for the order of the factors, the decomposition of (3) is thus unique, which completes the proof. 


24. f(x) = χϑἜ γϑῈ χη is irreducible in the complex number field C. 


PROOF: 


If f(x) is reducible, then it must have a linear factor, viz., 
(xe) = χα ὁ γῆ τ αν = (@ + ay + b)(x? + cay + dy? + ru Ἐν ἘῸ (1) 


where a,b,e,d,r,s,teC. Let «=0; then μὴ = (ay+t b)(dy? + sy + t), which implies ad=1 and 
b=s=t=0; likewise y=0 implies ry =0. Hence (1) is equivalent to 


w+ y+ ey = (at ay)(x? + exy + dy?) (2) 


which is a contradiction, since the right-hand side of (2) is homogeneous while the left-hand side is 
not. Hence, contrary to the initial assumption, f(x) must be irreducible, which was to be proved. 
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25. 


20. 


The product of two primitive polynomials is again a primitive polynomial. 
PROOF: 
Let f(x), g(x), h(x) be polynomials such that 


f(x) = g(x) h(x) (1) 

where f(z) = Zaswt, k=01,...6, 
g(x) = Σ bist’, i=0,1,...,7, (2) 

h(x) = Bose, ἢ 3015.48; 


and ax,bi,c;e1, atbrcs#0, such that t = rrs. Then, by direct multiplication, the relations among 
the coefficients of f(x), g(x), h(x) are found to be: 


at = 6-¢s, 
de-1 = ὄ.-τὸς + De Gs=4; 
αι-. ΞΞ ᾧὅν.-.6ς + δ,-τ6,-ἰ + Or Cs-2, 
as = Oboe. + bies-1 + 1: (3) 
Qe = boce + bici + bze0, 
αι = δοσι + bieo, 
Qo = boco 
thus in general 
de = doce + bice-1 + +++ + be-161 + Dock (4) 
where b;=0 and c;=0 if i>r and j>s, allowing the following alternative of (4): 
Omtn = Omen + Bm-1en¢1 ἘΞ + δικτισηςι + ὄπιν δες + 51: (5) 


Let, by hypothesis, g(x) and h(x) be primitive, i.e. (b-,br-1,...,80) = 1 and (és,Cs-1,...,¢0) = 1, 
and assume, contrary to the desired conclusion, that (@:,@t-1,...,@0) # 1. Then there exists a 
prime number p which is a divisor of all the a’s, implying that both g(x) and h(x) must have at 
least one coefficient that cannot be divided by p, since g(x) and h(x) are given as primitive polynomials. 
Let, then, bm and cn be of the smallest subscripts of g(x) and h(x) such that p X bm and » 7 ex, where 
obviously m,n =1. But, then, it follows from (5) that p|bmen, hence p| bm or p|¢n, since p | dm+n, 


δικά, Divehi soe eylOn hip δκ τὰν τς ὃς This contradiction yields (a:,at-1,...,@) = 1, which completes the 
proof. 
Prove Th. 5.2.1.11. 


PROOF: 
If f(x) is given, then by hypothesis, 
f(x) = g(x) h(x) (7) 


where g(x), h(x) e R[x] and degg(x),deg h(x) =1. If, furthermore, r and s are the least common 
denominators of the coefficients of g(x) and h(x) respectively, then 


g(x) = τ σ(αὶ and μ΄ (α) = 8 h(a) (9) 
which together imply 
rs f(x) = σ΄ (α) h'(x) (3) 


where g’(x) and hA’(x) are polynomials with integral coefficients. Now, if each of a,b,c represents 
the g.c.d. of f(x), g(x), h(x) respectively, 


f(a)la, g(x) = g'(x)/b, Μ΄ (5) = h'(x)/e (4) 
are primitive, by Df. 5.2.1.10, and so, by Prob. 24, is their product: 
g(x) ἅμ" (α) = (g'(x)/b)(h'(x)/e) = (f(x)/a)(ars/be) 
by (8) and (4). Hence 
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ars/be = 1 (5) 
which implies, by (3), (4), (5), 
f(x) = g(x) h'(ax)\/rs = δ g''(x) ch’(x)/rs = (be/rs) g(x) h(x") = ag’ (x) μ΄ () 


where ag’’(x) and h’’(x) are evidently polynomials with integral coefficients, whose degrees are the 
Same as those of g(x) and A(x) respectively. This completes the proof. 


27. Prove Th. 5.2.1.12. 


28. 


29. 


PROOF: 
From Th. 5.2.1.11 it follows that 


f(%) = g(x) h(x) 
where g(x) and h(x) are also polynomials with integral coefficients and deg g(x), deg h(a) = 1. 


Let f(x), 9(x), h(x) be represented as in (2) of Prob. 25 above. Then, since p|do and p? 7 a, 
by hypothesis, it follows that either p | bo or p| eo, but not both. Assume, say, p / bo and p| eo; then, 
in the equation of a: = boe:+bieo in (3), it follows that p|e, since p αι, p\co, and p Y bo. Like- 
wise Ὁ ὁ. in az = bee: +bie:+ beeo, and in general 


ds = bocs + Dies-1 + => 
yields p|cs-1, which finally, at the end of a finite number of similar steps, yields p|¢s, which at 
once implies p|a:, contradicting the original assumption. ὁ 


Since the conclusion is dually the same for assuming p| bo, it must follow that f(x) is irreducible 
in &, completing the proof. 


If p is a prime and f(x) = x-1+aP-24.-.- 494 1, then f(x) is irreducible in R. 
PROOF: 
Since, by hypothesis, (ὦ -- 1) f(x) = x?—1, let « = y+1; then yf(y+1) = (y+1)?-', Le, 


Py Ἐ1) = yPh + pCryP? + pCay? 2 + 00. + Cy-2y + oCy-t (1) 


where ,C, = p(p—1):--(p—r+1)/r!, which is of course divisible by p. 
Assume that f(z), 1.6. f(y +1), is reducible in R. Then, by Prob. 26, there follows: 


fly+1) = σίν -- 1) h(y4+1) 
where g(y +1) and h(y + 1) are polynomials with integral coefficients, which is a contradiction, since 
P\ Cr, » 7 pCo (." pCo=1) and Pf vCp-1 ( pCp-1 =p) in (1). This implies, by Th. 5.2.1.12, that 
FKly +1), ie. f(x), is irreducible in RF, completing the proof. 
Note. The transformation of f(x) into fly+1) by x = y+1 above is fully justified; for in 
general, by Prob. 26, a(x) = δ(“) e(x) implies a(x+1) = βία Ὁ 1) ὁ(α - 1), and α(α -Ἐ 1) = b’(a) e'(x) 
implies a(x) = δ΄ (α -- 1) ο'(α -- 1). Hence a(x) and α(α Ἔ 1) are simultaneously reducible or irreducible. 


If a(x), b(x) ε F[x], where a(z)+0 and b(x) is irreducible over F, and if a(x) and b(x) 
have a root in common, then there exists ¢(x)eF [x] such that a(x) = (b(x))" e(x), where 
neN, and b(x) and c(x) have no root in common. 

PROOF: 

Let d(a)e Fla] be a highest common factor of a(x) and b(x) in F{z|; then, by this assumption, 
every root of a(x) and b(x) is a root of d(x), and also deg d(x) =1, since a(x) and b(x%) do have a 
root in common by hypothesis. Now, also by hypothesis, b(x) is irreducible over Ff’, which implies 
that b(x) has no factors in ΕἾ] except its associates and constants. Since degd(x) =1, d(x) must 
then be an associate of b(x), which implies that 6(x) itself must be a factor of a(x). Hence a(x) = 
(b(x))" c(x), neN representing the highest power of b(x) which divides a(x), for some c(x)e F(x). 

Furthermore, since c(x) A a(x) in compliance with the stipulation with respect to n in the above 
context, δία) and e(x) cannot have any root in common, which completes the proof. 
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30. If f(x)eF [x] has real coefficients such that f(x) = (ὦ -- (ἰα τ 1δ))}" g(x) for some neN 
and some g(x)eF [x], where a,beR are not simultaneously zero, then 
f(x) = (ἃ — (a+ib))" (ὦ — (a—2b))" g(x) 
PROOF: 


Let A(x) = (ὦ -- (a+ ib))\(x —(a—ib)) = αὐ —2ax+a’+ δ᾽, where h(x) has evidently only real 
coefficients and, having no real root, is irreducible over R. Then, since f(x) and h(x) have the 
common root a+ib, it follows immediately from Prob. 29 above that, for some ne N and some 


g(x) ε ΕἾ“), f(x) = (h(x))" g(a) = (α -- (a + ib))" (ὦ — (α -- ἐδ))" σ(α) 


which completes the proof. 


31. If f(x) = αὐ τ 8.3 Ὁ 6x?+12%+8 is known to have a root ~—2i, then find all roots of f(z). 
Solution: 
Since —2i is a root of f(x), 1.6. (ὦ —(—2%)) | f(x), it follows from Prob. 30 that (α -- 2ὴ | f(x). 
Hence (x + 27)(x — 2%) | f(x), and by division 
f(w) = (a+ 4, +8042) = (a + 21)(x — 2)(α + 1)(α + 2) 
which yields all four roots of f(x): —2i, 27,—1, —2. 


32, Determine a and ὃ in f(x) = #2—6x?+ax+b such that f(x) has a root 1 --᾿ ψ ὅ, and 
then solve f(x). 
Solution: 
Since Prob. 30 dictates that f(x) must have also 1+iV5 as a root, f(x) must be divided by 
( — (1 —iV5))\(a@ —(1 + iV5)) = a? ~2e+6 = g(a). Divide f(x) by g(x), ie. 


1 - 4 
1 -- 2 τ 6)}1 -ὀ-. ὁ a b 
1 -- 2 6 
— 4 a-6 b 
— 4 8 —24 
a—14 b+24 


which implies a—14 = b+24 = 0, ie. a=14 and b=—24. Hence 
f(x) = χΚ — θα" + 14. — 24 = (a — 4)(x? — 2x + 6) 
which yields 4 and 1+ iV5 for the roots of f(#). 


33. Prove Th. 5.2.1.13. 

PROOF: 

Since the fundamental theorem of algebra (cf. Th. 5.2.3.9) assures the existence of a root, say a, 
for f(x), it follows at once, from Th. 5.2.1.4, that (ὦ — a) | f(x). 

If ac R, it implies ipso facto that f(x) has a factor with real coefficients. 

If ace C, say a = c+ id, then, by Prob. 30 above, 

(a — (e+ id))(a — (ὁ —id)) | f(x) 

where the factor has real coefficients. 


In either case f(x) has thus a factor, say g(x), which has real coefficients and, of course, 


deg g(x) = deg f(x), where deg f(z) > 2. Hence f(x) is reducible over R, completing the proof. 


34. Prove Th. 5.2.1.14. 
PROOF: 


The first part of the theorem follows directly from Th. 5.2.1.9, and the second from Th. 5.2.1.13, 
which, stated otherwise, concludes that a prime polynomial p(x) over R implies deg p(x) = 2. 


(Th. 5.2.1.14, then, merely yields the combined effect of both Th. 5.2.1.9 and Th. 5.2.1.13.) 
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35. Quadratic polynomials over R are prime iff their discriminants are negative. 
PROOF: 
Let f(x) = ax?+bx+c, where a,b,ce R, which yields the discriminant of f(x): Ὁ = Vb*— 4ae: 
then, since 
f(z) = α(α -- τι)ί(α -- γ2) = a(x — (-b + Vo? — 4ac)/2a))(x — ((—b — ν δὲ — 4ac)/2a)) 
it follows that D<0 implies συγ ὦ. Hence f(x) is irreducible over R if ἢ «0. 


Conversely, if f(x) is prime over R, it must be the case that D<0, since both D>0 and D=0 
imply 71,r2¢ R, in which cases f(x) is evidently not irreducible over R. Hence, by the law of trichotomy, 
the irreducibility of f(z) over R implies D «0, completing the proof. 


36. Prove Th. 5.2.1.15. 
PROOF: 


Let the quadratic polynomials over C be represented by f(x) = ax?+bx+c, where a,b,ce C; 
then f(x) = a(x -- τι)ί(α τ-- 72), where 7: and r2 are two roots of f(x) and are of the form 


γι = (τὸ ἡ Vb? — 4ac)/2a, Tz = (--ὃ — Vb? -- 4ac)/2a (1) 


which are complex numbers (cf. §5.1.3, Prob. 28-29). Thus the first-degree factors of f(x) with 
complex coefficients do exist, and this defies any irreducibility over C of quadratic polynomials over C, 
which completes the proof. 


Note. ri=r2 iff Vb?—4ac = 0, parallel to the case where f(x) is defined over R (ef. Prob. 35 
above). 


37. Prove Th. 5.2.1.16. 
PROOF: 


The fundamental theorem of algebra (cf. Th. 5.2.3.9) implies that f(x)e C(x) of positive degree 
has a root ee C. Hence, by Th. 5.2.1.4, f(x) = (w—e)g(x), where degg(x) = n—1 if deg f(x) = ἡ. 
It is evident, then, that f(x) cannot be prime over C if deg f(x) = 2, which completes the proof. 


38. Prove Th. 5.2.1.18. 
PROOF: 
Once the binary operations for F'[x|/{f(x)} are defined, viz. as follows: 


{a(x) + b(x)} = {a(x)} + {b(x)} (mod f(x)) 
{a(x) * b(x)} = {ala)} + {b(x)} (mod f(x) 
for every a(x), b(x) ε ΕἾ], it follows readily that 
ta(x)} + {b(x)} = {b(x)} + {a(x)} (mod 7(.)}} 
{a(x)} " {b(z)} = {b(ax)} " {a(~)} (mod f(a)) 


etc., satisfying D1-11 one after another (cf. Df. 4.1.2.2.1) with {0} for D3 and {1} for 510. The 
residue class F[x|/{f(x)} is thus an integral domain. 


Furthermore, if f(x) is a prime polynomial over F, then, by Th. 5.2.1.7, there must exist some 
a{x), b(x), g(a") © Flax] such that 


a(x) f(x) + d(x) g(x) = 1 
where g(x) #0 and (f(x), g(x)) = 1, which implies 

b(x)*9(~) = 1 (mod f(x)) 
1.6. {9(x)}°{b(x)} = {1} 


which in turn implies the existence of a multiplicative inverse of g(a). 
This establishes F10 (cf. Df. 4.1.2.4.1) for the integral domain Fial|/{f(x)}, which is thus a field. 
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Conversely, if the residue class F[x]/{f(x)} is a field, then f(x) must be a prime polynomial over F. 
Or, what is the same, if f(x) is not a prime polynomial over F, F{2]/{f(x)} is not a field; in fact, it is 
not even an integral domain. For, if f(x) is not prime over F, then f(x) = fi(x) fo(x), Where 
deg fi(z) < deg f(x) and deg f2(x) < deg f(x), which evidently imply f:() 7 f(x) and f(x) ¥ f(x), 
ie. {{|5}} # {0} and {f2(x)} τέ {0}, while 


{f:(a)} * {fo(x)} = {frlw) fa(x)} = {{(5}} = (0) 


which defies D11 (cf. Df. 4.1.2.2.1). Hence the class F[x]/{f(x)} is not an integral domain, let alone a 
field, if f(x) is not prime over Ε΄. This completes the proof. 


The residue class F'{x]/{f(x)}, defined in Prob. 38 above, contains a subclass which is 
isomorphic to F’. 
PROOF: . 
Let G be the set of all elements of the form: {a}, where acF, of the residue class F[x|/{f(x)}, 
which has been proved to be a field (cf. Prob. 38 above). Then the mapping 
M: {asa 


is a 1-1 mapping of G into F, since {a} = {b} iff {a}={b} (mod f(x)), which in turn holds iff a= ὃ. 
Also, {a}<>a and {b} <> 8 imply 

M:: {a}+ {δ} (modf(x)) <—@ at+b 

M:: {α} " {8} (mod f(x%)) <—@ arb 


verifying the mapping M to be an isomorphism of G, a subclass of the given residue class, into F’. 
This completes the proof. 


Prove Th. 5.2.1.19. 
PROOF: 


Since «2+1 is irreducible over the real number field R, the quotient field R/{x? +1} is, by 
Prob. 38 above, to form a field. 


Furthermore, since «*+1 is a quadratic polynomial, every element of R[x] is congruent modulo 
x?-+1 to a linear polynomial, say rx+s, r,8¢R, uniquely. Hence the elements of the quotient field 
F(x)/{x? +1} is a residue class {rz +s}. 

Since {γα Ἔ 8) = {ra}+{s} = {r}+{x}+{s} (mod (27+1)), by Df. 4.1.2.3.18, let {r} <7, 
{x} <>x, and {8} 498, as in Prob. 39 above. Through this procedure it is now possible to express 


each element of the quotient field uniquely in the form of γὰ - 8, of which two binary operations 
may be defined as follows: 


(για - 81ὺ) Ἔ (γα +82) = (ritre)xe + (81+ 82) (1) 
(rin tsi) (γὼ 8) = rirex? + (ri82t+ 7281)" + 8182 
Since {χα +1} = {0} (΄." mod (x?+1)) in this context, ie. αὐ 1 Ξ 0 after the 1-1 mapping prescribed 
above, it follows that «? =-—1, which in turn implies 
(για - 81)" (rox +82) = (8182-7172) + (7182 + 7281) 


Replace, then, x by 7, and the operative rules of (1) with respect to the quotient field are readily 
mapped, through 7.49, r.<> a, s<d, 8:49 6, into: 
(α - ἐδ) + (e+id) = (atc) + i(b+d), 
(a+ib)*(c+id) = (ας -- bd) + tad + bc) 
or, what is the same, 
(a,b) + (e,d) = (a+ec,b+d), (2) 
(a,b) " (c,d) = (ac— bd, ad+ be) 


which is strictly in accordance with the operative rules for the complex number field C (cf. Df. 5.1.3.1). 


Hence, by (1) and (2), the quotient field R[x) /{2? +1} is now proved to be isomorphic to C, completing 
the proof. 
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41. If a polynomial a(x) of positive degree is an element of a domain F[x] of polynomials 
over a field F’, then a field F” which contains F exists such that a(x) has a root in 1". 
PROOF: 


If there exists no root in F of a(x), then let F’ = F{x|/{b(~)}, where b(x) is a factor of a(x), 
which is of degree at least two and is prime over F (cf. Th. 5.2.1.13). If, as in Prob. 40, the residue 
class {x} is replaced by i, where te Ff’, then b(i)=0, which in turn implies that the element 7 of ΓΕ’ 
is a root of b(x), hence a root of a(x), which may be considered a polynomial over F’ in this context, 
since FCF’. A field containing F thus exists, In which a(x) has a root. 


If a(x) has a root in F from the very beginning, the theorem is trivially true, since it merely 
implies F’ = F’, 


Note. If a(x) contains a factor of degree at least two and irreducible over F’, then the process 
prescribed above may be repeated, viz. constructing a field F’’, where F’CF”, and in general, a 
field F™, where FCF™ and a(x) dissolves in F(x) into linear factors. 


42. Prove Th. 5.2.1.20. 
PROOF: 
Th. 5.2.1.7 has already established that there exist b(x),e(x) ε F[x] such that 
B(x) g(x) + e(x) f(z) = 1 (1) 
if f(x),g(x)e Fl[x] and (f(x),g(x)) = 1. Since evidently f(x)#0 and σία) σε 0 in this context, 
divide (1) by f(x) g(x) and multiply (1) by a(x)e ΕἾ], yielding 
a(x)/(f(x) g(x)) = (aa) b(x))/Fla) + (a(x) e(x))/g(a) 


which completes the proof. 


43. If the denominator of a rational form a(x)/b(x) is expressible as (d(x))", r=0,1,2,. . Bat; 
then the rational form is expressible as a sum of partial fractions of the form 
Cn—r(x)/(d(x))", where deg c-(x) < deg (d(x))’. 


PROOF: 

Since 6(%) = (d(x))" by hypothesis, divide a(x) first by dla), which yields, by the division 
algorithm, a(x) = go(a) d(x) + γο(α) | (2) 
If deg qo(~) = deg d(x) in (1), then divide qo(x) by d(x) again, and 

qo(x) = gil) d(x) + ri(zx) (2) 
Combine (1) and (2), and 
a(x) = qilx)(d(x))? + ri(x) d(x) + το(α) (3) 


If deg qi(x) = deg d(x) in (), then the same process may be repeated again and again until, by 
induction, a(x) is finally of the following form 


ax) =  gn—s(x)(d(x))” + ra—1(x)(d(x))™"* + - τ. + χι(α) d(x) + γὸ 
which may be rewritten, replacing Qn-1(%) by cn(x), rn-+(x) by Cn—r(x) in general, and ro by eo(x), as 
noone: ase) -- σι(α)(ἀ(ω))" + σε- «(α)(α(ω))"-ἢ + +++ + δια) dle) + cola) (4) 
Divide (4) by b(«) = (d(x))", and let (d(x))°=1: then 
α(ω))δ(.) = en(a)/(d(a))° + en~1(a)/d(a) + +++ + ex(x)/(d(a))"-! + eo(ce)/(d(ar))” 
= = Cn~r(%)/(d(2))’, r=0,1,...,n (5) 


which completes the proof. 


44, Prove Th. 5.2.1.21. 
PROOF: 


To generalize Prob. 43, decompose b(x) of the rational form a(x)/b(x), as above, into a product 
of monic prime polynomials, and, combining equal prime polynomials together, 


B(x) = bo(pi(x))"1 (pa(x))"2 +++ (ρ,(α))"» (1) 
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where meN, k=1,2,...,r. Since any two distinct monic prime polynomials in (1), say pix) and 
px), 1,1 =1,2,...,r, are relatively prime, so are their powers (pi(x))"% and (p;(x))". 

Now, let one of the prime factors of (1) above, say (pi(x))":, play the role of (d(x))" in the initial 
context of Prob. 43 to accomplish the factorization of b(~). Then a(x)/b(x) will be rendered in terms 


‘of partial fractions, each with a denominator of the form (p,(x))"s, through the procedure similar to 


(3) and (4) in Prob. 43. The final step, similar to (5) in Prob. 48, will then complete the proof. 


45. Decompose f(x) = (2° + 423+ a?+ δα -- 8),( 5 -- 1) into partial fractions. 


46. 


41. 


Solution: 

Taking the step (1) of Prob. 48, 

f(x) = α + (403+ x? + θα — 3)/(x*—1) 
Since αὐ --Ἰ = (x—1)(x+1)(x2?4+1), it follows, by Prob. 43, that 
(4x3  α + θα —8)/(at—1) = Al/(x—1) + Bie Ὁ 1) + (Cx + D(x? + 1) 

i.e. 4χ +02? + 64-38 = Α(α  1γ(α - 1) + Βα -- 1)(5" - 1) + (Cxt+D)(x—1)(% + 1) (1 

Substitute x Ξε 1 in (1); then 4A =8, ie. A=2. Substitute, likewise, x = —1 in (1); then —4B = —12, 
ie. B=:3. Substitute these results in (1); then Cxr+D = πα ἃ. Hence 

[(ὶ = aw + 2f(x—1) + 87 +1) — (ὦ -- 2)7(53 - 1) 


Second Solution. From (1) above, 


4χ3 αὐ τ θα --,8 = (A+BtC)x? + (A—-B+D)x? + (A+B-—C)x + (A-B-D) 
which implies 
A+B+C = 4, A-—-B+D = 1, A+B-C = 6, A-B-—D = -8 
Solving these linear equations of order 4 simultaneously, we obtain A=2, B=3, C= —1, D=2. 


(Cf. Prob. 46, 47 below.) 


Third Solution. Substitute «=i in (1); then -—-4i—1+6i—8 = —2(Ci+D), which implies 
ἐ-- τὸ —Ci—D, ie. C=—1 and D=2. This, together with the substitutions «= +1 which yield 
A=2 and B=8, brings forth the same result. (Cf. Prob. 48 below.) 


Decompose f(x) = (#?—2x?+ 82 —5)/((a — 2)(~%—1)°) into partial fractions. 
Solution: 
By Th. 5.2.1.21, 


fiw) = A/(wx—2) + Bia —1) + Ch(x—1) + D(x —1) 
i.e. α — 247+ 384-5 = Al(x—1)? + (x —2)(B + C(x—1) + D(x —1)’) (1) 
Substituting « ΞΞ 2 in (1), we obtain A=1. Substituting A =1 in (1) and simplifying, 
g+2 = B+ C(ia—1) + D(a&—1) (2) 


Substitute 2=1 in (2); then B=8. Furthermore, comparing the coefficients of αὐ and «, it 
follows that D=0 and 1= C—2D, ie. C=1. Hence 


fixe) = i1/(e—2) + 87(5 -- 1) + 17(α -- 1} 


Express f(x) = 1/(a*+1) as a sum of partial fractions over the real number field R. 
Solution: 


Since x*+1 is reducible to (2? + V2x+ 1)\(a2-—-V2a+1) over R, it follows from Prob. 43 that 
fle) = (Aat B)Ma? + V2x4+1) + (Ca + D)/(a? — V2a +1) (1) 
i.e., after simplification, 


(A+ C)x? + (-V2A4+B+V2D)x2 + (A—-V2B+C4+V2D)e + (B+D) = 1 (2) 
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which yields, after comparing coefficients, 
A=1/2¥2, B=1/2, C=~-1/2/2, D=1/2 
which thus allows f(x) to decompose itself into 


Fa) = (w+ V2)/2V2 (a? + 2x41) — (« — 2)/2V2 (α — γίδα +1) 


Second Solution. Substitute x ΞΞ -- α in (1) above, and 
7-} = (—Aa + B)/(a?— γίδα - 1) + (—Cx + D)/a? — V2x +1) 


Compare (3) with (1), and it follows that, since the decomposition of f(x) must be unique, C=—A 
and D=B, which implies 


f(z) = (ἀχ Ὁ B)/(a? + γα 1) — (Ax — B)/(a? — 2x +1) 
1.6. (Ax + Βγ(α3 -- V2x 4+ 1) — (Aw — B)(a? + V 2a Pa) ἘΞ ἢ (4) 


Substitute «=0 in (4), and Β -Ξ 172 results; compare the coefficients of «? terms, and ~2/2A + 
2B = 0, ie. A=1/2V2, results, yielding the same decomposition as above. 


48. Decompose f(x) = 1/((~—1)?(#2+1)?) over R. 


Solution: 

By Th. 5.2.1.21, 

f(x) = Ala—1) + B/(e-—1) + (Ca +D)/(a? +1)? + (Ex + F’)/(x? + 1) 

i.e. (v* +1)? (A + δία -- 1)) + (a -- 1) ((Ca+D) + (Ex + πὴ ΝΣ = 1 (1) 

Substitute x=1 in (1), and A=1/4 results; substitute x—7 in (1), and 

(@—1)?(Ci+D) = 2C~—2Di = 1 
from which C = 1/2 and D=0. Substitute these values in (1), and 
4B(x’? +1) + 4(ν ἘΠῚ -- ᾿ = -α — 8 (2) 


where «=1 is substituted to yield B=—1/2 and x =i is likewise substituted to yield #=1/2 and 
F’'=1/4. Hence 


F(a) = 1μά(ὦ -- 1)" — 1/2(%—1) + αὐδί(α" Ἑ 1)} + (δὰ + 1)/4(a? +1) 


§5.2.2 Symmetric Polynomials 


Df. 5.2.2.1 A polynomial f(@1,%2,...,4n) is called symmetric if it remains unchanged by 
any of the n! permutations of the indeterminates a tt te! op 


Example: 
abc(a+ b+), v+bh?+c—ab—be-—ca, ai + δ᾽ Ὁ οὐ 8abe, (at*+ δ᾽ -- c4) — (α τ ὃ  ο)ὐ,  ete., 
are symmetric polynomials with respect to a,b,c. (Cf. Prob. 1-2.) 


It is evident in the context of Df.3.1.2.8-9 that Df.5.2.2.1 may have an alterna- 
tive form: 


Df. 5.2.2.la A polynomial f(x1,%2,...,X%n) is symmetric if it is invariant under the 
symmetric group of all permutations of its subscripts. (Cf. Prob. 17.) 


Some symmetric polynomials are of specific forms, defined as follows: 
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Df. 5.2.2.2 The elementary symmetric polynomials are: 


$1(%1,%2,...,%n) = M1 t+ 2 Ὁ τ" + Wn, 

8ο(Ζι, Ὁ, ἐς En) το. χιχο + H1%3 τ᾿ τὸ ἄιζη + H2%3 t+ ++ Ὁ Len + +++ + Ln-12n, 
83(X1,X2,...,%n) = ies + LiteX4 + +++ + Un-2%n-1%n, 

Si(X1, Xe, , 1) = U1Xe Mi + + Xn-i+1%n-1+2°* Xn, 

$n(%1, U2, oo ey Ln) = Διο" * * Un. 

Example: 


αἰ το, ab+be+ca, and abc are the elementary symmetric polynomials of a,b,c. 


Since si(x1,%2,...,%n) represents the sum of all the products formed by multi- 
plying any i of the indeterminates 1, %2,...,%n, it follows at once that s; is sym- 
metric with respect to %1,%2,...,%. For, since s; is the sum of the products of the 
n indeterminates taken i at a time, it is the same as the sum of the products of 
Lisp Linn +++, %j, taken i at a time, where 71,j2,-..-,jn are the numbers 1,2,..., in 


some order. 


As can be readily verified (cf. Th. 5.2.3.4), the elementary symmetric polynomials 
of Df. 5.2.2.2 reveals an important relation between the roots and coefficients of a 
polynomial, viz., 
(—l)is; = Si = (—1)'an-i/an, 1=1,2,.... 


if 21,22, ...,%n are the roots of the equation 


fly) = any® Ὁ adn-iy™? + +++ t+ayta = 0 
since, by hypothesis, 
Ky) = An(y — Li)\(Y — Wa) °° ‘(y—%n) = Gny® + Sy y"-! + δέν + oes + Sn 


The meaning of the “elementary” symmetric polynomials is quite self-explanatory 
in the so-called Fundamental Theorem on symmetric polynomials: 


Th. 5.2.2.3 Every symmetric polynomial in 21,%2,...,%n over a field F can be written 
as a polynomial over F in the elementary symmetric polynomials of Df. 5.2.2.2: 
$1,$2,..-,8n. (Cf. Prob. 11 and Prob. 18.) 

Example: 
a? + b+ c¢?, which is of course symmetric in a,b,c, can be expressed in terms of the elementary 
symmetric polynomials of Df. 5.2.2.2, viz. 
a? Ὁ δ᾽ 1 οἷ = 88 - 38182 + 88s = —Si + 8515. — 38s 
(Cf. Prob. 8 and Prob. 12.) 


Th. 5.2.2.4 If f and g are symmetric polynomials in 21,%2,...,%n, SO are f+g, fg, and 
cf (or cg), where c is a constant. (Cf. Prob. 3.) 
Example: 
y+ ae + %3, 21%e+ 2143+ vex, and x1%2%3 yield other symmetric polynomials such as (αι + %2+ 
2X3) + 11%2%3, (αι + %2+ %3)01 2X3, C(x Xe + αιας ἢ Le Xs), CX1 2 3(X1 + %2+ %3) (x1 te + 4143 + X2%s), etc. 
As is obvious in this example, addition and multiplication can be repeated, and 
Th. 5.2.2.4 may be stated more generally, readily justified by induction: 


Th. 5.2.2.5 If f1,fo,...,fm are symmetric polynomials in 71, 2%2,...,%n, so are their sums 
and products. (Cf. Prob. 4.) 


Generalization in a different direction yields: 
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Th. 5.2.2.6 If fi, fo,...,fm are symmetric polynomials in 21,%2,...,4%, and if g is a 
polynomial in yi, Y2,...,Ym, then GT isler cag ha) = Wai, s;-2:; .,%n) IS ἃ Symmetric 
polynomial in 21,22, ...,2n. (Cf. Prob. 6.) 

Symmetric polynomials play a significant role with respect to the concept of 
functional independence, defined as follows: 


Df.5.2.2.7. The polynomials fi, fo,...,fm in U1,%2,...,% are said to be functionally 
dependent over a field F if there exists a polynomial 9(Y1, Ys, .. -»Ym) ~ Ὁ in F' such 


that Vb, fe, .. +5 Fm) = 0 


Otherwise, the polynomials are said to be functionally independent over F. 


Example: 
fi = σιν, fo = αἱ Πα, and fs = 22-2? are functionally dependent, since 42 -- ΣῈ = 9, 
viz. there exists, in this context, g(f1, fs, fs) = 4yi-yityi = 


Th. 5.2.2.8 The elementary symmetric polynomials of n indeterminates are functionally 
independent over any field which contains none of the indeterminates. (Cf. Prob. 16.) 


Solved Problems 


1. Express the symmetric polynomial 
f(@,y,2) = (ay+z2)\(yet+a)(zx+y) 


in terms of elementary symmetric polynomials. 
Solution: 

Multiply f(x,y,z2) by xyz, and by Df. 5.2.2.2, 

ayz° f(x,y,2) = (xyz t 2)(zyx + x*)(zay t+ y?) = (83+ x?)(ss + y?)(s3 + “Ὁ 
= 85 Ὁ (a? + γ᾽ + 2*)8? + (αὖμ' + y22? + χ3χ3)8ς + aPy22? 
where, however, 
αὐ Ἔ μὴ δ᾽ = (ἘΜ Ὁ 2} -- Waytye+2x) = si — 28. 
αὐ + Pa? + 270? = (ay t+ yet zx)? — Waetyt ΖΦ) ΜΖ = 82 — 28185 
Hence 
Ssf(a,y,2) = 83+ (si—2s2)s? + (2 — 2818s)s3 + 8? 
which implies 
f(x,y, 2) = 83+ (83 -- 2s2)s3 + (83 — 28183) + 83 


2 Factor 2° + y3 + 2—-—(x+y+2)% 
Solution: 


Let f(x,y,z) = a +y>+z23—(e4+y+z)*; then f(z,y,z)=0 if x= —y. Hence (x+y) | f(x,y,z), 
and consequently, (y+ z) | f(x,y,z) and (z+-2) | f(x,y,2), since f(«,y,z) is symmetric in L,Y, 2. 


Furthermore, let 


ety t+ 2—(etyt2? = kaety)\(y+2z\(z2+ 2) (1) 


Then, since both sides of the identity (1) are of the same degree, k must be a constant, which is 
quickly determined by substituting «=y=1 and z=0 in (1), viz. k=—3. Hence 


f(u,y,z) = —8(at+ ψ)ίψ +2)(z24+ 2) 
which is the desired result. 
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3. 


Prove Th. 5.2.2.4. 


PROOF: 
If ij, i2,...,in represent arbitrary rearrangements of 1,2,...,, then by hypothesis, 
F (iz, Ligg 2+, Vin) = ἔ(σι, He, ~~~, Un) 
Q(Xiz, Vigy «+0, Lin) = G(H1, 2, -.., Xn) (1) 
which together imply 
F(aiqy Ling -o +9 Wi) + σίαι,, ign +, HH,) = (αι, ων...» Yn) + σίαι, %2,..-,%n) = h(x1, 2, ..., Hn) 


proving that f+g is symmetric. 
The product f°g is proved likewise, by the identities of (1), to be symmetric. 


If, in particular, g(x1,%2,...,%n) = σ (or f(X1, ἅν... .,%n) = ce’), it follows at once from the first 
part of the proof that cf (or e’g) is symmetric. 


Prove Th. 5.2.2.5. 


PROOF: 
Since Th. 5.2.2.4 has already proved the case for n= 2, assume that Th. 5.2.2.5 is valid up to the 
case n—k, viz., 


Fi(Xiz, Vig, ε ἐγ Hy) as fe(Xiz, Lig, vs ey Wig) Sie eS ale fe (iy, Lig, wey Win) 
= fi(w1,%2,...,0n) + fala, me,...,%n) torte + κίαιι, %2, ~~.) Hn) 
SS OU δος ἰ νον Ca) 


which is symmetric in %1,%2,...,%n. Then, by Th. 5.2.2.4, 
δι ὴν Ray es op LE) {κει (His, Ving +, Kin) = G1, %2,...,%0) + fr (01, L2, .. 45 3) 
which is again symmetric. Hence the proof is complete by induction. 


The case of the products is proved likewise. 


5. Factor (xn ty+z2)? — (x+y? +2"). 


Solution: 

Let f(a,y,z) = (a ty+z2)> — (αὐ Ῥὶϑ ψ -Ὁ 2°), which is evidently a homogeneous symmetric poly- 
nomial of degree 5. As in Prob. 2 above, f(z,y,z) is readily found to have a factor («+ y) and, 
consequently, also (y+z) and (z+). Hence f(x,y,z) has a factor (x+y)(y+z)(<+%), which is 
symmetric, of course. Hence, by Th. 5.2.2.4, it follows that the remaining factor of f(x,y,z) must be 
also a homogeneous symmetric polynomial of degree 2, viz., 


fiz,y,z2) = ( Ἐν Ἐκ)" - αὐ τοὺ" - κ᾽ 


= (ἡ -- ψ)ίν τὸ 2)( - σ)γί(α(α + y? + 2?) + δίαν + γὲ -Ὁ 2Ζ5)} (1) 
where a and ὃ are constants. Substitute «= y=—1,z=0, and also x=y=z=1 in (1), and 
30 = 2(2a+ δ), 240 = 8ί(ϑα + 3b) 


respectively. Solving them simultaneously for a and ὃ, a=b=5. Substituting in (1) and 
simplifying, 


(etytz)® — (F§+y54+2) = BSatyl\yt2zyetay(ar ty? Ὁ 2+ vy t+ yz + 25) 


Prove Th. 5.2.2.6. 
PROOF: 
By hypothesis, 
σίψι, Ya, 22, Ym) = DZ igig---in (YY? ++ -y'™) 
where the a’s are complex numbers and the summation notation denotes the sum of all the indicated 
products, the i’s being any non-negative integers subject to the condition: 0 = ἐι τ ὑς ἘΠ τ: tin = m. 


Then, likewise, 2 κα 
h({x1, %2, Regen) ae DS αἱ, ἐφ. tig ff 2 Fs) 


which implies, by Th. 5.2.2.4-5, that each term of the summation, i.e. αἱ, ἐφ- - -ἐμι (fif2---f'™), is sym- 
metric. Hence, again by Th. 5.2.2.5, the sum of all the symmetric polynomial terms is also symmetric, 
completing the proof. 
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If fo, fi,...,fm are polynomials in 21,4,...,%n-1, and if 
G(X1, 22, νὰ +, Un—-1, €n) -- fo τὰ Lnfi ΞΡ δ τ Xn Vii 


is a symmetric polynomial in 21, 2, .. -,%n, then each of the fi, i = 0,1,.. .,n-1, is 
Symmetric In %1,%2,...,%n-—1. 
PROOF: 
Since g is symmetric in m1, %2,...,2n, by hypothesis, it follows, as in Prob. 4 above, that 
Y(W1, ey...) αν ἢ) = Ol iy, Linn... Lig 1», Ln) (7) 


where %,%,...,%:-1 is an arbitrary arrangement of 1,2,...,n—-1 just as t,%2,...,in-1,” ig an 
arbitrary arrangement of 1,2,...,7. Hence, by (1) and hypothesis, 


G(%1,%2,...,%n-1,%n) = fo + tafr fore + On tm 
= folur,%2,...,%n-1) + Oefi(ai, χε, ...,%n-1) + °° 
+ 0” fim (αι, 2, a sp a4) 
= fo(Xi,, Lig, ὑπ Wing) = ofr (Xi,, Vig, Sr απ τῆ τυ ῦς 
oT Im (iss Wigy 48 ig Hay) 


which implies, by Th. 5.2.2.5, that each of 
fi(%i,, Vigg sey Lin —1) -Ξ Filo, U2) sa ey Xi), — 0,1,. Pry {17 


is symmetric, completing the proof. 


Note. The second hypothesis is not limited to this problem; as a matter of fact, it is a theorem 
which directly follows from the definition of polynomials in ἢ determinates (cf. Supplementary Problem 
4,28-29), 


Express the sums of powers 
Px = ya te ἘΠ eee προ ae m = 1,2,...,n—1 


in the elementary symmetric polynomials of Df. 5.2.2.2. 


Solution: 
Since, by Df. 5.2.2.2, 


1) = (α --σἡία -- χο)" (ὦ — ae) = a + Syat + Sogr2 4... + Sn (1) 


where Si = (—1)'si, i=1,2,...,n, 8ι being the elementary symmetric polynomials, it follows from the 
Calculus that 


P(x) F(x) = Μὰ — αὶ + Uae — ae) + +++ + Ie — 2p) (2) 
where f’(x) is the first derivative of f(x). Rewrite (2), and 
F(a) = “(γα — a1) + fle)/(~— a2) + +++ + ζω) -- ὦ (3) 
and, by actual division, each term of the right-hand side of the equation (3) is found to be of the form 
μα — αὐ = wt + fi(wilar—? + fo(ai)a™-® ἘΠ... + fas (αὐ, 7=1,2,....0 (4) 
where fi(xi) = αἱ Ἐ δι, fe(ai) = αὐ +Si¢i+ Se, and in general, 
fs(@i) = αἱ + διατὶ + Soaim? + --- +S, j =1,2,...,.n—1 (5) 


which is the coefficient of απ} 1, 
Replace x; in (4) successively by each of €1,%2,...,%n and, substituting all of the results in (3), 


f(a) = πα + (Pit nSi)a™-? + (Pet+ PiSit nSo)x™-3 + - 
+ (Pj + P5-1Si + Pj-2 Se t +++ + nSjar-i-1 4+... (6) 


while, by (1) and the Calculus, 
f(x) = παρ" + (n—1)Sia*-?  (κ -- 9), αὐτῷ + oe) 4 OS, om 4+ Sa-1 (7) 
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Hence, by equating the coefficients of the like powers of x in (6) and (7), 


P,+S: = 0, 
P, + PiS: + 28. = 0, 
P3 a P28, a PiSe + 383 = 0, 
Pe-1 + Pa-2S, + Pa-3Se + +++ + PiSa-2 + (n—1)Sa-1 = 0 (8) 
which yields, e.g., 
Ρ, -- --ι, 
Ρι. = St oo 2S2, 
P; = —Si + 3S:S: — 38s, 
P, = Si — 4S8iS. + 4S,Ss + 25: — 4S,, 
Ps = —S® + 5S8?S: + 5S:Ss — 5SiSs — 5S1S2 + 5S2Ss — 58s 


and so on, iterating the process, up to P»-:, each of which is now expressed in terms of the elementary 
symmetric polynomials, as was desired. 


Note. The equations of (8) above are the so-called Newton’s formulas in the theory of equations. 


9. Given fa = (ar™tyrt+a2ry(ary® + γ᾽ 25 + 25. — ay"2", prove that fi divides fn if ἢ 
is odd. 
PROOF: 


If n is odd, then f, vanishes at the substitution of x=—y. Hence (α -Ὁ ψ)ίψ -Ὁ χ)ίῳ - α) divides 
f. if n is odd, since f, is evidently a symmetric polynomial of degree 3n in x,y,z. But, in particular, 
fi is a symmetric polynomial of degree 3 in %,y,z, which therefore must be of the form 


fi: = e(xt+y)(yt z)(z+ a) 


where 6 is a nonzero constant. Hence f:| fx, completing the proof. 


10. Prove, by Prob. 9, that 1/(a+b+c) = (1/a) + (1/b) + (1/c) implies 
1/(a"+ bo" +c") = (1/a)” + (1/b)" + (1/e)" 
if n is odd. 


PROOF: 
Since, by Prob. 9, 
fila, b,c)\/(abe(at+b+e)) = 1 α + 1/b + I/e — 17(α Ὁ ὃ Ὁ ο) 
it follows that f:i(a,b,c)=—0 if l/a+1/b+1/e = 1/(atb+e). But, likewise, 
fala, ὃ, c)/(a"b"c"(a" + b™ + 9) = (1/a)™ + (1/b)” + (1/e)" — 1/(a* + δ" + c*) 


where ἐκία, δ, 6) = 0 if Ἢ is odd, as has already been proved in Prob. 9. Hence, if n is odd, 


17}(α" + δ᾽ +e") = (1]α)" + (1/b)" + (1/c)” 


11. Prove Th. 5.2.2.3. 
PROOF: 
(i) Limit the case, first, to two indeterminates #1, x2, and their elementary symmetric functions are 


81 = αι ἢ ἃ, 82 = γα: (1) 

Given a symmetric polynomial in 21,22, say f(x1,%2), it can be rearranged in powers of %, 
yielding 

f(a1,%2) = Aat? + Aa-1et7! + +++ + Ao (2) 


where Ac,Ac-1,...,40 are polynomials in x2. If we in (2) is replaced by 8ι-- 1, which is 
justified by (1), then f(x1,2%2) becomes a polynomial in a: alone, viz., 
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1(%1,%2) = Byx} + Βι-τ΄αϑι! + ++) +4 By = σία!) (8) 

where B,, By-1,...,Bo are polynomials in 81, which are all arranged in powers of 2. 
Now divide g(u) = Bou? + Bo-1ue-!+ +++ + By by h({u) = εὖ — siu+ 82, and then, by 


Ths}.2Z. 132; g(u) = htw)qu) + Cu + D (4) 


where C and D are polynomials in 8ι, 82 in a manner that satisfies Th. 5.2.2.4-5. Sinee g(x.) = 
f(%1,%2) and h(ai)=0, u=a. in (4) implies 
f(wi,%2) = Ca, + D 


where x: and ἃς may be interchanged, since C and D are by definition not to be affected by 
such an interchange. Thus 
Cai + D = Ca. + D 
which implies 
C(a1— #2) = 0 
which in turn implies, since neither 21 nor 2x2 is zero, that C must be zero. Hence 


Γαι, Ὁ) = ἢ 


viz. the symmetric polynomial f in 21,22 is now given in terms of their elementary symmetric 
polynomials. 


Since the case for two indeterminates is now verified, assume that the theorem is valid up to 
the case of ἢ -- 1 indeterminates. 


If ¢1,¢2,...,f-1 are the elementary symmetric polynomials of the n—1 indeterminates 
H2,%3,...,%n, then 
$1 = κι τ΄ hi, 
82 = 1 + to, 
Sn-1 -- 21 tn-2 ΝΡ tn-1, (5) 
and conversely, 
ty = --ααὐα + Si, 
te = αἱ — 18: + 8, 
ἐπεὶ Ξε, a ON C7 MRD ee (6) 
Let f(%1,%2,...,%2) be symmetric in W1,%2,...,%n, and arrange it in powers of a, as in (i), 
yielding 
PB Dae 22a) = Aut a ewes te + +++ + Ay (7) 
where Aq,Aa-1,...,49 are symmetric polynomials in 22,%3,...,%n, which can be expressed as 
polynomials in ti, t2,...,trn-1, since the theorem has been assumed to be valid in the ease of n—1 
indeterminates. 


Also, because of the relation between (5) and (6), 
(αι, x2, . εὐ ς ὕλη ΞΞ Box’ a ἘΞ ἢ ἘΣ δ; wa! o fa σία!) (8) 


where Bo, By-1,...,Bo are polynomials in 81, 82) ...,8n-1, Since Aa, Aa-1,...,Ao in (7) can be 
expressed as polynomials in 21, 81,82,...,8:-1 while ti, t2,...,¢tn-1 are replaced by their ex- 
pressions through 1, 81, $2,...,8n-1.- 


Divide, then, g(u) = Bou? + By-yur-1+ +--+.» + By by A(u) = ει — syu™-14+ gout? — eee ὦ 
(--1) 8, and, by Th. 5.2.1.2, 


g(u) = h(u)q(u) + Cr-ru =! + Ca-2u™-2 oe Oy (9) 


where Cn-1,Cn-2,...,Co are polynomials in S1,82,...,Sn Which comply with Th.5.2.2.4-5. Let 
u=2, in (9); then, since h(x1) = 0, it follows that 


f(x, M2, sagen) = Cass go ss Cu~s ΑἸ + et ἮΝ Co (10) 


where x; and 2%2,a3,...,2%, may be interchanged as in (i), which implies the following identities 
IN 1, We, ..., Wn! 
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Cpa? τ Cupane ea oe Ξ για. %o,...,%n) = OO, 
Coie Pe Cae ΕΣ a ree Co — f(x1,%2,...,%n) = OD, 
Cu-1 0872 + Can et? + cee + Co — flai,%2,...,%08) = 0, 
which in turn implies that 
Caer 1 + Ca-2 un? + ores + Co — fai, %2,...,%n) = 0 
for u = %1,%,...,%n. This is possible, however, iff | 
CO. = {ἀν Se SS Cre SH Ὁ and Co — f(x1,%2,-..,%n) = 0 
viz. f(x1,%2,...,%,) = Co, where Co is of course a polynomial in terms of elementary sym- 


metric polynomials of $1,82,...,8x. This completes the proof. 


Note. Other proofs are also available for this theorem, but the proof, stated above, is the most 
well-known; it was first given by A. Cauchy. An alternative form of the theorem may be observed 
in Prob. 13 below. 


12. Express (x1, 22, @s) = (21+ %2)(%2+%3)(4s +21) in terms of the elementary symmetric 
polynomials of Df. 5.2.2.2. 
Solution: 


Since f(21,%2,%3) is manifestly symmetric, Th. 5.2.2.3 may be applied step by step. 
Arrange f in powers of 2:1, and 


f(a1,%2,%3) = (ae+ asa? + (%2+ χε) αι + χοχείχε + Xs) (1) 
Since the elementary symmetric polynomials of 21, %2,%3 are 
81 = ἡ Ἔα + Xs, 82 = 01%2 + χρῶ + ἄ8χι, 83: = %1X%2%3 
substitute in (1) 
ας ας = 8:1 — 1 and tet, = αἱ — 8i%1 + 82 


and arrange it again in powers of x1; then, 
f(a1, %2,%3) = —w? + 8,42 το s2%1 + S182 = g(x) 


Now, divide g(u) = —u®+siw—s.eutsise by h(u) = w—siu’ + 821. -- 853, yielding the re- 
mainder: s182:—83. Hence, by Th. 5.2.2.8, f(x1, %2,%3) = 8182 — 83. 


13. Every rational integral symmetric polynomial of the roots of an equation 
FG). oS. ap Sra Sea 55.539 + Sn-1% + Sn = 0 (1) 


is expressible in terms of a rational integral polynomial of the coefficients of (1). 
PROOF: 
(i) Let, as in Prob. 8, 
Pe = χα + χὰ Ὁ 1: + κα, Pie = gga et ΩΣ 
where %1,%2,...,%n are the roots of the equation (1). 


If a+b, then, for two indeterminates x: and &2, 


ῬΩ͂ΡΣ, a Se eee πέτα δ TO ay Se eee ΣΕ ΘΟ ee eee oe Σὰ" 
1.6. Pipe = PaPv — Pato (2) 
expressing the double symmetric polynomial in terms of the single symmetric polynomials 
P,, Po; Parts 
If a= ὃ, then xh = Co which implies 
Setar = 2 > wt 


which in turn implies 


Sate = (Pa—Pora)/2 (3) 
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Since both (2) and (3) express the homogeneous symmetric polynomial as a rational integral 
polynomial of the Px, where ke N, and since the Newton’s formulas (cf. Prob. 8) yield the P, 
as rational integral polynomials of the S’s, the theorem is now verified up to the case of 
symmetric polynomials in two indeterminates X1, Xe. 


(ii) Assume that the theorem holds up to symmetric polynomials in m indeterminates Mi Way ss on ee 
viz. any homogeneous symmetric polynomial, each term of which involves m roots, can be 
represented as a rational integral polynomial of the P,. Since, by this assumption, 


Diem as oa Dis b ae@e see δ ers eee 
eat eh τὸ χαχδονναΡ gh ate ee gP Ὁ + where eet 4 
and Po = αἱ Ὁ wf + +++ + x8 
where a,b,...,p are all distinct and also q~#4a,b,...,p, it follows that 
Pa Dapazer a? = Sastead oer + Pytgdta- gr 4 
b ὃ 
ἜΣ αἰ λτωρεα + Satad- ar χα, (4) 


revealing that the symmetric polynomial > xia?-- "en +, Of m+1 roots can be expressed in 
terms of homogeneous symmetric polynomials, each term of which involves m roots, and one 
such symmetric polynomial multiplied by P.,. Hence the symmetric polynomial in m+1 
indeterminates can be expressed as a rational integral polynomial of the P;, and thus, by 
Prob. 8, as a rational integral polynomial of the coefficients of (1), completing the proof. 


Note. The term “homogeneous” in the hypothesis of » απ." is not exactly essential, since any 


non-homogeneous rational integral symmetric polynomial is the sum of two or more homogeneous 
rational integral symmetric polynomials. 


Furthermore, the theorem is readily made more general, as in Prob. 14 below. 


If f(x) is a polynomial of degree ἢ over a field F with roots H1,H2,...,4n, and if 
σίψι, Y2, ...,Yn) iS a symmetric polynomial over FY, then 9(%1,%2,...,%2) is an element 
of F. . 


PROOF: 
Since, by Prob. 18, g(y1,y2,..-,Yn) is a polynomial over F' in the elementary symmetric poly- 
nomials 81, S2,...,8, it follows that g(21, x, .. -» Xn) iS a polynomial in 


αὶ + 2 + +++ + ba, 1%. + ἀτᾶς free +H Un-10n, W102? Hn 
These expressions, however, are merely the coefficients of f(x)/an if 
f(x) = Qan(x™ χα δ... 1 gent + bn-2 pe =e Sele + (—1)"8o) (1) 


where evidently bke F, k=0,1,...,n—1. Since the expression (1) always holds, the proof is complete. 


If a(x) and b(x) are polynomials over a field F with a1, do, .. -»4m and O01, be, ..., dn 
as their respective roots, then the products 


p(x) = [IT [(@-(@t+d)), t=1,2,...,m 
q(x) = IITT@ — (aibj)), ἝΞ eae a 


are polynomials in x with coefficients in F. 
PROOF: 
(i) Since, by hypothesis, 
a(x) = €m(% — ai)("% — αν) ++ (a — Qm) 
where c,, is the leading coefficient of a(x), it follows that 
a(x --ὃὴ = en(a — (ar + δη)ία — (a2 + by))+ ++ (2 -- (am + δὴ) = em [1 (ὦ — (ai + δὴ) 
Hence, by hypothesis, 
cr, P(x) = Π a(x — δὴ (1) 


which is a polynomial in x with coefficients which are symmetric in 61, be, ..., bn. Thus, by 
Prob. 14, the coefficients of (1) must be in F. Further, if both sides of (1) are divided by ον At 
follows at once that the coefficients of p(x) are in F' as it is a field. 
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(ii) As is justifiable by hypothesis, let 
a(x/b;) =  €m((x/b;) — ai)((s/b5) — @2)+ ""((ω]δ}) — Om) 
which implies 
by a(x/bj) = διία — arb;)(a — αεδ}}" "(ὦ — Gmb5) 
which in turn implies 


οἱ g(x) = []b; a(x/b) (2) 


Hence, as in (i), divide both sides of (2) by cf, and the coefficients of g(x) are found to be in F, 
completing the proof. 


16. Prove Th. 5.2.2.8. 
PROOF: 
The proof is to show that 


f(81, 82, ...,82) 7 Ὁ (1) 
where S$i,S,...,8 are the elementary symmetric polynomials of the ἡ indeterminates αἱ, %2,...,%n, 
and flys, Yr sees Yn) = πὸ » ᾿ κι κα΄ - “Κη ys ys? ea μὴ a 0 (2) 
ey ee Ὁ 
is a polynomial in a field F which contains none of 21, %2,...,%n; the polynomial is of the reduced 


form so that no two distinct terms of (2) are of the same powers of Y1, Y2,.-+»Yn 
Now let a term of (2), 
ΕΝ (8) 
be chosen by considering only those terms of (2) for which kithet+t-::++k, is a maximum, then 


again those terms for which ke+ks+-+:++ka is a maximum, and so on. These terms are unique, 
for the identities 


ky + ke + +++ + ka = hte ke eee oe 
ke pee bike = es erie ot 
Ka = κα, 


will imply ki=ki, ko=ke, ..., Κα Ξε ἴα. 
Since, by hypothesis and Df. 5.2.2.2, 


k k k 
ght ght eee gin τὸ (ay tate tres + τ) δι (ree + arms + +++ + Wn-1Mn)la τ (αι 2" On) Kn 
= k k k . . . 
one of the terms which occurs when dk,ko..-k, 8,' 82 °°" 8" 1S expressed in terms of %1, %2,...,%n 18 
k Κι tk ot... +k kagt--+tk k +k k 
1 Ka. ιν Ae k — 1 2 2 eas n-1 n 
Die keys sky ὅτ (21 %2)"2 (χ: 2." On) en = Di κοι κα "ας © nat x," (4) 


which is unique in that no other term is of the same powers. 


Under the maximal conditions imposed on the k’s, no term with the same exponents as those of 
the right member of (4) can appear when any other term of /f(S1, 82, ...,82) is expressed in %1,%2,...,%n. 
Thus the right member of (4) does come into existence when /(s1, 82, ..., Sn); expressed in 21, %2,...,%n, 
is simplified by combining like terms. That is, (81, 82,...,8,) #0, completing the proof. 


17. Given a polynomial p = p(a1,%2,...,2%n), the set A of all permutations a, of 1,2,...,n, 
such that »*=p forms a group. So does the set B of all permutations Ὁ such that 
p? = <p. 
PROOF: 
(i) Let @:,@2,a@3 ¢ A; then, by Df. 3.1.1.1, 
Gl. adid2e A, since p%%2 = (p%)2 = p% = p. 
G2. ai(azas) = (aia2)as, since p%1%2%? = p%1%2%3 = p. 
G3. cA. 
G4. a ‘cA, since p*=>p implies (5) = ρ΄, which in turn implies p = os 
Hence A is a group. 
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(ii) Likewise, let 6,,6o,b. ¢ B; then 
ΟἹ. bibse B, since ρ"ι = (p%s)’2 = (+p) = +(+p) = +p, 
(ὦ. b1(b2bs) = (bibs)bs, since p?1‘%2*s? = iPass ee, 
G3. 1cB. 
G4. b°*cB, since p?=+p implies (p*)’* = +p", yielding p® ' = 


I+ 


p. 
Hence B is a group. 


$0.2.0 Roots of Polynomials 


Th. 5.2.3.1 If a polynomial f(x) = Sav, k=0,1,...,n, vanishes (i.e. f(x) =0) for 
k 


more than n distinct values of x, then it is identically zero (1.6. @o=Qi=+++=an=0). 
(Cf. Prob. 1.) 


This theorem is a direct consequence of Th.5.2.1.5 (and Th. 4.1.2.5.18) that f(x) 
of degree n cannot have more than n roots. A polynomial, however, may not have 
any root at all; for example, a constant polynomial f(x) = aox° has no root if a0, 
since it will never vanish for any value of zx. On the other hand, f(x) may have a 
root which occurs more than once, as is made explicit in the following definition 
(which has been implicitly used, e.g. in Th. 5.2.1.9, Th.5.2.1.21, etc.). 


Df. 5.2.3.2 If a polynomial f(x) has a factor of the form (e—r)", but not (ὦ -- γ)511, 
then r is called a root of multiplicity m (or an m-fold root). 
Example: 


f(x) = (x — yr)? g(x) has a p-fold root r which as such cannot be a root of g(x)=0; if f(x) is a 
polynomial of degree ἢ, then it cannot have more than n—p-+1 distinct roots in this context, as 
is proved in the following theorem: 


Th. 5.2.3.3. A polynomial of degree n cannot have more than ἢ roots unless a root of 
multiplicity m, if any, is counted m times. (Cf. Prob. 3.) 


The roots of a polynomial are related to the coefficients of the polynomial in a 
definite pattern, generalized as follows: 


Th. 5.2.3.4 If 1,72,...,7n, are the roots of the equation 
f(t) = ne" + Gn-1""-2 4+ ++) taerta = 0 (1) 


then the sum of all possible products of the 7’s taken k at a time, k=1,2,...,n, is 
equal to (—1)""*an-x/an. (Cf. Prob. 4.) 


Stated in detail (cf. Df.5.2.2.2): f(a) = an(x— 11)(@— γ2)" .(α -- γ,) yields 


S1 = 21 Ἔ 7. + eee + Th = “sf i; 
So = 17%. + 7175 + 5 "τ: + P17. SS An—2/Qn, 
Ss = 717274 + rivera + +++ + Tp-2%n-1%m == —An-3/An, (2) 
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Example: 
don? +aix +a. =0 has two roots γι and 72 such that Si = 71+ 72 = —ai/az2 and (δὲ = mir. = ao/ ae. 
As has already been observed (cf. Df. 5.2.2.2), Si,S2,...,Sn In this context are 
readily expressible in terms of the elementary symmetric polynomials, 81, 82, ...,8n; 
VIZ. | 


Si = (-l)is, i= 1,2,...,n 


The relation between the roots and coefficients of a polynomial helps solve an 
equation when a certain relation among the roots is given; it also helps construct 
an equation whose roots have an assigned relation to the roots of a given equation 
(cf. Prob. 5-10). 


In general, for nonconstant polynomials at least, the following theorem holds: 


Th. 5.2.3.5 If f(a)<0 and f(b) >0, where f(z) is a polynomial over R and a,beR, then 
there exists ce R between a and b such that f(c)=0. (Cf. Prob. 11.) 


This theorem, as a special case of the so-called Mean-value Theorem, holds for 
any continuous functions as well. It is, however, essentially an existence theorem, 
which as such does not pin-point the root of the given polynomial in an actual 
construction, although it may be employed as a principle for locating approximate 
values of the real roots of f(x). It is of practical importance to be able to approxi- 
mate the real roots with any required degree of accuracy, in particular for poly- 
nomials of fifth and higher degree, or even third and fourth degree; but the principles 
of approximation to real roots are definitely outside the legitimate scope of the 
present work. 


Th. 5.2.3.5 yields also the following theorem: > 


Th. 5.2.3.6 Every polynomial with real coefficients of odd degree has at least one real 
root. (Cf. Prob. 12.) 


Just as polynomials with real coefficients have their own peculiarities as above 
(and also as in Th.5.2.1.13-14 and Prob. 27-36 below), a restriction of coefficients to 
the rational number field R or, what is essentially the same, to the domain 7 of 
integers yields the following simple theorems: 


Th. 5.2.3.7. An integral root of a polynomial with integral coefficients is an exact divisor 
of the constant term of the polynomial. (Cf. Prob. 18.) 


Th. 5.2.3.8 If a polynomial with integral coefficients has a rational root of the form p/q, 
where p and 4 are integers which have no common divisor other than unity, then p 
is an exact divisor of the constant term, and 4 an exact divisor of the leading 
coefficient, of the polynomial (Cf. Prob. 19.) 


The restriction of coefficients of polynomials as above may be replaced by a 
generalization, extending the coefficients from R or R to C (cf. Th.5.2.1.15-16), and 
the following theorem, called the Fundamental Theorem of Algebra, is of course the 
most important for polynomials with complex coefficients. 


Th. 5.2.3.9 (by Euler-Gauss). Every polynomial of positive degree with complex coefficients 
has a complex root. 


This is again an existence theorem, which does not help find in concreto the roots 
of a polynomial, but does assert unequivocally that they do exist. The theorem 
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asserts, in fact, that every algebraic equation of degree greater than zero (i.e. a 
nonconstant polynomial) has at least one root, real or complex; the validity of this 
theorem has been taken for granted, without proof, throughout College Algebra. 
In the present context, too, the theorem will be presumed to be true. 


(Contrary to the belief of some authors, however, it is not at all the case that 
the proof without any knowledge of function theory is “either tedious or lacking in 
rigor’, although the theory of functions of a complex variable does offer a simpler 
proof. Nor should the student be misled to consider Th.5.2.3.9 the fundamental] 
theorem of algebra in modern algebra, although the réle the complex number field, 
or the theory of equations in general, plays is still unique and great in the same 
context.) 


Th. 5.2.3.10 Polynomials with complex coefficients of degree n have ἢ, complex roots. 
(Cf. Th. 5.2.3.3 and also Prob. 20 below.) 


This theorem yields the following definition: 


Df. 5.2.3.10a The complex number field in relation to Th.5.2.3.10 is said to be alge- 
braically closed (or complete). 


In this sense any field F may be said to be algebraically complete (or closed) if 
polynomials over F have no roots outside F itself. 


Th. 5.2.3.11 If f(z)=0, where zeC and f(x) is a polynomial with real coefficients, then 
f(2)=0. (Cf. Df.5.1.8.8 and Prob. 21 below.) 


Th. 5.2.3.12 Every polynomial f(x) with real coefficients of degree greater than one is 
expressible over R as 


F(x) -- dala — br) + -(@ ~ δή(ω — οὐ + 43) (ὦ -- ον + a2) 


where an * 0 is the leading coefficient of f(z) and bi,¢,,dj;eR, 1=1,2,...,7, 7=1,2,... ,8, 
and ἀ;γε 0. (Cf. Prob. 24.) 


Th. 5.2.3.13 If f(x) is a polynomial with real coefficients, and if f(a)~0 and f(b) +0, 
where a,be fh, then either f(a) f(b) >0 or f(a) f(b) <0 according as the number of 
the real roots of f(x) between a and ὃ is either even or odd. (Cf. Prob. 25.) 


The last theorem belongs to the so-called isolation of the real roots of a poly- 
nomial with real coefficients, which examines whether one or more intervals can be 
found such that each real root is contained in one of these intervals and each interval 
contains only one root. This leads to such theorems as Sturm’s and Budan’s and 
also to Descartes’ rule of signs. 


Now that the existence of roots for nonconstant polynomials is assured, the 
problem is directed to the algebraic solution of individual equations, viz. to find the 
roots of polynomials by rational operations and radicals alone, through the following 
two definitions: 


Df.5.2.3.14 The equation z"=a is called a binomial equation, where the roots of the 
equation are the nth roots of a, denoted by για and called a radical of wdex n 
(relative to a field which contains a). (Cf. Prob. 28-29 below.) 


The radical, defined as above, leads to the following definition of solvability. 
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Df. 5.23.15 An equation f(x) = Yaz’ = 0, i=0,1,....n, is said to be solvable by 
radicals (or root extractions) and rational operations if there exists a sequence of 
numbers b;, 7=1,2,...,m, such that every ὃ; is either one of a; or one of the results 
of rational operations on b;, and b;,, where 0 = 6;,,6;,< m, or a root of any index 
of a preceding b or one of the results of rational operations on ὃ;, and ὃ;» where 
1 = b;,,b;, < m, such that every root of the equation appears in the sequence. 
Example: 


The sequence for a2x*+ax+ao— 0, a2 #0, is: 


δι = ae ὃς = bibs = ado bi = bio— bs = a — Aaedo 

ὃς = αἱ δι = δε τ ὃς = 2 bis = Vbu- = V ai — 4a2do 

bs = ao ὃς = δι δι = 4 bis = b5— bie = —V a} — 4a200 
bs = bi/b1 = 1 by = δεὺῦς = 466 = 42d etc. 

bs = bi— bi = 0 bio = bebs = a? 


There exist similar but different sequences for the given equation, as in most 
cases; at least one such sequence must exist, however, for any equation to be solvable 
by radicals. 


In general, there exists at least one such sequence for every equation of positive 
degree up to 4, beyond which such sequences may or may not exist. Every equation 
of degree up to 4, then, will have a general formula involving only rational operations 
and root extractions, as will be seen below, for expressing its roots in terms of its 
coefficients; such a general formula does not exist, however, for any equation of 
degree greater than 4. 


Th. 5.2.3.16 The linear equation, generally of the form aiw+da = 0, where ai,doeC 
and ai0, has the unique root —ao/a1. 


Th. 5.2.3.17 The quadratic equation, generally of the form a2x%?+a1”%+a = 0, where 
M2,0i1,@d0eC and a2+0, has two roots: 


γι = (—1 + Vat — 4a2d0)/2a2, ro = (-a1 — γα — 40200)/2a2 


The student is already familiar with these two results (cf. also 85.1.8, Prob. 28-29). 


Th. 5.2.3.18 (by Cardano). The cubic equation, generally of the form 
ἀκα + aoe? τ αἷὰ τ αὐ = 0 
where 43, @2,01,@0eC and a3#0, can be simplified to the form 
e+pe+q = 0 
which can be solved algebraically. (Cf. Prob. 34.) 


Th. 5.2.3.19 (by Ferrari-Euler). The quartic equation, generally of the form 
dant + asx? + Gee? +mxr+a = 0 
where 4, ds, Q2,01,@0¢ C and as*0, can be simplified to the form 
e+pe?+qrtr = 0 
which can be algebraically solved. (Cf. Prob. 36.) 


This theorem, however, is the end of algebraic solutions of general equations 
(ie. without any made-to-fit modifications of coefficients). For, as is well-known, 
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Abel proved it once and for all that it is absolutely impossible to express the roots 
of an equation of degree higher than the fourth by means of formulas involving 
only rational operations and radicals, viz.: 


Th. 5.2.3.20 (by Abel). The quintic equation, or any equation of degree higher than fifth, 


1. 


in its general form is not algebraically solvable. 


It must be noted that the same result can be obtained by a theory originally 
conceived by Galois. 


Solved Problems 


Prove Th. 5.2.3.1. 
PROOF: 


Given f(x) = daa" + aa-1 0" 1+ 00. + ae 2 a, and assume αὐ σοῦ. Then f(x) has more 
than distinct roots,-by hypothesis, which is a flat contradiction in relation to Th. 5.2.1.5. Hence it 
must be the case that a, = 0. 


Assume, then, a.-1 γέ Ὁ, which implies, by hypothesis, that f(x) has more than n—1 distinct 
roots, which is again contradictory to Th.5.2.1.5. Hence a,-1=0 must be the case. 


Likewise, taking similar steps, an-2=0, .. +» 1=0, do=0, 1.6. ἃ» = Gn-1 = +++ = ας = αὐ = 0, 
which completes the proof. 


If f(z) = Daxw* and g(z) = Dba", k=0,1,...,n, have the same value for more 
k k 


than n distinct values of x, then f(x) = g(x), where ax = dx. 


PROOF: 
Let 
h(x) = f(x) — σὰ) = ακα" -- Sox’ = δ (αι -- δι) = Zona, k=0,1,...,n 
k k k 
Then, by Th. 5.2.3.1, en = Gn-1= °°: Ξξ δὴ Ξξ 0, where c. = ax—bsx, which implies a,= Da, Qn-1= 


bn-1, ..., @o=bo, completing the proof. 


Prove Th. 5.2.3.3. 
PROOF: 


Let f(x) be a polynomial of degree 1 with roots Y1,72,...,7% Of multiplicity m1, ms, ..., mk. 
Then, by Df. 5.2.3:2; 


Fw) - ακία — τ)" (ὦ τ 72)™2 +++ (ὦ — 14) ™* ρ(α) (1) 


where ad, 18 the leading coefficient of f(x) and evidently degg(x) = n—(mtmet--: +m.) by 
Th. 5.2.1.5. Since the expression (1) is unique, by Df. 5.2.3.2 itself, the proof is complete. 


Prove Th. 5.2.3.4. 
PROOF: 
Since the cases n= 1,2 are trivial, take the case n= 38, and, by actual computation, 


f(a) = ase? + oe + axe +a = αβ(α-- γι)ία — r2)(x% — 13) 
= asx? — (γι t+ ret γΆ)Σ + (rire t+ rirs + T2P3)% το Tiers) = a3("?— Aye? + 4.5 — As) 


which implies 


Ai = ntrmt+r = —G2/a3, Az = γὰγ2 Ἔ mrs + rors = ay/as, As = nmrs = —ao/as 
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Assume, then, that the case Ἢ =k holds, viz., 


f(x) One® + ἀκ-ιαλρ + +++ + ao = ακία -- γυ)ία — 72)" (ὦ — Tx) 
= ακί(αν — (nitrates: treet! + (rivet rita ttt + ren ire)ek™? — e+ + (1) rire: + re) 


= ακί(α" — Κιαδ "Ὁ Koxk-? — +++ + (—1)"Kx) 


l 


which implies 


Ki = mt+re tees + re = ~—An-1/On, 
Ko = rite + rirs ἘΠ + Te-17ke = Gr-2/dx, 
Κι = mre TK = (—1)*ao/ax 


Proceed now to examine the case ἢ = k+1, and 


f(x) = Geer Ἢ + ἀκα + ++ + a 
= ακειία — Τι)ία — 2)" “(α — γκ)(α — γκ 1) 
ἀκειί(α" — (nitrates > + reek? + (rive + rina ἘΠ᾿ Ἔ re-1 γι) 


— see + (—1)¥ rire: + + re)(% το Te +1) 


= αἀκει(ακ᾽' — (rp - γὼ Ἔ τ" Ὑ κει) + (rire + rina ἘΠ᾿ + Ὑκγκε) δ 
— eee Ὁ (DFT γ᾽ > + re +1) 


= aussi (at! — Κιαὶ + Κιαδ 1 — +++ + (—1)**1 Κι ἡ 


which implies 


i 

Κι = nt re tree + ret1 = --ακ͵ακει, 
, 

Κι = M172 + Ts ttt Ἔ ΥΚΥκει = Oy -1/Are+1, 
ἤ 

Ket = reset = (—1)*** ao/an+1 


Hence, by induction, f(z) = a(x —71)(2 —72)+**(@—Tnx) Implies 


5. = γι τ rea terre + te = —Gn-1/An, 
S2 = rire + 7173 ἘΠ’ + orn-17%n = Gn-2/On, 
5 n — γῇ: 7 = (= 1 ) "ao/ Gn 


which completes the proof. 


5. Let a,b,c be the three roots of x#°+px+q = 0, and express (a-—6b)?(b—c)*(c— a)? 
in terms of p and q. 


Solution: 
Since, by Th. 5.2.3.4, 


atb+e = 0, ab+be+ca = p, abe = —q 
it follows that 


(a—b)? = (a+b)? — 4ab = (—c)? — 4(p—be—ca) = οἷ — 4p + 4c(at+b) = —4p — 3e? 
Likewise (6b—c)? = —4p—3a” and (c—a)’? = —4p— 3b’. 
Hence 
(a — b)? (ὃ - ο)" (ς -- αὐ = —(4p+ 8p)(4p + 3b’)(4p + 865) 
= —64p? — 48(a?+ b?+ c*)p? — 36(a7b? + b%c? + c’?a*)p — 270d? 
But α Ὁ δ᾽ +c? = (at+b+c) — 2(ab+be+eca) = —2p, 
a*b? + δ5ε5 + ca? = (ab + bc + ca)? — 2abc(a+b+c) = p’, a*b*c? = gq 
Hence (a—6b)?(b—c)*(c—a)? = —64p* + 96p? — 36p* — 27g = —(4p*+ 27q”) 
Note. (a—b)?(b—c)*?(e—a)? = D is in fact the discriminant of the given cubic equation 


(cf. Prob. 34 below). 
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6. 


Given the three roots a,b,c of #8—px+q = 0, construct a cubic equation whose 
three roots are a?, b?, c?. 


Solution: 
Since, by Th. 5.2.3.4, the desired equation must be of the form 
a? — (a? Ὁ δ᾽ + ο5).5 + (a7b? + b%c? + ca?)x — ab’? = 0 
and since, from Prob. 5 above, 
αὐ τἰ δ᾽ +c? = —2p, a’b? + bc? + e’'a? = p’?, ab’? = ὡὅ 


it follows at once that the equation at issue is 


αὐ + 2px? + ρα — g = 0 


Solve the following equations simultaneously: 
(i) χε τ = 9, (11). a ey? ee ΞΕ 41, (iii) αὐ -Ὁ 2) Ὁ γ'δ(ς - χ) -Ὁ 2(x+y) = 180 
Solution: 

From (ii) it follows, using (i), 


41. = @P+yPt+e2 = (xtyt+2)? — Waeytyztex) = 81 -- 2ay + ye + zx) 
or ὧν +yz+ χὰ = 20 (117) 
Also it follows from (iii) that, by (i) and (ii), 
180 = wytz) + Peta) + @(aty) = 29-2) + y(9—-—y) + 2*(9 — 2) 
= Wer Ἐν" +2) — (ety t2) = 9.41 — (αὐ + ψδ- 2 — 8xyz + Bayz) 
= 869 — (a@tytz(ety + 2— ay —yz—axy) + 38xyz) = 869 — (9(41— 20) + 38xyz) 
a “yz = 0 (iii’) 


Hence, by (i), (ii’), (iii’), and Th. 5.2.3.4, it follows that x,y,z are the three roots of the equation 
ἐ -- 9? + 206 = ἐί(έ -- 4)γ(ὲ -- δ) = 0 
which implies six sets of values for x,y,z to satisfy (i), (ii), (111): 


(0, 4, 5), (0, 5, 4), (4, 0, 5), (4, 5, 0), (5, 0, 4), (5, 4, 0) 


Find the necessary and sufficient condition that the sum of any two roots of 


αὐ Ἔ ρα" - σα τ ὺχ Ἐ8 = 0 (1) 
is equal to the sum of the other two roots. 
Solution: 
Let the four roots of (1) be a,b,c,d; then, by Th. 5.2.3.4, 
Si = at+bt+et+d = --y», (2) 
Sz = ab + ac+ad+ ὃς + bd + cd = ᾳ, (3) 
Ss = abe + abd + acd + bed = —*r, (4) 
Sec = abcd = 8 (5) 
If a+b τ 6 ἃ by hypothesis, then, from (2) 
2(a+b) = 2(e+d) = —p (6) 


and, from (8) and (4), 
(a+ b)(c+d)+ab+ed = gq, ab(ec+d)+ cd(a+b) = - γ 
where, substituting (6), 
(p?/4) + ab + cd = gq, (—p/2)(ab + cd) = —p 
which implies, eliminating αὖ - cd, (p/2)(q—(p?/4)) = r, i.e., 
p> — 4pq + 8r = 0 (7) 


which is the desired necessary condition. 
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10. 


Conversely, represent the left-hand side of (7) by f(p), expressing it in terms of a, ὦ, ὁ, d, through 
(2), (3), (4), and 


f(p) = —(at+bt+e+d)? + 4at+bt+et+d)(ab+ act ad+ bet bd+cd) — 8(abe + abd + acd + bed) 
which implies, substituting a+b = e+d by hypothesis, 
f(p) = —8(a+ 6)? + 8(a4+ b)((a + δ)" + (ab + ed)) — δία Ἔ b)(ab+cd) = 0 


which implies f(p) has a factor a+b—ec-—d. But, since f(p) is evidently a symmetric polynomial 
with respect to a,b,c,d, it must contain two other factors ate—b—d and at+td—b-—ce, which 
are obtained by interchanging b,c and 6,d. Hence 


f(p) = κίια -τ ὃ -- εο-- αγία -᾿ ὁ -- ὃ -- αγία - ἃ -- ὃ -- ο) 


where Καὶ is a constant, since f(p) is cubic with respect to a,b,c,d. Hence a+ b = c+d if (7) holds, 
i.e. f(p) = 0, which implies that (7) is also the sufficient condition at issue, and that (7) is indeed the 
desired condition. 


Note. ate = bid or atd = b+e may be used as hypothesis, yielding exactly the same 
result, viz. (7). 


Find the necessary and sufficient condition that the sum of any two roots of the 


equation Pape CS © (1) 


be equal to a root of the equation 
e+tre+s = 0 (2) 


Solution: 


Let the three roots of (1) be a,b,c and the two roots of (2) be d,e; then consider the following 
symmetric polynomial S with a factor (a+ ὃ -- ἡ of the lowest degree with respect to a, b,c,d, 6: 


S = (atb—d(bt+e—det+a—datb—e)(b+e—e(e+a—e) (8) 


where S—0 if the sum of any two of a,b,c is equal to either d or 6, and conversely. Hence the 
desired condition is obtained if the coefficients of S=0 are expressed in terms of p,q,7,8. 


Now, by Th. 5.2.3.4, 
(α -ἰ ὃ -- α)(ὃ - ὁ -- α)ὐίς - α -- αἢ 


it 


(a+ b)\(b+c)(e+a) — ((a+ b)(b+¢) 
+(b+c)\(e+a) + (e+ αγία - b))d + 2(a+6+c)d* — αἱ 


= q— pd -- @& 
and likewise 
(α - ὃ -- αἀ)(ὃ -- ὁ -- ογίε-ὰα τ-- δ = ᾳ -- pe- @& 
Hence, again by Th. 5.2.3.4, 
S = (q—pd—d*)(q— pe-—e’*) 


= g* — pq(d+e) — g(d*+e*) + de(p? + p(d® + e”) + de’) 
= μ᾽ Ῥ par + ar(r?— 88) + 8(p? + p(r? — 28) + 8”) 


Thus the desired condition is 9? + qr(p+7*— 3s) + s(p* + pr?—2ps+s’) = 0. 


Solve 
3x4 — 202° + 27x? + 26% -- 24 = 0 (1) 
where the product of two roots is equal to 2. 


Solution: 


Since, by Th. 5.2.3.4, the product of all four roots is known to be —24/3 = —8, the product of 
the other two roots of (1) must be —8/2 = —4. Hence, using Th. 5.2.3.4 again, let 


xt — (20/3)x* + 9x? + (26/3)a —8 = (a? + px + 2)(5" + qu — 4) (2) 


from which it follows 
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11. 


pt+q = —20/3 and —4p + 2q = 26/3 
which in turn imply 
p = —11/3 and ᾳ Ξ --ὃ 
which change (1) into 
3(x* — (11,8) + 2)(x?- 82-4) = 0 
1.6. (8α — 2)(α -- 8)(α -- 4, -- 1 = 0 
which yields the desired roots: 2/3, 3, 4, —1. 


Prove Th. 5.2.3.5. 
PROOF: 
Let α «ὃ and M be the set of every x which satisfies 
1) <0, aH=u<b (7) 


Then, since x =a satisfies (1), M is not empty, and also, since the interval is bounded above, there 
must exist a l.u.b. (or sup. (cf. Df. 2.4.1.6)), say u, in M such that 


a=u=b (2) 
Now let the given polynomial f(x) be 
7) = Sade, K=0,1,...,n 
k 
and assume f(u) <0. Then a small positive number e can be found (cf. §5.1.2, Prob. 45) such that 
| ἀκ (μι + e’)"-* — deu™-*| « flu)/n, k = 0,1,...,n 
for an arbitrary real number e’ such that |e’| =e. Add these πὶ inequalities, and 
| f(ute’) — ὦ} « f(u) 
which, since f(u) > 0, implies 
flute’) < 0 (3) 
On the other hand, since u is a lu.b. of M, it follows that uteeM for some e’ such that 
e’<0 and |e’| =e, which implies, when substituted in (1), 
flute’) > 0 (4) 


which clearly contradicts (8). 


Furthermore, assume f(u) <0. Then u< ὃ, since f(b) > 0 by hypothesis. Now take a sufficiently 
small positive number e such that u+e « δ, and 
| du(u + 6)» — ἀκ Ἐ} < lf(u)l /n, k=0,1,...,” 


for an arbitrary real number e’ such that [6 =e. Add these ἢ inequalities, and 


| flute’) — f(u)| < |f(w! 
which, since f(x) < 0, implies 
flute’) < 0 
which, when e’ = e, in turn implies 
flute) < 0 | 
which is contradictory to the initial assumption that u is a l.u.b. of M. Hence f(u) = 0 is the only 
alternative, which completes the proof with u=ce. | 


Note. The assumption a> ὃ, instead of a< δ, brings forth the same result, as can be readily 
verified. It must be noted, too, that the result is a special case of the Mean-value Theorem of the 
Calculus and allows a geometric proof, which is rather intuitively obvious; viz. a continuous curve 
which passes through two points (a, f(a)) and (b, f(b)) on the opposite sides of the X-axis must cross 
the same axis at least once and, in general, an odd number of times between x—a and x=} 
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Prove Th. 5.2.3.6. 


PROOF: 
Let n be an odd number and 


f(x) = Σοῦ, k=0,1,...50 
with the stipulation δι ΞΞ 1, which does not affect the generality of the problem. Since m is odd, a 
positive number a can be made sufficiently large such that 
(—a)"/n + οκ(--αὴ 5 = —a*/n + ex(—a)"™* < 0, k= Ox: 
by letting, e.g., a > (—1)""“nex. Adding these together, f(—a) < 0. 
Likewise, a positive number 6 can be taken large enough to yield 
b*/n + c.b"-* > 0, k=0,l,...,n 
by letting, eg., 6 > —nex. Adding these together, f(b) > 0. 


Hence, by Th. 5.2.3.5, there exists a real root between —a and 6, which completes the proof. 


Every polynomial with real coefficients of even degree has at least one positive root 
and one negative root if its leading coefficient is positive and its constant term is 
negative. 
PROOF: 
Let the given polynomial be 
fle) = Saen-na*-* = ao + den-1 2-1 + +++ -Ὁ De, | toe 0,1,..... Ὁ 
k 
where bon—j = Gan-j/Gen, J=9,1,....n—-1. Then f(+%) > 0 and f(0) = bo < 0, by hypothesis. Hence, 
by Prob. 11, there must exist a real root between 0 and +, ie. a positive root. 


Likewise, since f(—~) > 0 and f(0) <0, there must exist a real root between 0 and —», i.e. a 
negative root. 


Hence f(x), of even degree, has at least one positive root and one negative root, which completes 
the proof. 


Find the necessary and sufficient condition that 
f(z) = x? + 2pqxr +p? +q?—-1 = 0 (1) 


where },Ω ε αὶ has two real] roots, the absolute values of which are less than 1. 
Solution: 
The necessary and sufficient condition that f(x) = 0 has two real roots is 


D= ρα -,»"-- ᾳα'Ἐ1 = ῳ᾽ --Ι᾿]ᾳ --1 = 0 () 
where D is of course the discriminant of f(x) of degree two. Since +1 must lie outside the desired 
interval, 3 

f1) = (p+q)>0 and f(-1) = (p-q)’?> 0 
which imply that the desired condition must contain 

Ρρ᾽ τ κα (8) 
Also, since the sum of the real roots of f(x) must be less than 2, 
pe «1 (4) 


must be the case, which implies q?<1 if p?<1 in compliance with (2). Hence the desired condition 
as a whole is, from (3) and (4), 


ρ»' “1, ᾳα'΄ «1, pPxHe@ 
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If m designates the maximal value of all absolute values of the real coefficients of the 
equauon f(x) = 2 + Qn-1"™ 14+ +--+ +a = O 
then all roots of f(x) are found between +(m-+1). 
PROOF: 
Since, directly computing a series, 


1/(m+1) + W(m+1)P? + +++ + Wm)" = (4 -- 1/(m + 1)")/m 
it follows that 


Fim+1) = (m+1)" + aa-1(m+1)*7! + +++ + a 
= (m+1)"(1 + an-s/(m+ 1) + +++ + ao/(m + 1)") 
= (m+1)"(1 — m/(m+1) — "τ. — m/(m + 1)") 
= (m+) (1 -- μβι(ά λον -Ὁ 1) + +++ + 1m + 1)")) 
= (m+1)"(1—-—(1—1/(m+1)")) = 1 


le. f(m+1) = 1 > 0, and also f(+~) > 0. Hence it follows from Th. 5.2.3.5 that f(x) has no 
root which is greater than m+ 1. 


Likewise, taking + for even degree and — for odd degree, 


ἜΓ--αὶ = 8 -- ἀκ-ιαπ ῖ + e+> + (—1) "a9 
and =f(—(m+1)) = (πκ Ὁ 1)" -- aa-1(m+1)""1 + +++ + (-1)"a0 
= (m+1)" — (m4+1y""t-— +++ —m = 1 


Hence +f(— (m+ 1) > 0, which implies, together with +(-—(—~)) > 0, that f(z) has no root 
between το and —(m+1). All roots of f(x) must thus lie between +(m+1), completing the proof. 


Any rational root of a monic polynomial (cf. Df. 4.1.2.5.14) with integral coefficients 
is an integer and an exact divisor of the nonzero constant term of the polynomial. 
PROOF: 

Let the given polynomial be represented by 


fla) = χ" + an-iz™t+ ++» +a = 0 (1) 
and assume p/q to be a rational root of (1) in its lowest terms. Then 
f(plq) = (plq) + an-1(p/qy""! + +++ + a0 = 0 
which implies 
ρᾳ = --(α,.-1}"  } + Gn-2p™ ᾳ + +--+ + aog"’) (2) 


which in turn implies that the right-hand side of (2) is an integer, since every term is an integer, 
while the left-hand side of (2) is a fraction in its lowest terms. This contradiction leads to the 
conclusion that any rational root of (1) must be an integer. 


Furthermore, if ὁ is thus an integral root of (1), then 
c+ δ Ὁ + +++ +tae+t+ta = 0 
which implies 
aofe = —(e™™! + an-10e™% + +++ + an) (3) 


which in turn implies that the left-hand side of (3) is an integer and therefore a/c also must be an 
integer. Hence a is an exact divisor of ao. 


If f(x) is a polynomial with integral coefficients, and if f(0) and f(1) are both odd 
numbers, then f(z) =0O cannot have integral roots. 
PROOF: 

Let f(x) = = ax", k=0,1,...,n; then, by hypothesis, f(0) =a and f(1) = ἋΣ a are both odd. 


Hence adn-1+:+°:+a:1t+a@ must be an even number and there must be an even number of odd 
numbers among @n-1,..., M1, Go. 
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Furthermore, if f(x) = 0 has an integral root, say, r, then, by Prob. 16 above, it must be a factor 


of ao and also an odd number, since ao is odd. Hence r",7""',...,7" are all odd, which implies that 
axr* is odd if ax is odd, and even if a, is even. This in turn implies that the number of odd numbers 
among Gar", Gn-17"~*, ...,@:7 is equal to the number of odd numbers among 4@n,@n-1,...,@:1. But 


the number of the latter is even, as has already been found out; the number of the former is thus 
also even. It follows, then, that 


Gnr” + GQn-17" 7) tees + aur 


is even, and, consequently, that f(r) #0, which completes the proof. 


Prove Th. 5.2.3.7. 


PROOF: 
Let the given polynomial be 


f(x) = Sax = 0, k = 0,1,...,” (1) 
where an may not be 1 and ao*0. If ¢ is an integral root of (7), then 
Gne* + an-1e*' + +++ + a1¢ + ae = O 
which immediately implies, as in Prob. 16 above, 
ao/e = —({anc"™~! + An~107% 2 + +++ + αὐ (2) 


which implies that ao/c must be an integer, since the right-hand member of (2) is an integer. Hence c 
is an exact divisor of ao, which completes the proof. 


Prove Th. 5.2.3.8. 


PROOF: 
Let the polynomial in question be 


f(x) = δ ακα" = 0, k = 0,1,...,n (1) 


where @2 >0 and αὐτό Ὁ may be assumed and also, by hypothesis, x = p/q may be substituted, 
then multiplied by gq", resulting in 


Onp" + Gn-1p" 1 + τ: + arpq* =! + ag? = 0 (2) 
which in turn implies, as in Prob. 16,18, 
aoq™ = —p(anp?™! + Gr-1p™* q + +77 + arg™™') (3) 


where p is evidently a factor of aog", hence a factor of ao, since p and q, thus p and gq”, have no 
common factor other than unity, by hypothesis. 


Likewise, (2) may be rewritten as 
Gnp™ = --ηα(α,-τ 5} + +++ + ar pg"? + aog*'*) (4) 


yielding a similar conclusion that ᾧ is a factor of ax, which completes the proof. 


Prove Th. 5.2.3.10. 


PROOF: 
If f(x) is a polynomial with complex coefficients of degree n, n=1, then, by Th. 5.2.3.9, there 
exists a complex number ¢: such that f(c:) = 0; hence, by Th. 5.2.1.3, 


f(x) = (ὦ -- οἡ g(x) (7) 
If g(x) of (1) has degree greater than 1, then, taking a similar step, 
g(x) = (%— δ) A(x) (2) 


for some διε. Combining (1) and (2), 


f(x) = (α — €1)(% — 52) A(x) 
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Hence, if f(x) is of degree n, then, by induction, 
Πα) = (ὦ — c1)(x% — 62)" "(ὦ — en) 
for exactly n complex numbers 1, c2, ...,€n€ C, which completes the proof. 


Note. Any polynomial over C is thus completely reducible over C, and all prime polynomials are 
of degree 1 (cf. Th. 5.2.1.15-16). 


21. Prove Th. 5.2.3.11. 
PROOF: 
Let z = a+ib, where a,beR: then the equation 


(Say) eb =. 6 
yields two roots z and 2 = a—ib. Hence, by hypothesis and Th. 5.2.1.3, it follows that 
7() = ((w@—a)?+ B*) g(x) + ca tad 
where g(x) is a polynomial with real coefficients and ede R. 
Furthermore, since f(z) =0 by hypothesis, 
ciat+ib) +d = 0 
which implies 
cat+td = 0 and ch = 0 
which in turn implies 
ce(a—1b) +d = 0 
Hence f(a—ib) = f(z) = 0, completing the proof. 


Second Proof. Since the mapping z = a+ib @ 2 = a—ib is an automorphism of C (ef. 


Th. 5.1.3.9) and also zit z= 2+ (cf. 85.1.3, Prob. 13) or, in general, z+22+---+2, = 
21+ Ζ: Ὁ 50 Ὁ Ζ., it readily follows that 


f(x) = 2 ἀκα = Sax = Sax = f(&), Κ -- 0 eRe 


which immediately implies that f(z) = 0 if f(z) = 0. 
Third Proof. Denote the values of 
a + ib, (a + ib)?, secs (a + ib)", 
by ur + ivr, U2tivea, ..., Unt iva, 
respectively, where ux, vx ε R, k=1,2,.. .n, as well as abe R. Then 


f(z) = f(a+ib) 


ΞΞ (AnUn Ἔ ἀπ-τἴζη-α + τ’ + Qn-1U1 + Qo) + UAnVn Ἔ Gn~1VUn=1 ἝΞ 15: ΞΕ a1 V1) 
= U+ iV 
Since it can be readily verified by the binomial theorem that (a+7b)* = ux+ ivy implies 
(a - ἰδ)" = ux — ive, it follows that if 
f(z) = f(at+iw) = U+iVvV = 9 
then U=0 and V=0, by Df. 5.1.3.1a, and consequently, 


Κῶ = fa-ib) = U-—iW = 0 


which completes the proof. 


22. Given f(x) = χϑ-- 11 -- 20, find the imaginary roots of f(x) = 0. 
Solution: 
Let x = a-+ib; then 


f(a) = (a+b)? — 11(a+ib) — 20 = 9 (2) 
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Simplify (1), and 


αὐ — 3ab? — lla — 20 + {1(8α" -- δ -- 118) = 0 
which implies, by Df. 5.1.3.1a, 
a’ ~ 3ab*— lla -- 20 = 0 (2) 
and 3a7b — ὃ — 116 = 0 (3) 


Since ὃ τεῦ by hypothesis, it follows from (3) that 
b> = 3a? — 11 (4) 
which is substituted in (2) to obtain 
4a? ~lla+10 = 0 (5) 


where, by Th. 5.2.3.7, a must be an exact divisor of 10. Try the divisors of 10, viz. £1, +2, +5, +10, 
in (5), and a = —2 is found to satisfy (5), which in turn implies, by (4), b=+1. Hence the desired 
roots are —2+72 and ~—2-—i, verifying an outcome of Th. 5.2.3.11. 


28. If f(x) = χ' -- 445+ 11.353 - 144 +10 is known to have two roots of the form a+2b 


24, 


and a+2ib, then find all roots of f(x) = 0. 


Solution: 
It follows at once, from Th. 5.2.3.11 and by hypothesis, that f(x) has two other roots of the 
form α -- ἰὃ and a— 2ib. Hence, by Th. 5.2.3.4, 


(a+ib) + (a+ 210) + (a—ib) + (a—2ib) = 4 (Z) 
and (a + ἐδ)ία + 2ib)(a — ib)(a — 28) = 10 (2) 
From (1) it follows that a=1, which in turn implies through (2), 
(a? + δ᾽γ(α" + 4b?) = (14 δ 1 4+ 467) = τὸ 
which implies δὲ ΞΞῚ or b?=-—9/4. But, since ὃ is of course real, the former alone is valid, viz. 
b => +1 


Hence the four roots of f(x) are: 1+7, 1-7, 1+21, 1— 21. 


Prove Th. 5.2.3.12. 
PROOF: 

Let all real roots of f(x) be 061,62,...,0,, of the n roots in entirety (some of which may be of 
some multiplicity). Then, by Th.5.2.3.11, n—r = 2s is an even number of complex roots of the 
form ¢:+%di, ¢:—idi, ..., ¢s+ids, es—ids. Hence, by Th. 5.1.3.3, 

f(a) = On( x rad δι) es (x = b,)(x a (ει + td1)) (a π (οι ΝΣ 161)} δος (x a (Cs + ids)) (2 ὩΣ (Cs a tds)) 


ΞΞ n(x — bi): . “(ὦ = b,)((x -- οι)" ae ad?)- ° ((ὦ Ξ- Cs)? ΞῈ d?) 


which completes the proof. 


25. Prove Th. 5.2.3.18. 


PROOF: 
If f(x) is factored in R according to Th. 5.2.3.12, then 
f(x) = ακία — δι)" -(ὦ — δι)((α — οι)" + d?)+ ++ ((a — es)? + d?) (1) 
where c;,d;¢R. Hence, if real values are substituted in x in (1), the quadratic forms in (1) must 
be positive and ie bj ea eS. (2) 
an(b — δι)" - -(ὃ — 6,) (3) 


have the same sign as f(a) and f(b) respectively. If ὃ, is between a@ and b, then it follows from 
Th. 5.2.3.5 that a— ὃ; and 6— ὃ; are of different signs; otherwise, they are of the same sign. Hence 
(1) and (2) are of the same sign if the number of ὃ; between a and ὃ are even; if not, they are of 
different signs, yielding the theorem. 
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The equation f(z) = χὃ — 9x —k(z?—1) = 0 has three real roots for any value of k. 
PROOF: 


Since f(-»)>0, f(-1) = 8>0, f(1) = --8. «0, f(+*)>0, it follows from Th. 5.2.3.5 that 
f(x) must have three real roots in the three intervals: (—~,—1), (-1,1), (1,+~), which completes 
the proof. 


The following polynomial with real coefficients, 
T(x) = a" + An—-3 a3 4+ On—4 0 t - ... +b Qo 


where dn-3 #0, has at least two complex roots. 


PROOF: 
Let the n roots of f(x) be 71,72, ..., 72: then, by Th. 5.2.3.3, 


an = σὲ Ἐ τς ἘΠ) tm = 0 (1) 

2 77) ἘΞ Tir, ΤΥ tives + te + rere toes + rete tees trite = 0 (2) 
Combine (7) and (2) through (12)? — 2 (2), viz., 

(Sr)? — Δ(Σ rr) = ar = pet reteee + re = Q (3) 

Since α,--4 55 Ὁ by hypothesis, which implies that ri,72,...,7. are not identically zero, it follows 


that if all roots are real, then > γῇ > 0, at once contradicting (8). Hence it cannot be the case that 


all roots are real; at least one of ri, then, must be a complex root. But, then, since f(x) is a polynomial 
with real coefficients, it follows from Th. 5.2.3.11 that it must contain the conjugate of the first 
complex root, which makes two complex roots for f(x), completing the proof. 


If w is the nth imaginary root of unity, then 14+w+w?4+--- + w-! = 0. 
PROOF: 
Since, by hypothesis, w is an imaginary root of 
f(x) = a --1 = (« --᾿)(απΠ1 + gm? 4 ee toy Ὁ 1) = 0 
it follows that 
fw) = (w-1)(w tt + wr 2 + eee Hawt 1) = 0 
which implies 1+w+w?+-+-+w"-! = 0, since 10 751, 1.6, w—1 γέ 0, by hypothesis. 


Given a complex root ὁ of 27-1 = 0, find an equation whose roots are c+ c&, c+ οἱ, 
ΟΣ -ἰ οὖ, 
Solution: 

Since ¢ is a root of αἵ --1 = 0, viz., 


(α -- 1)(χ5 Ἑ αὐ αὐ Ἔ αὐ Ἔχ ἘΣ 1) = 0 

it must be the case that 

δε | and 6" Ἢ οὗ Ὁ οὐ Ὁ ο5 οὐ ἘΞ Ὶ = 0, {Ὁ ¢ #1) 
which implies 

(e+e) + (P+e) + (Ftc) = ς6- εΓ- r+ etre ete = —1, 

(6 + ¢)(c8 + e4) + (c3 4 οὐ (οἷ + €5) + (c? + c*)(e + 9 

= (eh +e%+ e+e) + (8+ 65 -Ὁ 68+ 6%) 4+ (ec? + οὅ + 6 + el) 

(σ᾽ Ἔ οὐ Ἤ οὗ Ἔ 6 + (F+e&tet+e’) + (5 +eot+et+ct) 
2(65 Ὁ ο΄ 1ο Τοο ete = --2, 


] 
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(cte)(F+ectye+eé) = c(e&+1)(e+ 1)(ς" ὸἮ 1) 
= cere Pere pe pe fer 1) 
= (e+e otFitete] e+e itet+1) = ce = 
Hence the desired equation is, by Th. 5.2.3.4, 
α' τ ow? - 2 -ι- 1 = 0 
30. Solve the following binomial equation: #"—2 = 0. 


31. 


Solution: 
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Since i = cis(z/2) by polar representation, let x = cis@; then the given equation is changed to 


(cis 6)" = cis (7/2) 
i.e. cis(ne) = cis (7/2), which implies, by Df. 5.1.3.1a, 
cos (n@) = cos (7/2) and sin (n@) = sin (7/2) 
which imply @ = (2k7 + (7/2))/n. Hence the desired solution is 
we = eis ((2kr/n) + (7/2n)), k=0,1,....n—-1 


Solve awtt+a2°4+2774+a4+1 Ξ 0. 


Solution: 
Divide the given equation by x’, and 
(2? + 1/x?) + (x +1/x) +1 = O 
Substitute «+ (1/x“) = y in (1), and 
(y—-2)+y+1= 0 ie y+ty-1i = 0 


Solve (2) for y, and y = (—1 + V5)/2, which implies 
e+ i/o (-1+V5)/2, ie. 207+ (1-V5)e +2 = 0 
and at+i./e = (-1—¥V5)/2, ie. 2.5  (--- γδ)α Ἐ2 = 0 


Solve (9) and (4) for x, and the desired roots are found to be 


((—1 + VB) = iy) 10 + 2v5)/4, (( + VB) = τἍ{10 + 2v5)/4 


Second Solution. Multiply the given equation by x—1, and 
α΄ —-1 = 0 


tl 


(1) 


(2) 


(3) 
(4) 


(1) 


which implies that the desired roots are to be found among the roots of (1) excluding 1, which are 


cis (27/5), cis (27/5), cis (47/5), cis (47/5) 
Let 9 = 27/5; then 


sin2@ = sin(27—38¢@) = —sin3@ 

2sin@cos@? = —sinécos2¢@ — cosé sin 20 

2cos¢@ = —cos2¢@ — 2 cos’ ¢@ 

2cos@ = —2co0s?6@ + 1 — 2 cos 26 

cos6 = (-1+ V5)/4 (.-. 9 lies in the first quadrant.) 
singe = YVl-—cos?@ = {10 + 25/4 

(0529 = 2cos*e - 1 = —(i+V5)/4 


sin2@ = V1—cos?@ = a/ 10 — 26/4 


From (%)-(6) it follows readily that (2) yields the same roots as those in the first solution. 


(2) 


(3) 
(4) 
(5) 
(6) 


Note. As has already been manifest at the start, the given equation remains unaltered when x 
is changed into its reciprocal. Such an equation is called a reciprocal equation (cf. Supplementary 
Problems 5.25-26), which is usually divided into two classes according to the coefficients of f(a”) = D> axx*, 


k= 01,4 .46573 ‘Viz; 
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(i) an = Qo, Qn-1 = a1, ee ny αι = Qn-1, ho — An 
(li) Gn = ττ-αο, Qn-1=—G1, ..., αἱ = —An-1, A = —An 


The above problem belongs to the first type while the problem below belongs to the second. 


32. Solve 22° — 11la5+ 17274 -- 1772 + lla —2 = 9. 
Solution: 


By Th. 5.2.3.7 and inspection, two roots +1 are immediately found to be valid for the given 
equation. Hence divide the equation by x?—1, and 


20* — lig? + 1927 -- lln +2 = 0 (1) 
Divide (1) by x’, then substitute y = «+(1/x), and 
Φί(ν" -- 2) -- 11ν 19 = 0, 1.6, 2zy*—lly+15 = 0 (2) 
Solve (2) for y and obtain y = 3,5/2, which implies 
a πο 84+1 = 0 and 2" -- be ἘΞ = 0 


which yield α = (8 + V/5)/2, 2, 1/2. 
Hence the desired roots are: 1, —1, 2, 1/2, (8 + ¥5)/2, (8 — V5)/2. 


33. Transform an equation 


f(®) = Ant” + Gn-12™ 1+ +++ +a = 0 (1) 
into another without the term of degree n—1. 
Solution: 
Substitute « = y+ ὃ in (1), and 
Fle) = anly +b)" + ani (y+ δ)» 1 + +++ 4+ ay 
= Any” + (NOnd Ἔ An-1)y*"* + ((n(n — 1)/2!)anb? + (n — 1)an-10 + an-2)y"~? 
+ ((n(m — 1)(m — 2)/3!)anb? + an-1b? + nano b + An-3)y"~ 8 
Hosts + Gnb™ + α,-.. δι᾽} + ++) +a 
Hence a substitution ὃ = —a,-:/na, transforms (1) into 
F(a) = bay” + Bn-2 yo Ἔ 11: + bo -Ξ- 0, 
where Dn = &n, 
Da-1 = —(n — 1)az~1/2nan + An-2, 
bo = An(—Gn-1/NGn)” + Gn-1(—Gn-1/nan)"-=! + +++ + @y 


94, Prove Th.5.2.3.18. 
PROOF: 
Change the given equation 


αεα + aoe? + ae + a = Ὁ (1) 
to be monic, by substituting α = a2/as, ὃ = ai/a3, 6 = ao/as; then 
αὐ τ αὐλὴ τ δα Ἐπ = 0 (2) 


which is then transformed, Substituting 2 = #—(a/3) (cf. Prob. 33), into 
e+ pet+@q = 0 (3) 
where p = —a°9/3+6 and q = 2a°/27—ab/3+e. 
Now let @ = y+z in (8); then 
Μὴ + κ᾽ + Byz(yt+z) + ρίψ 2 +q = 0 
1.6. Μὴ Ἢ e2@+aqt (ὅγε -Ὁ »)ῳ - 2) = 0 (4) 


The necessary and sufficient condition that ἃ satisfies (3) is, then, that y and z satisfy (4), or what 
is the same, that y and z satisfy 


3yz = —p (5) 
and yt2 = -- (6) 


Sec. 5.2.8] POLYNOMIALS OVER FIELDS — ROOTS OF POLYNOMIALS 297 


30. 


36. 


Since (5) implies y*°z* = —p?/27, it follows from this and Th. 5.2.3.4 that the equation 
τ οὐ ΞΡ ΣΤ = Ὁ (7) 
has two roots y* and 2°. Hence, from (7), 
yy = -g/2+ Vr and z= —q/2—Vr (8) 
where r = q’/4+ p°/27. Substitute (8) in « = y+z, and 


£ = V—d/2+Vr + ¥—e/2~yr = uty (9) 


Since the cubic roots of a real number are generally of three different values, the combination of 
(8) represents actually nine different values, of which, however, only the following three values 


satisfy (5): 
y (5) Zi = uty, ἄς = uwet vw", ἄς = μιυ + vw 


where w?=1 (1.6. w = (-—14+ iv3)/2, w? = (—1 —iV3)/2). Hence #1, #2, £3 are the roots of (3), which 
yield, by reversing the initial substitution « = ἃ -- (α 8), the desired roots of (1), viz., 


αι = #1 — (a/3), ας = #2 — (a/3), %3 = #3 — (a/8) 


Solve ἢ + 62° — 32-148 = 0 (7) 
Solution: 
Transform the given equation, by a substitution of x = y—2 (ef. Prob. 33), to 
μὲ — 15y — 126 = 90 (2) 
Then, by Th. 5.2.3.18, »=—15 and g=126, which imply 
 — 1262 + 125 = Ὁ 


the solutions of which are 1 and 125. Hence u=1 and v=5 (΄.᾿ uv =—p/3=5), which in turn imply 


μι =~ uty = 6, y2 = uwt vw? = —38 — 273i, Ys = uwtt+ovw = —34 231 
from which it follows, going back to the initial substitution of x = y—2, that the desired roots of 
(1) are 

a, = 4, t = —5 ~ 273i, a = —5 + 273i 


Prove Th. 5.2.3.19. 
PROOF: 
The given equation is changed first to 


αὐ Ὁ ax’ + ba? + οὐ +d = 0 (1) 
by substituting ἃ = as/as, ὃ = ae/as, ¢ = ai/as, ἃ = ao/as, which is further transformed into 
y+ py +aqytr = 0 (2) 
by substituting « = y—a/4 in (1) (ef. Prob. 33). (3) 
Let y= ut+v+w; then 
αὐ = («ἢ = (wu? + υῇ + w? + 2(uv + vw + wu))? 

= (tv t wy)? + 4(w+v? + w)(uv - vw - wu) + 4(u?v? + vw? + wu?) + 8uvwlutv+w) 

= 2ur+v? + w*)x? + 8uvwe + 4(u?v? + vw? + wu?) — (με + υ + w)? (4) 


since 2(u?+ v? + τυ). = 2(u? + v0? + w?)? + 4(u? + υ + w)(uv + ow + wu). 


Since, also from (2), Z 


se = ---νἠεαὐ -- qe © (5) 
it follows from (4) and (5) that u,v, w can be found to satisfy 


2(u?+v?+w’?) = —p, B8uvw = —q, 4(u?v? + vw? + wu?) -- (Wt υ" + ww)? = -- (6) 
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which imply 


μὴ + vt Ww? = —p/2, wy? + vw? + wu? = p*/16 — r/4, wuv?w? = g?/64 (7) 
which in turn imply, by Th. 5.2.3.4, that the equation 
ἐ + (p/2)t? + ((p?/16) — (r/4))t — 92/64 = 0 (8) 
has three roots 1m = u?, ro = v2, 75 = 105, 1.0., 
u= +Vnr, v= Ἔνγς, wo +y7r3 (9) 
Hence the roots of (2) are those which satisfy (9) and uvw = —q/8, viz., 
yi = ΝΎ: Ὁ Vret+ Vrs ys = —VntVr—~V7r5 
yx = Vri-Vre— Vrs με = —Vri-Vrit Vrs (10) 


Hence the desired roots of (1) are obtained by (3) and (10), viz. αι = yi:—a/4, ete. 
Note. The method described above is by Euler while the following method is by Ferrari. 


Rewrite (1) as 


αὐ + ax* = —ba? — cx -- ἃ (2’) 
which is then changed, by adding a?x?/4 to both sides of (2’), to 
(x? + aax/2)? = (a?/4—b)x? — ex -- d (3’) 


If the right-hand side of (3’) can be made a perfect square, the desired solution is already at hand. 
If not, add y(a? + ax/2) + y’/4 to both sides of (3’) such that 


(αὐ + aau/2+ y/2)l? = (y+ a?/4—b)x? + (ay/2— c)e + (y’?/4—d) (4) 
where the right-hand side will be the square of a linear polynomial ex+f iff 
(ay/2—c)? — 4(y+a*/4— δ)ίψ" 74 -- ἃ = 0 
1.6. μὴ — by’ + (ac—4d)y + 4bd -- αἰὰ -- ΣὩ = 0 (57) 


which is called the resolvent of (8). 


If (δ΄) is solved for y in order to make the right-hand side of (4) equal to (ex + f)? for properly 
chosen 6 and f, (3’) is then changed to 


(x? + ax/2+ y/2)? = (ex + ἢ) 
which yields two quadratic equations 
αὐ + ax/2+y/2 = ext+f and αὐ + ax/2+ y/2 = —ex —f 
which finally yield the desired four roots. 


Solve αὐ + 8.5 + 222? + 824 + 21 = 0 (1) 


Solution: 
A substitution: « = y—2 transforms (1) to 


y* — Qy? + ὃν — 8 


[| 
Θ 


(2) 
which, since p= —2, q=8, r=—8 in this context, yields 
ἐδ -- 40+ 16t—64 = 0 (3) 


according to the step (8) of Prob. 36. By inspection (through Th. 5.2.3.7), the equation (3) yields the 
first root 4 (a factor of —64), then the others, 47 and —4i, which imply, in accordance with 


ViViVtis = -q = --8 
that Vii=2, Ve = V2(1+0, νὰ = —V2(1— 9). 
Hence the four roots of (2) are: 


wi = (24+ 22/2 = 1+ ἐν ys = (24+ 272)72 = -1+ y2 
Yo = (ἢ -- 2721/2 = 1 -- ἐγ ys = (-2~—272)/2 = -1-y2 


I] 
lI 


Sec. 


38. 


39. 
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which yield, by the initial substitution: 


αι = -1+ivV2, ας = —1-iyv2, ας = ~8+ V2, ας = —3-—y2 


which are the desired roots of (7). (The method adopted here is by Euler.) 


Second Solution. Rewrite (1) as 
(xe? +4e+y)? = (2y+16—22)x? + (8y — 32). + (y? — 21) 
i.e. (» Δα τ νὴ} = BZy—3)x*? + ϑίῳ -- 4). + (y?— 21) (2’) 
where the right-hand side will be a perfect square iff 
8(y — 4)" -- (y—3)(y’—21) = 0 
1.6. μ — liy? + 48y -- 65 = 0 


where, by inspection (and Th. 5.2.3.7), a root 5 is immediately found and the problem is reduced to solve 


(77+ 4245)? = 427 4+ 84 + 4 
1.6. (x?+4e4+5)? = A(x+1) 
i.e. | α t+ 4 +5 = +2(2 +1) (3’) 
Solving αὖτ 4χ- 5 = 2(¢+1) and «?+4%+5 = —2(x+1), the desired roots are found to be 


—1+iV2 and —3+ V2 respectively, which are indeed exactly the same as the first result. (This sec- 
ond method is by Ferrari.) 


Find the necessary and sufficient condition that the second term and the fourth term 
of the equation 


a+petaetra 8 = 0 (1) 
vanish under one and the same transformation. 
Solution: 
Substitute x = y—a in (2), and 
(y—a)* + γίῳ -- α)" + ΄χίῳ -- αὐ + rly~a) +s = 0 (2) 
If the coefficients of y* and y in (2) are to vanish, then it must be the case that 
—da+p = 0, ie. a = p/4 (3) 
~—4a? + 8pa? — 2qa +r = 0 (4) 
Substituting (3) in (4), 
—4(p/4)? + 8p(p/4)? -- 2q(p/4) + r = 0 
i.e. p> -- 4pq + 8r = 0 (5) 


Conversely, if (5) holds, then the transformation y = x+(p/4) does eliminate the coefficients of 
α΄ and x. Hence (5) is the desired condition. 


If a,b,c are the three roots of 
ΟΣ Ἔα Ga ἘΥ Ξ Ὁ (1) 
and if 8, = a"+6"+c", then 
Sn + PSn-1 + QSn-2 + TSn-3 = 0 (2) 
where n = ὃ. 


PROOF: 
Multiply (1) by 2"? (n= 8), and 


ΕΠ pet Ξ 


which are satisfied by a,b,c, of course. That is, 
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a" + ραν} + ga"-2 + ra™-? = 90 (3) 
δ' + pb"-1 4+ gb™-2 + rb™-3 = 9 (4) 
c* + γον 1 + 405 3 + γον 3 = Q (5) 


Add (3), (4), (5), and, by hypothesis, 
(α" + δ᾽ +. ΟὟ ΒΒ pla"! ot 51 ae er) + q(a”~? + b"-2 — os) + r(a** + 05. 8 + ce") 
— sg” -+ ps"! + qs"? + γῆ 3 -Ξ- 0 


which completes the proof. 


40. If at+b+e = 0, then (αἴ Ἐ7- ΟΖ = ((a2+b2 + c*)/2)((a° + δ + ©5)/5). 
PROOF: 


The equation whose three roots are a,b,c, as defined by hypothesis, must be of the form, by 
Th. 5.2.3.4, 


e+ pe +r = 0 (1) 

which implies, again by Th. 5.2.3.4, 
ab+be+ca = p (2) 
abe = —q (3) 


which in turn imply, together with a+b+¢= 0, 
αὐ ἰ δ +e = (α Τ ὃ Ὁ ο)" — 2(ab+be+ca) τώ —2p (4) 


Let, as in Prob. 39, 8, = α" + 6" - δ": then, by (4) and hypothesis, 
81 = Q, 8) = —2p (5) 
Furthermore, by (1) (and as in Prob. 39), 


Sn+3 = —P8n+1 — Q8n, n=Q0,1,... (6) 
where 80 = 3, which implies 
Ss = —pSi -- qs = —3q (7) 
and, by (5), 
8 = —pS — qs: = 2p? (8) 
Hence Ss = —ps8s — qs: = 3pq + 2pq = 5pg 
and 8: = —pss — 484. = —5d5p’q — 2p*q = —Tpg 


which in turn imply, together with (5), 


8/7 = (—p)(pq) = (82/2)(ss/5) 
le. (a7 + δ᾽ τ 7)/7 = ((α + δ᾽ +4 ©?)/2)((a5 + δ5 + c*)/5), which completes the proof. 


Chapter 5.3 


“Algebraic Fields 
*$5.3.1 Algebraic Extensions 


Df. 5.3.1.1 An element of a field F is algebraic over a field Ε΄, where F’ CF, if it 1s a root 
of a nonzero polynomial with coefficients in F’. 
Example: 


1/2, a root of 25 --- 1, is algebraic over the field R of rational numbers; so is V2, since it is a 
root of α" —2 (ef. 82.1.1, Prob. 138). 


Df. 5.3.1.2 An element of a field F is transcendental over a field F’, where F’ CF, if it is 
not algebraic over 4". 
Example: 
7 is transcendental over the field C of complex numbers, since it can be proved, as was done by 
Lindemann, that it is not to be found as a root of polynomials with coefficients over C; so is e, as 
was proved earlier by Hermite. So, again, is any number of the form a’, where a is neither 0 nor 1 
and ὃ is any irrational algebraic number, as was proved by Gelfond. 


This dichotomy of the algebraic and the transcendental yields the following 
theorem and definition which articulate Df.5.3.1.1. 


Th. 5.3.1.3 Any element algebraic over a field F is the root 7 of one and only one monic 
polynomial p(x) of degree n, n=1, which is irreducible in the integral domain Fa] 
of all polynomials over F’. (Cf. Prob. 1.) 


Df. 5.3.1.4 The unique monic polynomial p(x) of Th.5.3.1.8 is called the minimal poly- 
nomial of r over F, while r is said to be of degree n over F, sometimes denoted by 
n = |r: Fj. (Cf. Prob. 15, 17.) 
Example: 


αἱ -- ὃ is the minimal polynomial of V2 over R while α-- 25, α΄ -- 4, χ' -- 2.5, ete., are not, 
although V2 is one of their roots; V2 is thus of degree 2 over R. (Cf. Prob. 3.) 


Df. 5.3.1.5 <A field, say Κ᾽, is said to be an extension of a field F if F is a subfield of LE. 

Example: 

The field C of complex numbers is an extension of the field R of real numbers, which in turn 
is an extension of the field R of rational numbers, since RCC and RCR. 

Furthermore, by Th. 4.1.2.4.2b, every field is an extension of one of the minimal 
fields, viz. R and Jp, since each field of characteristic zero may be said to contain R 
(cf. Th. 4.2.1.4 and Th.5.1.1.2) just as each field of characteristic Ὁ may be said to 
contain the field 7, (cf. Th. 4.2.1.4). 


Df. 5.3.1.6 Given an extension F of a field F and a complex S of F, the intersection of 
all subfields of # containing both F and δ, denoted by F[S| (or F(S)), is said to be 
generated by the (field) adjunction of S, since it is obtained by adjoining S to F 
(cf. Df. 4.1.2.5.2, and Prob. 4-6 below). 
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Since F(S), by definition, is the smallest field containing both F' and S, it must 
be contained in every field which contains both F and S; hence, evidently, 


FCFIS| CE 
Example: 


The complex number field C is obtained from the real number field R by adjoining a set S of 
one element, viz. an imaginary number 1=V-—1, and as has already been proved (cf. Th. 5.1.3.2), 
C= R(S). 


In general, as is obvious from the context, FS] is also an extension of a field. 


Df.5.3.1.7 If an element a of the set S of Df.5.3.1.6 is algebraic over a field F, then 
Fla] is said to be a simple algebraic extension of Ε΄. 


Since a simple extension E of a subfield F is thus generated over F' by a single 
element of E (cf. Th.5.1.1.2), Ε can be said to be algebraic or transcendental over F 
according as the generating element of E is algebraic or transcendental over F. 


Stated otherwise: E is algebraic (or transcendental) over its subfield F if every 
element in E is algebraic (or transcendental) over F. 


Df.5.3.1.8 Τῇ an element ὃ of the set S of Df.5.3.1.6 is algebraic over ἔα] of Df. 5.3.1.7, 
then Fla, ὃ] is said to be a multiple algebraic extension over 1, although it is still a 
simple algebraic extension of Pia}. 


In general, Γαι, ds, .. ον» Ὁ] is a multiple algebraic extension of F if each of the 
helds Fla], Flas, A2|, ΕΣ Fla, do, .. On| 


is a simple algebraic extension of the preceding field, the first of which is F itself. 
Hence: 


Th. 5.3.1.9 If F,= Flay], F,= F fag, re F, = Fy~1[an], where Q1,Qo,.. ies (cf. 
Df. 5.3.1.6), then F, = Γαι, d@2,...,@n]. (Cf. Supplementary Problems 5.39-40.) 
Example: 


R(v3, V5), where RF is the set of rational numbers, can be constructed by two steps, prescribed 
by the theorem above, and the elements of this extension will be of the form a+ 673 + cV5 + dy 15, 
where a,b,c,deR (ef. Prob. 5-6). 


Df.5.3.1.10 An extension E of a field F is said to be of finite degree n over F (cf. Prob. 15) 
if there exist n elements of Ε: a1,a»,.. .»@n, Called a basis for E over F, such that 
every element of EF is expressible in the form XCrar, K=1,2,...,n, where eF. 
Example: 


C, the complex number field, is of degree 2 over the field PB of real numbers with 1 and 7 as a 
basis (cf. Df.5.3.1.la and also Df. 5.3.1.11 below), 


Df. 5.3.1.11 The elements ai,ay, .. -»@ Of an extension FE of a field F are said to be 
linearly dependent over F if there exist bi, be, ...,6n, not all zero, nor all distinct, 


in F’ such that 
SD bi ax = 0, et ἢ 
k 


Otherwise, they are said to be linearly independent over F (cf. Df. 4.1.3.2.4), 
Example: 
2 and V3 are linearly dependent over #, since 2(—V3)+(2)V3 = 0 or 2(V/3) + (-δγν8 = 0, 


where +2,+V3eR, but they are linearly independent over R since 2b,+V3b. = 0 implies 
δ, = be = 0 over R (ef. Prob. 13). 
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Th. 5.3.1.12 If each of w,, r=1,2,....n+1, is of the form δ᾽ a,.2s, s=1,2,...,n, where 
Qrse€F and z,eC, F and C being an arbitrary field and the complex number field 
respectively, then the set of w, is linearly dependent over F. (Cf. Prob. 9.) 

This theorem and Df.5.3.1.10 immediately establish the following theorems. 


Th. 5.3.1.13 If an extension FE of a field F’ is of finite degree over Ε΄, then the degree is 
unique. (Cf. Prob. 10.) 


Th. 5.3.1.14 If a subset A of an extension EF’ of a field F is linearly dependent on a sub- 
set B of n elements of FE, then A is linearly dependent on at most n elements of A 
itself. (Cf. Prob. 11.) 


Th. 5.3.1.15 If ceC is of degree ἢ over a field F, then Fc] in the context of Df.5.3.1.6 
is of degree n over F' with l,c,c*,...,c"~! as a basis. (Cf. Prob. 19.) 
Example: 


R[V3] is of degree 5 over the field R of rational numbers, and accordingly consists of all the 
numbers of the form a+ bV3 + ¢(1/3)? + d(V/3)° + e(\/3)4, where a,b,c,deceR. (Cf. Prob. 23.) 


The last theorem is further generalized as follows: 


Th. 5.3.2.16 Τῇ ¢1,¢2,...,Cm are of degrees 11, 2,...,%m respectively over a field F, then 
F’'[ci,C2,...,¢m| is of degree r over F, where 7 = mine:+'Nm, and a basis for 
F'\ci, C2,...,¢m] over F is contained among the min2--: mm numbers: ck: ckz--+ckm, 
where k;, 7=1,2,...,m, are nonnegative integers less than mi—1, n2—1, ..., Mm—1 


respectively. (Cf. Prob. 24.) 


These theorems allow a reinterpretation and generalization of Df.5.2.3.14-15 as 
follows: 
A field #1 may be extended by successive adjunctions of a root of each of a set 
of binomial] equations 
x= αι, 1.2 = Ao, ..5 «££ = a, 
where aie F;, 
ας © F,=F[Vail, 


a3 ¢ F3= Ff Van] = Fila, Vaal, 


a,e F,=F,[Va, Vas, ..., Var] 


The elements of F’, are then expressible in terms of radicals relative to F1, since 
they are equivalent to rational functions of Vi, Var, ae VG; with coefficients in F4. 


The problem of solving equations by radicals (and rational operations) is thus 
reduced to the case of solving equations in a field by radicals relative to the field, 
expressing the roots of the equations in terms of radicals relative to the field at 
issue, as has already been done with respect to quadratic, cubic, and quartic equa- 
tions (cf. Th. 5.2.3.17-19). 
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Solved Problems 


Prove Th. 5.3.1.8. 


PROOF: 

By hypothesis and Th. 5.3.1.1, an element, say r, algebraic over F is a root of at least one 
polynomial f(x) with some (or all) nonzero coefficients over F. If f(x) is reducible, then, by Th. 5.2.1.9, 
it must be of the form 

f(x) = a(pi(a))": (pa(a))"2 +++ (pm (a))%m (1) 
where a is the leading coefficient of f(x) and pr(w)", K=1,2,...,m, are monic prime polynomials 
over Ff’, Since f(r) =0, there must exist at least one factor p; in (1) such that p,(r) = 0, which in 
this context may be represented by the unique monic polynomial p(x) of degree nm, where p(r)= 0. 


Suppose that r is a root of any polynomial f(x) with deg f(x) <n. Then, since f(x) is of 
degree less than that of the irreducible polynomial p(x), it follows that (f(x), p(~)) = 1, which in 
turn implies, by Th. 5.2.1.7, 


a(x) f(x) + b(x) p(x) = 1 (2) 
where a(x), d(x) ε F[x]. Since ἡ τον implies f(x) = p(x) = 0, it follows from (2) that 0=1, which 
is absurd, of course. Hence r is not a root of any polynomial f(x) of degree less than n; 1.6, fir) =0 
is the case only if the degree of F(x) is at least n which is the degree of p(x). 


Furthermore, p(x) is unique, since the existence of another p(x), say p’(x), implies that p(x) — ν΄ (α) 
must be a polynomial over F with r 85 root and deg p’(x) <n, a contradiction. This completes the 
proof. 


If any element algebraic over F is the root of an irreducible monic polynomial in Fiz], 

then it is a root of another polynomial] in Fa] iff the latter is a multiple of the former. 
PROOF: 

Let p(x) be the same monic polynomial obtained by Th. 5.3.1.8 and g(x) be the second polynomial 

in Fix] with g(a) = 0, where a is, as r in Prob. 1, algebraic over F. Then, dividing g(x) by p(x), 

g(x) = q(x) p(x) + r(x), deg r(x) = n-1 (1) 


But, since g(a) = p(a) = 0, by hypothesis, it follows that r(a) =0 and that r(x) is thus identically 
zero. Hence 
g(x) = q(x) p(x) (2) 


Conversely, every such polynomial as g(x) which has turned out to be a multiple of p(x) must 
have a as a root, as is obvious in (2). 


Note. This proves again the uniqueness of p(#) in Prob. 1, since all proper multiples of p(x) 
are necessarily reducible in (2). 


: 3 : 

Determine the degree of + = (1+ /8)/2 over the field R of rational numbers, then find 
its minimal polynomial over R. 

Solution: 

3 
By hypothesis, 27-1 = V3. Then 
(2γ --- 1)8 -- 8 = Q and 8r? — 1277 + Gr —4 = 0 

Hence r is evidently a root of a polynomial a(x) = 4r3—6r?+3r—2 which is of degree 3 over R. 


Furthermore, if a(x) is to be reducible over “ὦ, it must have a linear factor with rational 
coefficient, ie. a rational root (ef. Th. 5.2.1.4). The only possible rational roots of a(x) are limited, 
however, by Th. 5.2.3.8: viz. +2,+1,+1/2,+1/4. Since none of these is a root of a(x), as can be 
readily verified, a(x) is thus irreducible over R. Hence the minimal polynomial of r over R is 
p(x) = (a(x))/4. 
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4, 


If every element in a set S; or a set Sz is in a set Ss, and if every element in Ss is in 
δὲ or Sz or both and Εἰ τῷ Κι] in the context of Df.5.3.1.6, then F,[S2] = F[Ss]. 
PROOF: 

Since F(Ss{ contains F and S:, by Df. 5.3.1.6, it contains F and Si, by hypothesis. Hence F'Ss| 
must contain f';, and since it now contains Εἰ and S:2, it must contain also F's[ So]. 


Conversely, F's[S2] contains F’, S: and 8.5, since it contains Fi and 8.52. It must thus contain F 
and Ss, by hypothesis, and hence [33]. 


Hence 1152] = }Ὶ55:]. 


Note. Df.5.3.1.9 is in fact a result from this theorem, deduced by induction on n, as can be 
readily verified (viz. first by adjoining ai,a2,...,@n-1 to Ε΄, then adjoining a, to the result). 


Given the field R of rational numbers, determine R[1/3, 5). 


Solution: 
In the context of Prob. 4 above, R[V3]=R: contains R and V3, thus all the elements of the 
form α bV3, where a,beR, which do constitute a field. 


Likewise, R,[ V5] =R, contains R, and V5, forming a minimal field that contains R, and V5, 
and the elements of Rz are evidently of the form c+dV5, where cde Ry. 


Hence R2 = R[V3, V5} consists of all the elements of the form 


(a1 + διν 8) + (a2 +boV3)V5 = a + bV3 + cV5 + dV 15 


where 41,@2,61,b2,a,6,¢,d ε R. 


Determine the algebraic extensions which contain the roots of quadratic and cubic 

equations. 

Solution: 

(i) Given 2?+aa+b = 0, the field of coefficients is Καὶ = Ria,b], where κα is the rational number 
field, and its extension Ki = Κίν α -- 40) contains the roots of the quadratic equation (cf. 
Th. 5.2.3.17). 

(ii) Given «*+az?+bx+e = 0, the field of coefficients is likewise K = R(a,b,c). Since —— 
« + (a/3) transforms the given equation into y3+py+q = 0 (cf. Th.5.2.3.18), where p,geK, 


it follows from the same theorem that the roots of the cubic equation are contained in a field 
extension L, obtained by iterated adjunctions: 


L = K[vr,u,v, εὐ 


where yr = (q/2)?+ (p/3), u = y (—q/2)+ Vr, v = τ᾿ (—q/2)—-Vr, w= y-1. 


If an element a of an extension E of a field F is linearly dependent on 1, B2,..., Bn 
of Κ᾽, but not on fz, f3,...,8n, then βι is linearly dependent on a, B2,..., Bn: 
PROOF: 

By hypothesis and Df. 5.3.1.11, there must exist be F, k=1,2,...,n, such that 


a = 6:81 + beBo + +++ + dDaBn (2) 
where 6,0, since 6:=0 implies that a is linearly dependent on #2, 83,...,8n, contrary to the 
hypothesis. Multiply, then, both sides of (1) by δι᾽, and 

bia = by'biBi + By*beBs + +++ + BT OnBa 
ie. Bi = byta + (Γ᾽ δι)βι + +++ + (δι᾽ δῶ) β. 


which verifies that 6: is linearly dependent on a, f2,..., 8x, completing the proof. 
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If an element « of an extension E of a field F is linearly dependent on 1, B2,..., Bm 
of Κ᾽, and if each £;, 7=1,2,...,m, is linearly dependent on yi, ye, .. .»yn Of BF, then a 
is linearly dependent on y1,y2,..., yn: 

PROOF: 


By hypothesis and Df. 5.3.1.11, there must exist ὃ;ε Ε΄, j= 1,2,...,m, and baeF, k=1,2,...,n, 
such that 


1) a = δ 5:8; and (2) β, = = bin Vx 


Then, substituting (2) in (1), 


α = > b; Σ bar) = Σ (3 hba)n = >» Ck Vr 
j=1 k=1 k=1\i=1 k=1 


where cx = 3 bj;by% and evidently c.eF. Hence the proof is complete. 
j=1 


Note. The linear dependency of the elements of a field extension thus satisfies transitivity. As 
a matter of fact, the concept is an equivalence relation, since two sets of au,a2,...,am and 
Bi, 82,...,8n are actually said to be equivalent if every ai, i= 1,2,...,m, is linearly dependent on 
the β᾽5 and, conversely, every β;, 7 =1,2,...,”, is linearly dependent on the a’s (cf. Prob. 11-12 below). 


Prove Th. 5.3.1.12. 


PROOF: 
If n=1, then wi=aiuz: and W2= 42121, Which imply either aauwi-—aiw. = 0 for αι 0 
or lewitOrwe = 0 for ατΞῦ. In either case wi and we are thus proved to be linearly 


dependent over F. 


Suppose, then, that the theorem holds up to n=k. If n = k+1, then, by the assumption 
and hypothesis, 


Wr = GriZi + GrezZe τ τ Ὁ Ar, k+12k+1, r= 1,2. ...,K+2 
which yields, by rearrangement, 
Wr — Grj,e+1%e+1 = Gr1%1 + Grete + τ + are (1) 


Apply the induction hypothesis to the left-hand side of (7), and 


bi(Wi — Gi,n+1Ze+1) + be(we — Ge,n+1 Zet1) + oot + bes1 (Wet — κει, κει Ze+i) = 0 

where 61, be,...,0x+1 are in F and are not all zero, which immediately implies 

biwi + bows + +++ + Desi weet = CZk +1 (2) 
where ¢ = d1,%+161 + @e,n+1b2 + +++ + ἀκειικει κει. If e= 0, then the proof is already completed. 

If c*0, then divide (2) by ς, and 

diwi + doewe + +++ + dei: West = ζκει (3) 
where αἱ = bi/e, i=1,2,...,k+1, and obviously die F since bie F. Since the d’s are not all zero, 
take one of them, say ἄν, and let d:<0. Then, since we, ws,...,Wk+2 may be treated the same 
way 85 W1,We2,...,Wk+1, it follows that 

€2W2 + €3W3 + 55" + Oxie2 Weer = Beet (4) 
where 6) F, j = 2,8,...,k+2, and, subtracting (4) from (8), 

diwi + (d2—e2)we + +++ + (dk +1— Cx+1)We+1 το CxtoWe+2 = O 
or what is the same, 
fiwi + foawe + +++ + fesoWesre = 0 

where fi=e1, fe = ας -- 82, ..., κε: Ξε éx+z, and not all zero, of course, since f1=¢e:%0. Since 


the theorem is thus verified up to n = k+1, the proof is complete by induction. 


Prove Th. 5.3.1.18. 


PROOF: 
Let Εἰ be of degree ἢ over F and also simultaneously of degree m<n over F. Then, by this 
assumption, & has two bases, say ai,a2,...,a, and B1,B2,...,8n over F, and, by Th. 5.3.1.10, 


a = CuBr + CieBo + eee + Cim Bm, 2=1,2,.... 
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where με, 7=1,2,...,m. Since n = mt+1, it follows from Th. 5.3.1.12 that 
diat + dea2 + ++: + dmtiamit = 0 


where die F, k=1,2,...,m+1, and not all zero. Hence 


dia, + deaz +t +++ + dmitamti + O*amt2 + °° + Oran = 0 
while also 
Or-ai + O°a2 + ++: + Oran = 0 
This obviously contradicts Df. 5.3.1.10, since the expression of 0 in terms of the basis ai, az, ..., an 


is given here in two ways and thus no longer unique. Hence the initial assumption has turned out 
to be untenable, which completes the proof. 


If a subset A of an extension # of a field F is linearly dependent on a subset B of 
n elements of Μ᾽, then A is linearly dependent on at most elements of A itself. 


PROOF: 

Let Καὶ be the class of subsets of EF which consist of at most ἢ elements of Εἰ and are also linearly 
equivalent (cf. Prob. 8 note above) to B, and C be one of the sets of K which contain the largest 
number of elements of A. Then A is linearly dependent on C, since A is linearly dependent on B. 


Now let D = ANC. If A is not linearly dependent on D, then there must exist at least one 
element a of A which is not linearly dependent on D. But, since a is linearly dependent on C, C’ is 
not contained in D if C’ denotes one of the smallest nonzero subsets of C. Let then all the elements 
of C’ be f1,f2,...,8m, and in particular βιέ ἢ. Then a is linearly dependent on :,B2, ..., Bm, 
but it is not, by the definition of C’ itself, linearly dependent on 2, B3,..., 8m. Hence, by Prob. 7, 
βι is linearly dependent on a, B2,..., Bm. 


Hence, if C’ denotes a set which contains the elements of C except βι, which is now replaced 
by a in ΟἽ, then C” and C are linearly equivalent, and C” consists of at most n elements, yet contain 
one more element «a of A than C, which is evidently a contradiction. 


Hence A must be linearly dependent on D, and since DCC and C consists of at most x elements, 
the proof is complete. 


Note. This theorem necessarily defines that a subset A of an extension FE of a field F is 
linearly independent over F if A is not linearly dependent on any of its proper subsets (cf. Prob. 12-13 
below). 


If A is a finite set, then it is linearly dependent on a linearly independent set B in A. 
PROOF: 


Let B be one of the minimal subsets of A which are linearly dependent on A. Then, if B is 
linearly dependent on its proper subset C, it follows from Prob. 8 above that A must be linearly 
dependent on C, which is obviously contradictory to the definition of B. Hence B must be linearly 
independent. 


The necessary and sufficient condition that a finite number of elements αἱ», U2, .. oy On 
of an extension £# of a field F are linearly independent over F is that 


Qia1 + Gea2 + +--+ + Gran = O (1) 
where ἄκε Κ᾽, k=1,2,...,n, implies a1 = ἃ. = --- = a, = O. 
PROOF: 
If some ak, say ai, is not zero, then 
αι = -πατ' ἀκα — ay'dsas — +++ — ay dnaa 
Hence, by Df. 5.3.1.11 and Prob. 7 above, the set of ai,a2,...,a2 is linearly dependent on its proper 


subset of a»,as,...,an; it is thus not linearly independent. 
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Conversely, if the set of a1,a2,...,an is linearly dependent on its proper subset, say, a2,a3,..., am, 
where m =n, then ob Nas ing ae 
where ὃ)ε F and 2=j=m, which immediately implies 
Lear + (—ba)az + +++ + (—bn)am + Ot amer tes + Oran = 0 
Hence (1) holds even for aie Ε΄, not all zero. 


Hence ai, a2,...,an are linearly independent iff a1 = a.=-+:: —a, = 0. 


If A and B are two finite sets, each of which is linearly independent, and if A and B 
are linearly equivalent, then they have the same number of elements. 
PROOF: 


Let A and B consist of m and n elements respectively, and assume m>n. Then A is linearly 
dependent on B, which implies, by Prob. 11 above, that A is also linearly dependent on a subset A’ 
of A consisting of at most n elements. But, since m>n, A’ must be a proper subset of A, which 
contradicts the hypothesis that A is linearly independent. 


A similar contradiction results from m <n. 


Hence it must be the case that m=n, ie. A and B have the same number of elements. 


If & is a finite extension of a field F, then every element of Εἰ is uniquely expressible 
in terms of a basis over F. 
PROOF: 


By Prob. 12, Εἰ is linearly dependent on a set of @1,@2,-..,@2, Which is linearly independent 
over Ε΄ and may be considered a basis of EF over F. Then, by Th. 5.3.1.10, every element, say a, of # 
is expressible in terms of a1, a2, .. wy Qny ViZ., 


a = Grar + Aeaz + +++ + nan (1) 


where axe F, k= 1,2,...,n. 


Now suppose that the expression (1) is not unique such that 


a = διαι + Boaz + 5" + Oaaa (2) 
where bce F, k=1,2,....m, and in general ar bx. Then, by (1) and (2), it follows that 
(a1 = Dida + (ae oer be)az + see Ἔ (Gn ἘΠ᾿ b,)an = 0 


where (ax — bs) ε F, k=1,2,...,n. But, then, it must follow from Prob. 13 that 
ὧι = bi, a2 = be, ones Qn = bn 


and in general, ax = bx, contradicting itself. Hence the expression (1) must be unique. 


Note. Since it follows from Prob. 14-15 that any two bases of a finite extension E of a field F 
must be linearly equivalent, n = [Ε : ΕἾ is unique, defining E to be uniquely an extension, of 
degree ἢ, of F. 


If EF is an extension, of degree n, of a field F’, then the maximal number of the elements 
of # which are linearly independent over F is exactly ἢ. 
PROOF: 


Let a:,a2,...,an be a basis of EF over F and B1, B2,..., Bm be an arbitrary subset of E which 
is linearly independent over F. Then the latter set must be linearly dependent on the former set, 
and it follows from Prob. 11 that m=n. 
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On the other hand, by hypothesis, there already exists a basis of n elements which are linearly 
independent over ἢ, viz. αἱ, a2,...,an. Hence it must be the case that n is the maximal number of 
linearly independent elements of E' over F. 


Note. Stated otherwise: EF of Ε', of degree n, implies that no n+1 elements of Εἰ can ever be 
linearly dependent over ἢ". 


If £’ is a finite extension of a field F and EF is a finite extension of Ε΄ such that 
ἔς CE, then E is a finite extension of F and [E:F] = [E:E’|[E’: ΕἸ. 
PROOF: 


Let ai,a2,...,am be a basis of EB’ over F and 1, B2,...,B. a basis of Εἰ over Ε΄; then the 
proof is complete if mn elements 


au B;, =i=m and 1l=j=n 
are proved to be a basis of Εἰ over Ε΄. 
Since, by hypothesis, any element y of Εἰ may be represented by 
Y= ἋΣ 458; 9 =1,2,...,n (1 
where a;e E” such that 


a = = bij ai, i= 1 «gm (2) 


where bye δ᾽, it follows from (1) and (2) that 
Y= = (Σ δυα)β, = Sdye ap; (3) 
4 133 


which implies that # is linearly dependent on the entire set of ai; over F. 
Furthermore, since 3 bij*a:8; = 0 in the context of (2) implies = (x bisai)B; = 0, it follows 
inj j 4 


that, since δὲ; is linearly independent over E’, 
ἋΣ δυαι = 0, 1=j=n 
and that, since ai is linearly independent over F, 
δ; = 0, l1=iti=m and 1=j=n 


which implies that the mn elements of a:b; are linearly independent over F and, by Df. 5.3.1.10, 
constitute a basis of Εἰ over F, where obviously, 


mo = [Ε:ΕἾῚ = [ΒΕ : ΕἼΓΕ’: ΕἾ = men 
completing the proof. 


Note. The converse of the theorem evidently holds, viz.:. if E is a finite extension of F, and 
if HE’ is a subfield of EF such that ΕΓ Ε΄ ΓΕ, then Ε΄ is a finite extension of Εἰ: so is Καὶ of F. 


Any finite extension of a field is an algebraic extension of the field. 
PROOF: 


Let # be a finite extension, of degree n, of a field F and a be any element of FE; then it follows 
from Prob. 16 that the n+1 elements of E, 


ay a” Seay ἃ; 1 
are not linearly independent over F. Hence there must exist are F, k=0,1,...,n, not all zero, 
such that 
Gna" + Gn-1a™ τὸ +++ + aia +a = O (1) 
Since do,d1,...,@, are not all zero, there must exist at least one nonzero element among 
d1,@2,...,@n; for, otherwise, ao must be zero, which makes all of the a, zero, contrary to the initial 


hypothesis. Hence a in (1) must be a root of a polynomial, of degree greater than 1, which implies, 
by Df.5.3.1.1, that a is algebraic over Εἰ, completing the proof. 
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19. Prove Th. 5.3.1.15. 
PROOF: 
F'ly|, by Df. 5.3.1.5-6, contains both F and y, and consequently contains every element of the form 
Gn-1¥"" 1 + Gn-2y™ τ τ. taryta = Say" (1) 
k 
where axe F, k=0,1,...,.n—1. If the set of all elements of the form (1) is denoted by H, then EF 
is contained in Fy]. 


It is evident that H# contains y, since αι Ξοῖὶ and ἀκ for k#1 in (1) yield y itself. Also, 
a. =0 for k #0 in (1) verifies that every member of F is contained in E. 


Now let 
ae = Ὁ ty" and β = & diy", k = 0,1,...,n—-1 
where ακ,ὃκ ε F’, and also let a= f(y) and B= g(y), where 
f(a) = Saex® and = g(x) = ἋΣ δια", he Oo get 
and h(x) be the minimal ‘vain of y over Ε΄, Then, by the Division Algorithm (cf. Th. 5.2.1.2), 
f(x) g(a) = h(x) q(x) + r(a) 

where 7(x) = Sicca* and ce F. Substitute x=y, and 

αβ = ay = ka) Ὁ τῷ = Ber (2 


which is obviously of the form (1. Hence afc LE. 

Since h(x), by hypothesis, is irreducible, constants and ¢ h(x), where ce F, are the only polynomials 
with coefficients in F which are factors of h(x). If B = gly) #0, then ch(x) cannot be a factor of 
g(x) and the only common factor of g(x) and h(x) with coefficients in F are constants. Thus, g(x) 
and h(x) being relatively prime over Κ΄, it follows from Th. 5.2.1.7 that there exist two polynomials 
a(x) and 6(x) with coefficients in Ε΄ such that 

a(x) g(x) + bia) h(x) = 1 (3) 
Then x =y implies that a(x) g(x) = 1, so that 
1/8 = I/g(y) = aly) 
which in turn implies that 
a/B = f(y) aly) (4) 
where f(y) a(y) is of the form (1), as has already been proved by (2). Hence a/Be EF. 
Since evidently also a+ @eF and all rational operations are thus feasible in E, FE satisfies F1-11 


and is naturally a field. Furthermore, since E contains both Ε' and y, as has been shown at the start, 
& must contain Fly]. But, by (1), FE is also contained. in Fly]. Hence E = ΕἾΥ]. 


Finally, a= implies that Sary* = Sdey* and that > (ai — δι)γ" = 0. This is possible, 
Κ k k 
however, iff all the (ax — bx) are zero, since y is of degree n over F’. Hence, by Df.5.3.1.11, the set of 


l,y,...,y"~", must be linearly independent over F, i.e. a basis of E = ΕἾ over Κ΄, completing the 
proof. | 


20. Given the field R of rational numbers, find the general form of the elements of ΕΙΨΖΙ. 


Solution: 


V3 is a root of x>— 8, which is irreducible over F’, since it must otherwise have a linear factor 

with rational coefficients, i.e. a rational factor. Hence V3 is of degree 5 over R and, by Th. 5.3.1.15, 
5 

R{V¥3] consists of all the numbers of the form: a+ ὃγ8 Ὁ (V3)? + d(v/3) + e(V/3)4, where a,b,c,d,ee R. 


21. If Καὶ = Flas,a2,...,an], where each of α,, i= 1,2,...,n, is algebraic over a field F, 
then F is a finite extension of F. 
PROOF: 


By Th.5.3.1.15, F[ai] is a finite extension of F. Since ΕἾαι, a2] is obtained by adjoining az to 
Fla], where a2 is algebraic over F and now also over F{ai|, it follows that Fai, a2] is a finite exten- 
sion of F[a:], and that, by Prob. 17, ΕἾαι, αὐ] is a finite extension of F. Hence, by induction, 
Fai, 42,...,@n] = Ε΄ is a finite extension of F, completing the proof. 
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If Καὶ is an algebraic extension of a field F, then any algebraic extension of E is also 
an algebraic extension of F. 
PROOF: 
Let a be an element of an extension of Εἰ and 
F(z) = baw” + δ,-, απ + +++ + do 


where bce Εἰ, k =1,2,...,.n, be a polynomial in EF with a as a root. If F’ = F'[bo, bi, ..., 62], then, 
by Prob. 21, F’ is a finite extension of F. Also, since α is algebraic over F’, it follows from 
Th. 5.3.1.15 that Ε΄ [α] is a finite extension of F’ and consequently, from Prob. 17, that ἔα] is a 
finite extension of Εἰ, Hence, by Prob. 18, a is algebraic over F. 


It is thus proved that any element of an extension of E is algebraic over F if it is algebraic 
over Ε' itself; hence, by Prob. 21, the proof is complete. 


Prove Th. 5.3.1.16. 
PROOF: 
Th. 5.3.1.15 has already proved the theorem for the case of m= 1, viz. where y= y,. 


Assume, therefore, the validity of the theorem up to Yu Yoo+++s¥m—y Then, since F'ly,,Yo,---,¥m] = 


Glym|, by Th. 5.3.1.9, where G = ΕἾ,» Yo. -++>¥m—1|, it follows by induction that G is of degree r’ 
over δ᾽, where 7’ = mine'++Mn-1, and a basis for G over F is contained among ys Ye aie Yim-1, 
where 0 Ξ κὶ = n-1, 0 Ξ κα = n-1, grees 0 = kn-1 = Nm-1 —1. 


Also, as in Th. 5.3.1.15, γι. is a root of a polynomial, say f(x), of degree x» with coefficients in F, 
since it is of degree of m» over Ε΄, by hypothesis. Then, since G contains F, the coefficients of f(x) 
must be in G, which implies that y,, is of degree n over G, where n <= mm. 


Now, again by Th. 5.3.1.15, G[y,,] is of degree πὶ over G with 1,Ym: You ++ +> Ym) aS a basis over 
G and, by Prob. 17, Gly] is of degree γ' over Εἰ with a basis which consists of nr’ of the product 
Ὑδι ὙΝ2 coe y*m-1 y*m where 0 = ki = m~—1, ..., 0 = Kkm-1 = Mm-1—-1, 0 = kn = n—-1 = nz —1. 
1 2 1π.- 1 τ 


--: 


Hence F'ly,,7.,.--,Yml| is of degree + = nr’ = nine-++nm over F with a basis prescribed by the 
theorem, and the theorem is complete by induction. 


“85.3.2 Algebraic Numbers 


Df. 5.3.2.1 A nonempty set F is an algebraic number field (or algebraic field) if the sum, 


difference, product and quotient (except by 0) of any two elements of F is in F itself. 


An algebraic (number) field, then, is necessarily a field, as has already been 
abundantly exemplified by the field R of rational] numbers, the field R of real numbers, 
and the field C of complex numbers. The relation between R and C in particular 
readily reveals that an algebraic number field F can be extended by adjoining a 
number ἃ to it, yielding an extension E of F, viz. E = Fla], which consists of all 
numbers derived from a and F by rational operations; e.g. C = Rit]. 


Since R is a minimal field (cf. Th. 4.2.1.4) and every number field contains R, 
Df. 5.3.2.1 may be restated as follows: 


Df.5.3.2.la | Any algebraic number field is a finite extension of R. (Cf. Prob. 3.) 


An algebraic number field is necessarily a field, but not conversely; a field may 
not be an algebraic number field, of course. The following definition of algebraic 
numbers, for instance, yields an example which forms a field, yet not an algebraic 
number field. 
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Df. 5.3.2.2. An algebraic number a is a complex number which satisfies a nonzero poly- 
nomial equation with rational coefficients, viz., 
PO nea ΣΕ ee ee ee ri =e, τ 
where κε κι, K=0,1,...,n, and not all r,=0. 
Df. 5.3.2.2 is manifestly a special case of Df. 9.0.1.1; viz. F and F”’ of the latter 


are specified here to be C and R respectively. An algebraic number is thus any 
element of C which is algebraic over R (and no other field). 


As has already been proved (cf. $2.1, Prob. 13-14), the set A of all real algebraic 
numbers is denumerable while the set R of all real numbers is not (cf. Prob. 1 note). 
That is, not every real number is algebraic; some, in fact nondenumerably infinitely 
many, numbers in R are thus not algebraic, i.e. transcendental, as are exemplified 
by π, 6, etc. (cf. Prob. 4-6). 


Th. 5.3.2.3 The set A of all algebraic numbers is a field. (Cf. Prob. 7.) 


The set A is further characterized by the following theorems: 


Th.5.3.2.4 The field A of all algebraic numbers is algebraically complete (or closed, cf. 
Df.5.3.2.10a); viz. every nonzero polynomial equation with coefficients in A has a 
root in A. (Cf. Prob. 8.) 


Th. 5.3.2.5 The field A of all algebraic numbers is not an algebraic number field. (Cf. 
Prob. 9.) 
Certain fields of some algebraic numbers, however, do form algebraic number 
fields, as they are invariably finite extensions of R. The following definition leads 
to an example of such fields. 


Df.5.3.2.6 A Gaussian number is any number of the form: a+ bi, where a,beR and 
i=y-l. 
The set G of all Gaussian numbers is evidently an extension of R, viz. G = Rit}, 
and as such is a subfield of C = Ri], articulated by the following theorem: 


Th. 5.3.2.7. The set G of all Gaussian numbers is an algebraic number field. (Cf. Prob. 10.) 


G as such is characterized also by many definitions and theorems similar to those 
with respect to C; e.g.: 


Df. 5.3.2.8 The conjugate, norm, and trace of an element g = a+ bi, a,beR, of the field 
G of Gaussian numbers are respectively 


g =a-bi, Ng) = 99, Tig) = 9+ 9 


Th. 5.3.2.9 If g,heG, then 
ἰ ἢ Ἔξ δ 5 Ὲ 


ἢ (v) Nigh) = N(g) N(h) 
(ii) g-h = g- 


mee) 
(iv) g/h = glh (vi) Tig +h) = T(g)+T(h) 
(Cf. Prob. 11.) 


Th. 5.3.2.10 If geG, then g and g are the roots of the following polynomial, called the 
principal polynomial of g: 
x? — T(g)x + N(g) 
(Cf. Prob. 12.) 
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It can be readily proved that quadratic fields, e.g. R[\/2}], have properties similar 
to those of G (cf. Prob. 12-14), including that they are also algebraic number fields. 

The following examples are those of algebraic numbers which do not form fields, 
let alone algebraic number fields. 


Df.5.3.2.11 A Gaussian integer is any number of the form: a+ bi, where a,bel and 
i=y-l. 

I denotes here as elsewhere the set of ordinary integers, which in this specific 
context may be considered rational integers (cf. Df. 4.1.2.3.5). It follows immediately 
that the sum, difference, and product of Gaussian integers are again Gaussian in- 
tegers. Hence: 


Th. 5.3.2.12 The set G* of all Gaussian integers forms an integral domain, denoted by 
1). (Cf. Prob. 15.) 


In parallel to ordinary integral domains, G* = ] [2] has many theorems similar to 
those studied in §4.1.2.2, including the unique factorization theorem (cf. Supplemen- 
tary Problems 5.50-51). 


These Gaussian integers in mind, then, the algebraic integers in general are 
defined as follows: 


Df.5.3.2.13 Any algebraic number a is an algebraic integer if every coefficient of the 
minimal polynomial (cf. Df.5.3.1.4) of a is a rational integer; 7 denotes the set of all 
algebraic integers. 


By definition, then, an algebraic integer a is to satisfy the equation of the form 
ρ() = @ + αν απ 1+ +++ t+aixt+a = 0 
where axel, k=0,1,...,n—1, since a minimal polynomial is monic. 
An algebraic integer can be readily identified by the following theorem: 


Th. 5.3.2.14 A number a is an algebraic integer if it satisfies over R a monic polynomial 

equation with rational integral coefficients. (Cf. Prob. 20.) 
Example: 

V2 is an algebraic integer, since it is a root of «®—4 = 0, while 1/2 is not, since it is a root 
of 4? = "(4/72) = "0, 

It must be noted that many odd forms are available for algebraic integers, in 
particular among those in quadratic fields; e.g. (—1+1/5)/2, since it is a root of 
αὐ τα --Ἰ = 0. The latter case is generalized by the following theorem: 


Th. 5.3.2.15 Algebraic integers in any quadratic field R|Vm], where m#1 is an integer 
free from square factors, are classified into two types: 


(i) If m+*1 (mod 4), then they are of the form a+bi/m, where a,bel, and 


(ii) if m=1 (mod 4), then they are of the form (¢+d\/m)/2, where c,delI and 
ὁ Ξ ἃ (mod 2). (Cf. Prob. 24.) 


Although the set / of all algebraic integers is more restricted in comparison with 
the set G* of all Gaussian integers, J and G* share at least one important property 
in common; viz. they are both integral domains (cf. Th.5.3.2.12 and Supplementary 
Problem 5,52). 
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Solved Problems 


1. 11 f(x) = χ" Ἔ αν. 1251 Ὁ +--+ +a1%+a0 is a polynomial in x, where a@+0O and 
del, k=0,1,...,.n—1, and if 7 is a real root of the equation f(x) = 0, then 7 is either 
an integer or an irrational number. 

PROOF: 
If were a rational number, then it must be of the form c/d, where c,deI and (e,d) = 1. Hence, 
substituting r—c/d in f(x) = 0, 
ce" + Qn-10"% 1d + +++ + ayed*=1 + and” = 0 
If ἃ were divisible by a prime p, ¢ also must be divisible by p. But, since this is contrary to 


hypothesis, it must be the case that d=1; i.e. the real root cannot be a rational number. Hence it 
must be either an integer or an irrational number. 


Note. This theorem, which is a special case of Df. 5.3.2.2, is to construct the irrational numbers 
which are algebraic, since a real algebraic number may be rational or irrational. The theorem 
belongs, therefore, to the same category of the elementary theorem that V7 is an irrational number 
if n,re N and Ἢ is not the rth power of a natural number. 


2. If ais a nonzero algebraic number, so is 1/a. 


PROOF: 
By hypothesis and Df. 5.3.2.2, a is a root of the polynomial equation 
we” + Cn-10"-7 + +++ +aeto = 0 
where c.e R, k = 0,1,...,n—1. Hence 1/a is a root of 
1 + Ca-1% + +++ + διαδ 4+ eoxe®™ = 0 


which is again a polynomial with rational coefficients, proving that 1/a is also an algebraic number. 


3. If u and v are algebraic numbers and p represents any polynomial, then p(u,v) in the 
context of Df.5.3.1.8 is also an algebraic number. 
PROOF: 
Let u be a root of an equation f(x) = 2™ + = ac’ = 0, i=0,1,...,.m—-1, and v a root of an 
equation g(x) = a+ > b; x = 0, 7=0,1,....»—-1. If mn=s, and if 
we = uel. k = 1,2,...98 (1) 
in any suitable order, where not all w’s and v’s, hence not all w’s, are zero, then 
ἘΝ" τΞῷὸ en -1 UB? -- Amz δ" το... — ao, τ΄Ὁὐ = —da-1 v0"! — δ... 2υ5. — «+s — By (2) 


where ai,b;eR, since f(u) =0 and g(v)=0 by hypothesis. Hence it follows from (1) and (2) that 


WkP = CriWi + CreWe + +++ + ChsWs (3) 
where cx R, k’ =1,2,...,8, which implies that 

(c11— p)w1 + Crowe + ++ + ersws = 0, 

C21Wi + (65 --- p)we + °++ Φεῦ, = 0, 

ἐάν ὦ acta e ον ας e keo hme cle ter eae ne crete (4) 

σοι + CooWe + +++ + (Css—p)ws = 0 


This system of equations in (4) is consistent, however, iff 


οι τ} C12 Cis 
C21 C22 — Pp C2s 

= 0 (5) 
Cst Cs2 Css — Pp 


which indeed yields an algebraic equation satisfied by the polynomial p. Hence p(u,v) = 0 repre- 
sents an algebraic number, completing the proof. 
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ἘΔ, 


Os 


If uw is a real algebraic number of degree n>1 over R, then there exists a positive 
number v such that, for any a,bel and b>0O, 


iu — a/b] = v/b" 
PROOF: 
If f(x) is the primitive polynomial (cf. Df. 5.2.1.10) of lowest degree satisfied by u, then f(x) must 
be also of degree n, since it cannot be different by any more than a multiplicative constant from the 
Minimal polynomial for wu. 


Let τὸ be the maximum of |f’(x)| in the interval |w—a| = 1 and v be the smaller of 1 and 1/w. 
Then it follows at once that |u—a/b| = 1 implies 


lu—a/b| = v = v/bd 
which is to be proved. 
If, on the other hand, 0 = lu—a/b| < 1, then, by the mean-value theorem, 


| f(u) — f(a/d) | ju — a/b| |f"(c)| 


lu -- a/b| "αὖ 


IK Ul 


where ὁ lies between u and a/b, i.e. Jw —c| = 1. Now 
f(a/b)| = |u—a/b 


since f(u)=0 by hypothesis, and also f(a/b)+0 since f(x) is irreducible over R. Furthermore, 
[f(a/b)| = d/b", where del, since f(z), by hypothesis, is of degree ἢ and has rational coefficients. 
Hence n =1, which implies 


°w 


1/b" = |f(a/b)| = w- 


u—a/b| 
and finally, 
ju—a/b| = (1/w)(1/b") = v/d* 


which completes the proof. 


There exist transcendental numbers. 
PROOF: 
Let an infinite series be 


s= 3 {3} Co Ne eye ay 
and Sx = ακήδκ = ax/2* 


which denotes the sum of the first k terms of s. Then 


[5 — ax/dx| -Ξ 1.20 Έ1) 1 ae 1/2 +2)! + eae 
< 1,2..ΚῈ1}} 
< 1,955 = 479% (7) 


If s were algebraic over R, of degree n> 1, then by (1) and Prob. 4 above, 


LS pts 8 -- ἀκ] = δὲ" (2) 
where dim L = 0, which is a contradiction, however. For, by Prob. 4, there exists a number v > 0 
such that ls—ar/by| = v/b; 


which implies 
δ" «8 — ax/dx| = v > 0 
contradicting (2). Hence s cannot be an algebraic number of degree n> 1. 


Nor can s be an algebraic number of degree 1, i.e. a rational number. For, if s=c/d, where 
διε] and d>0, then the choice of an odd k such that 2." > d implies that the number 


to = Bed — 2" ΑΓ Σ (-1)"25}) = 2" αὐ Σ cur") (3) 


is a positive integer while 
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t < Qh d/oetp: = α,9 5 5 < 1 (4) 
by the choice of k, yielding the contradiction between (3) and (4). 


Since s can be neither an algebraic number of degree n>1 nor that of degree 1, it cannot be 
an algebraic number at all; it must be a transcendental number. 


Note. The transcendental numbers of the form s, constructed as above, are due to Liouville. 
This proof has an obvious advantage over Cantor’s existence proof (cf. §2.1, Prob. 13-14), since the 
latter does not offer an explicit example of transcendental numbers while the former does. 


6. If s, constructed as in Prob. 5, is transcendental, so is s+is, where i= γ'--Ἰ1. 
PROOF: 
Suppose that s+ is is not transcendental, i.e. algebraic. Then it must be a root of a polynomial 
with real coefficients, which is then satisfied by its conjugate: 8 -- is (cf. Th. 5.2.8.11). Hence s—is 
is also algebraic. 


Then, since their sum must be also algebraic (cf. Th. 5.3.2.3), 
(8 Ἢ 15) + (s—is) = 28 


or what is the same, 8 itself, must be algebraic, which immediately contradicts the hypothesis. 
Hence s+is must be transcendental. 


7. Prove Th. 5.3.2.3. 


PROOF: 

Let all elements of the set A be algebraic over a field F. The proof is then to show that rational 
operation is feasible with respect to these elements over F, ie. the sum, difference, product, and 
quotient (for nonzero denominator) of any two elements of A are algebraic over Κ΄, satisfying any 
polynomial over ἢ". 


If a,be A, 6#0, and if a(x) and b(x) are the minimal polynomials over Εἰ for a and ὃ respec- 
tively, then it follows that p(x) and q(x), defined by Prob. 15 of §5.2.2, are algebraic over Ε΄ in this 
context. In the same sense, equate a; and ὃ: there with a and δ᾽ here. Then, since a(x) and b(x) are 
satisfied by ai +b: and a:b: there, they are satisfied by a +6 and ab here. 


Furthermore, since —6 satisfies b(—x), —b is algebraic, and so is a+(—b) = a—b. Also, if n 
is the degree of b(x), then x"b(1/x) is satisfied by 1/b, and 1/b is algebraic. So, then, is its product: 
a(1/b) = a/b. 


Hence a+b, a—b, ab, a/b are all algebraic over F, and the set A is a field. 


8 Prove Th. 5.3.2.4. 


PROOF: 
Let the coefficients ax, k=0,1,...,n, of a polynomial equation 
F(x) = aux” + α,-τ αἱ + --> +a = 0 (1) 
belong to the field A of algebraic numbers. Then, by Prob. 21-22 of §5.2.1 and Th.5.3.1.16, an 
extension E = Rlao,a1,...,@n|, generated by the coefficients dk, is a finite extension of the minimal 


field R of rational numbers. 


Since any complex root ¢ of (1) is algebraic over Εἰ, by Th. 5.2.3.9, E[c] is then a finite extension 
of E and, in consequence, of R. Hence, by Prob. 17 of §5.3.1, the element c of E must be algebraic 
over &, which implies that ce A, proving that A is algebraically closed. 


9. Prove Th. 5.3.2.5. 
PROOF: 
If the field A were an algebraic number field, ie. a finite (thus simple) extension of R, then 
let it be of degree over R. But, for instance, a polynomial 


nth se 2 


which is easily verified by Eisenstein’s criterion (ef. Th. 5.2.1.12) to be irreducible over R, readily 
yields an algebraic number 2'"*! of degree n+1. The existence of such algebraic numbers contra- 
dicts the initial hypothesis through Prob. 17 of §5.3.1. Hence the field A is not an algebraic number 
field. 
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10. Prove Th. 5.3.2.7. 
PROOF: 
Let gheG and g = αἴ bi, h = c+di # 0, where a,b,c,deR. Then, 
(i) g +h = (a+ bi) + (ec+di) = (at+c¢)+(b+d)i, where ate,b+d ε R, implying that g+heG. 
(ii) Likewise, g—he G. 


(ili) geh = (a+ bil(e+di) = (ac— bd) + (ad+be)i, where ac—bd,ad+be ε ἃ, implying that 
geheG. 


(iv) g/h = (a+ bi)/(e+ di) = ((ae t+ bd)/(c? + d*)) + ((ad — be)/(c? + d*))i, where οὐ τ αὐ # Ὁ and 
(ac + bd)/(c*? + αὖ), (ad — be)/(c? + d?) ε G, implying that g/he G. 


Since G is manifestly non-vacuous, and since the rational operations (i)-(iv) on the elements of G 
are closed with respect to G, G is, by Df. 5.3.2.1, an algebraic number field, completing the proof. 


11. Prove Th. 5.3.2.9. 
PROOF: 
Let g = a+bi and ἢ = c+ di, as above, where a,b,c,dc R. Then, 


(i) § =a-—bi, ἃ =c—di, by Df.5.3.2.8, and 


σελ = (a+ bi) + (e+di) = (atc) + (δ. δὲ 
= (a+b) —(b+d)ji = (a~ bi) + (e—di) = Gth 


(ii)-(iv) are proved likewise, (cf. §5.1.3, Prob. 18). 

(v) By Df. 5.2.3.8, N(g) = σῇ and N(h) = hh; also, by (iii) above (1.6. g°h = 9°h), it follows that 
N(gh) = (gh)(gh) = gth*Geh = g*Geheh = N(g)N(h) 

(vi) Since g+h = (a+c)+(b+d)i, by Prob. 10, (i) above, it follows from Df. 5.3.2.8 that 


Tigt+h) = ((α Ὁ δὴ) + (ὃ -Ἡ 4)) + (ate) + (b+ 4)i) 
= (ate) + (b+ α)ὲ  (α Ὁ ὁ) -- (ὃ - αὐ = 2at+e) 
while 
Tig) + Tih) = ((a+ δὴ + (a+ δὴ) + ((e+ di) + (6 + di)) 


i 


(at bita—bi) + (e+dit+e—di) = 24+ 2e = ate) 
Hence Τίσ ἘΔ) = T(g) + Τί). 


12. Prove Th. 5.3.2.10. 
PROOF: 
Let g = a+ bi; then, by Df. 5.3.2.8, 
f(a) = αὐ -- Τὴ) + Nig) = χα" --  Ἔ ρὺα - 9G = (α-- φγί -- δ) 
Hence f(x) Ξξξ Ο has two roots g and ὅ, completing the proof. 


Note. α' --ἀκ- ὅ, for instance, is the principal polynomial of στ τὶ, since g = 2-1, 
T(g) = 4, N(g) = 5. 


13(a). The quadratic field Ri[Vm|, where \/m¢R, represents an algebraic number field. 
PROOF: 
Let x,yeR[Vm], where x =a+bVm, y=c+dVm. Then, 
(i)-(ii) 2ty = (a+ bVm) + (c+dV¥m) = (axc) + (b+d)V¥m, which implies «+y ¢ R[Vml. 
(ili) wey = (at b¥m)(¢+dV¥m) = (ac + bdm) + (ad + be)Vm, implying x+y ε R(Vm]. 
(iv) Since c—dV¥m ¥ 0 if c+dym = 0, 
ely = (a+ bVm)(c+d¥m) = (a+ b¥m)(c— dV¥m)/((e + d¥m)(c — ἀν πὸ) 
= ((ace — bdm)/(c? — md*)) + ((ad — bc)/c? — md?))Vm 
which proves that x/y« Εἰ νη]. 
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Hence, by Df. 5.3.2.1, R[ Vm] forms an algebraic number field. 


Note. Some specific subfields of R[¥m] are, e.g. Riv2], R[V3], R[V5], etc., which are sometimes 
called the real quadratic fields of Εἰ ν᾽] In general, in contrast to the imaginary quadratic fields 
such as R[i], R[V¥—2], etc. The algebraic number field G of all Gaussian numbers, then, is an 
imaginary quadratic field. 


13(6). If r= k?s, where k,r,seR and k>0, then Riy7'| = Rl Vs}. 


14. 


15. 


16. 


PROOF: 
By hypothesis Vr = kVs, which implies, for any a,be R, 


at+bVr = a+ δεν 
Hence xe R[Vr] implies xe R[Vs], ie. R[Vr] C R[Vs], and xe R[Vs] implies weR[Vr|, ie. Ris] c 
R[Vr|. That is Riv7] = Rvs) 
Note. R{V40| = R{V10}, for instance, since 40 = 2?+10. The two fields, therefore, contain 


the same elements. 


As can be readily verified, the conjugate, norm, and trace of each element of any quadratic field 
are defined in the same way as Df. 5.3.2.8 with respect to Gaussian numbers, even up to the principal 
polynomial. 


If x,yelli], so are x+y,x—y, xy ε 171}. 
ΡΕΟΟΕ: 
(i) Let « = ατ δὲ, y= 61 αἱ, where abel; then 


ery = (a+bi) + (e+di) = (α - 6) + (b4+d)i, where at+c,b+deT 
which implies x+y ε I[i]. 


(ii)-(1ii) are proved likewise (cf. Prob. 10 above). 


Prove Th. 5.3.2.12. 
PROOF: 
Prob. 14 above has already assured D1-8 (cf. Df. 4.1.2.2.1) for Ii]. As for the rest: for every 

x,y, zel{i], where ὦ =a+bi, y = e+di, z = e+ fi # 0, and a,b,c,d,e,f «1, 
D9. xy = (at bil(c+di) = (ae—bd) + (ad + bei = (c+ di(at bi) = yx | 
D10. leJ[i], where 1 = 1+ 01, 
Dil. Since z= e+fi ~ 0 implies e #0 and f¥0, xz=yz implies «=y. For, if #z=yz, 1.6. 

(ae — bf) + (af + be)i = (ce —df) + (ef +de)i, then ae—bf = ce—df and af+be = ef+de, | 

le. (a—c)e—(b—d)f = 0 and (a—c)f + (b—d)e = 0, which implies a=c and b=d in 

either case, since e*+0 and f*0. Hence a+bi = e+di, ie. wm=y, if xz=yz and 20. 


Hence {ἢ} is an integral domain. 


If « = a+bi is an element of ΠῚ], ie. a,beZ, and N(x) is defined to be χὰ as in 
Df. 5.3.2.8, then 
(i) N(x) = a if eel as well as reli}. 
(ii) N(ay) = N(x) N(y), if ye Πῖ. 
(iii) N(x) =1 iff x is a unit. 
PROOF: 
(i) Since xe J, it must be the case that b= 0, ie. =a as well as x=a. Hence N(x) == χᾷ = a? = χα. 
(ii) The proof can be carried out exactly as in Prob. 11, (v). 
(iii) If x is a unit, then x!1 such that xy—1 for some yel{t], which implies, by (ii) above, 
N(x) N(y) = ΝΑ) = 1, 1.6. M(x) }1. Since N(a) must be a non-negative integer, it must be 
the case that N(x) = 1. 
Conversely, if N(x) = 1, it follows that a?+ δὲ = (cf. Df. 5.3.2.8), which implies, since a,b e J, 


1 
that either a=0 or b=0. In either case, however, x = +1, +i, which are evidently units, completing 
the proof. 


Sec. 


5.3.2] ALGEBRAIC FIELDS — ALGEBRAIC NUMBERS 319 


17. If N(x), where xel[x], is a prime in J, so is x in I{i], but not conversely. 


18. 


19. 


PROOF: 

Assume x= yz, where y,zeJ\i]. Then, by hypothesis and Prob. 16, (ii), N(«)= N(y) N(z) must 
be prime in 1, which implies that either N(y)=1 or N(z)=1, which in turn implies, by Prob. 16, (iii), 
either y or z is a unit, proving that « must be a prime in 71}. 

The converse, however, does not hold. For instance, if 3 is a prime in IJ[i], it does not follow 
that N(3) = 8:8 = 9 is a prime in J. And 8 is indeed a prime in ΠῚ], for the following reason: 
3=xy, where x,ye Ili], implies 9 = N(x) N(y), while N(x) #1 and N(y) #1 imply that N(x) = N(y) = 8, 
which in turn implies that either a?+ δὲ = 3 or οὗ τ αΣ = 3 for x =a+bi and y — ο- αἰ. In 
either case, since a,b,c,de I and none of them can possibly satisfy the identities, the initia] assump- 
tion that N(x)~1 and M(y) #1 is thus proved to be an absurdity. Hence it must be the case that 
either N(x)=1 or N(y)=1, which immediately implies that 3 is a prime in /[{t], although N(3)e/] 
is not. 


If p,gel|t] and qg~0, then there exist 7,s ε 1] such that 


p = 874 ἘΥ, where N(r) < N(q) 
PROOF: 


Let p/q = a+ bi, where a,beR, and select mel such that m and ἢ are the rational integers 
nearest to a and ὦ respectively, ie. |a—m| = 1/2 and |b—n| = 1/2. 


Now let s = m+ni; then ce/[i], and 


(p/q) -- 8 = (a—m) + (b—n)i 
which implies 


ΝΡ — qs) N(q) N((p/q) — 8) 
N(q)((a — m)? + (ὃ —n)?*) 


N(q)((1/4) + (1/4)) « N(q) 
i.e. Νῴ -- 48) < N(g). Hence, letting p—gs =r, the proof is complete. 


In 1 


Note. The division in I[i], which is an integral domain and fails to be a field, is not unique; 
ie, the quotient s and the remainder r may not be unique if s,reJ [7], as in Prob. 19 below. 


Divide 2—i by 1+1%, and give a geometric interpretation. 
Solution: 
(2 -͵ 4 τὴ = (2-71 -- ἡμψ((( Ἐὴ 4 --ὺ = 4 --δὸ = (1/2)  (- 872) 1 


Take 1 and --ἴ᾽ as rational integers nearest to 1/2 and —3/2 respectively; then, in the context 
of Prob. 18, 


s=1—t and r = (4-ἰὴ -(|: -ἐἘὴᾳ -- ἡ = -ἰ 
where N(r)=1 « Ν(Ὶ ὃ -Ξ 2. I 


On the other hand, if 0 and —2 are taken as rational 
integers nearest to 1/2 and —3/2 respectively, then 


8 = —2i and r = (2-1) —- (1+i)(-21) = 7 
where N(r) =1 < N(1+17) = 2. 


As a matter of fact, there are two more alternatives 
for the pair of r and s, as can be readily observed in the 
following geometric representation: 


el) 


Since the Gaussian integer s is defined by N(p— qs) < 
N(qg) as in Prob. 18, i.e. N((p/q) — 8) < 1, or what is the 
same, |(p/q)—s| < 1, it follows that, in the complex plane, —2j 
s is represented by the points whose distances from the 
point for p/q is less than 1, viz. —i, —2i, 1—2i, 1-1, 
in this context. Fig. 5.3.24 


@ (2—1)/(1+7) 


1—21 


920 


20. 


21. 


22. 
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If a is algebraic over a field F, then it has a unique minimal polynomial. 


PROOF: 
If g(x) is a minimal polynomial and f(x) any other polynomial over Εἰ satisfied by a, then, by 
Th. 5.2.1.2, there exist two other polynomials g(x) and r(x) over F’ such that 


f(x) = g(x) q(x) + r(x) (1) 
where 0 = degr(x) < deg q(z). 
Let «=a in (1). Then, since g(a) = f(a) =0 by hypothesis, it follows that r(a)=0, and that 
r(x) =0; for, otherwise, g(x) cannot be minimal, contrary to the initial hypothesis. Hence q(x) | f(x), 
and a has a minimal polynomial. 


Furthermore, the minimal polynomial q(x) is unique. For, if s(x) were any other minimal 
polynomial of a over F,, it must follow likewise that s(x) | f(x), which in turn implies that q(x) = +8(x). 
But, then, since q() and s(x) are both monic by hypothesis, it must be the case that q(x) = s(x), 
which completes the proof. 


Note. This theorem has an alternative form, or a corollary: q(x), the minimal polynomial of a 
which is algebraic over F, is contained as a factor in any polynomial satisfied by a over F. 


Prove Th. 5.3.2.14. 


PROOF: 
Let q(x) be the monic minimal polynomial of a over R. Then, by Prob. 20 above, there exists a 
polynomial g(x) over R such that 


f(x) = g(x) g(x) (1) 

where f(x) is monic. Further, by Th. 5.2.1.11, 
f(x) = e¢g*(a) q*(a) (2) 
where g*(x) and q*(x) are primitive, while c¢ek > 0 and q(x) = eqq*(x). Then cy—=1, since 


f(x) is monic, hence primitive. 


Since q*(x) and g*(x) have integral coefficients, by Df.5.2.1.10, and since their product f(x) 
is monic, they must be monic. Hence c,=1, since q(x) is also monic by hypothesis. Thus q(x) = q* (2x), 
which implies that every coefficient of q(x) is a rational integer, and the number a which satisfies 
q(x) must be an algebraic integer, by Df. 5.3.2.13, completing the proof. 


If a is an algebraic number, then there exists a rational integer k such that ka is an 
algebraic number. 


PROOF: 
By Df. 5.3.2.2, a satisfies an equation 
ὄν" + Cn-1e"-1 + +++ +e = 0 
where ciel, i=0,1,...,n, which implies that c,a satisfies an equation 
αὐ Ἔ Car" - δι δα - 2 5 ot Gg eee ae eae Ce Gg = ὖ 


Let k = cn, and the proof is complete, 


If a satisfies an equation 


F(x) = xe + Cn-10"~* + Cn-24"- 27 + +++ +ey = 0 (1) 
where the cx, K=0,1,....n—1, are algebraic integers, then a is also an algebraic 
integer. 

PROOF: 


If the c,” are the conjugates of cx over R, then, by Prob. 15 of §5.2.2, the product over the 
conjugates, (i) (ig) (i) 
pix) = [T (a + eft, art + eft art + oes -Ὁ 69) (2) 
has rational coefficients, which in this case must be also rational integral coefficients, since they are 
algebraic integers as they have been introduced by adding the products of the of}. 


Furthermore, p(a)=0, since f(x) | p(x). Also, as is quite obvious in (2), p(x) is monic. Hence, 
by Th. 5.3,.2.14, α is an algebraic integer. 
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24, Prove Th. 5.3.2.15. 


PROOF: 
(i) Since p = a+bVm yields N(p) = a?—b’m and T(p) = 2a, ie. N(p),T(p) ε I, it follows 
that 2a=cel implies 
(2b’m = oe — 4N(p) (1) 


which is again a rational integer. Since m has no square factor, by hypothesis, 20 must be a 
rational integer. Hence let 2b=d, and 


p = (e+ dV¥m)/2 (2) 
where ¢,del. Then, by (1), 

dm = ce? (mod 4) (3) 
If c is not a multiple of 4, then οὗ =1 (mod 4), which implies 


dm = 1 (mod 4) 


Hence d is not a multiple of 4 and d?=1 (mod 4), which implies 


m = 1 (mod 4) 
Hence m1 (mod 4) implies that d must be a multiple of 2, which in turn implies a,be¢ I. 


(ii) If m=1 (mod 4), then, from (3), 
d> = οὶ (mod 4) 
which implies 4 | (d—e)(d+e), which in turn implies 2| (e—d) or 2 (¢ +4). 


If 2|(¢+d), then 2|](e—d), since e—d = (c+d) ~ 2d, which is a multiple of 2. Hence 
c = ἃ (mod 2) 


Conversely, if c=d (mod 2), it must be the case that 
T((e+dV¥m)/2) = eel 
and N((e+dVm)/2) = (ce? —d?’m)/4 


which is again a rational integer, since οὗ =d? (mod 4) and m=1 (mod4) imply c?=d?m (mod 4). 


Hence (ὁ + dVm)/2 is an algebraic integer, which completes the proof. 


Supplementary Problems 
Part 5 


5.1. Subtraction in the rational number field R is well-defined; so is division in R. 
5.2. ACB for every A,BCC (cf. Df.5.1.2.3) iff there exists some CCC such that A+C = B. 


5.3. If p is a positive rational number greater than 1, then there exists an element 5 in a D-cut S such 
that peseS’. 


5.4. Generalize Prob. 36 of 85.1.2. 
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5.5. 


5.6. 


*5.7. 


5.8. 


5.9. 


5.10. 


5.11. 


5.12. 


5.13. 
5.14, 


5.15. 


5.16. 


*5.17, 


*5.18. 


*5.19. 


*5.20. 


PART 5— ALGEBRA OF FIELDS (CHAP. 5.3 


Any nonempty subset S of the ordered field R of real numbers which has an upper bound in R 
has a l.u.b. in Κ᾿. 


The rational number field R is not complete. 


Any Archimedean-ordered field F is isomorphic to a subfield R’ of the real number field R, where 


the isomorphic mapping is unique. Furthermore, the order-isomorphism of F into Ε΄ is unique; viz. 
it is an identity mapping. 


If a field δ᾽ is Archimedean-ordered and contains the rational number field ἰδ, then there exists an 
integer m such that, for some integer k, 

mn® = a = (m+ 1)n* 
where acF, ne N and n> 1. 


If F’ is an Archimedean-ordered field which contains Κι, and if acF is positive, then there exists 
a natural number k such that 


1. < a 
where x>1 is a natural number. 
If ai,d2,...,@» are positive numbers, then 
(αι ta@et++++an)/n = Vaide---Gn 
where equality holds iff αἱ ΞΞ αἱ ΞΞ τ᾿" =a. 
If ai,@2,...,@. are positive and s = αἱ “ας Ἐν" Gn, then 


(8 — as)(8 — α2)" " "(8 — an) = (π -- 1) αι ας" - “ας 


If ai,@2,...,a, are all distinct and positive, and if 8 = αἱ ας -“"- + Qn, then 


8/(8 — αἱ) + s/(8— a2) + +++ + s/(s—an) > n?/(n—1) 
4x°— 2e7+2+1 is irreducible over R. 
If a is a prime integer, then «*—a is irreducible over R. 


If ae R and there exists no pth root of a in R, where p is a positive prime, then x"— a is irreducible 
over RF. 


a> + ν᾽ + 23 — 8cxyz, where ceC, is irreducible over C iff c? = 1. 


If p is a prime and 7 a positive integer greater than 1, then 
oP ἦτο αι ἘΦ πῶ 6 νος + oP 44 
is irreducible over R. 
Let f(x) = an@™ + an-10"-!+ +--+ + a0, where PX Gn, p|Gn-1, ..., p|ao, for a prime p. If 
p” 7 a, then f(x) is irreducible over R. 
Let a polynomial with integral coefficients be 
F(x) = απ" + aa-14*-1 4 +--+ + ay 
where p? a0, par, O<r=n, but p|Gr-1, p|@r-2, ..., p|ao, for a prime p. If f(x) can be 
decomposed, say, 
f(x) = g(x) h(x) 


then at least one of g(x) and h(x) is of degree greater than 7. 


Prove, by Supplementary Problem 5.19 above, that αὖ + 2* +1022 + 4x7 — 6 is irreducible over R. 
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*5.21. 


*9.22. 


5.23. 


5.24, 


5.25. 


5.26. 


5.27. 


5.28. 


5.29. 


5.30. 


5.31. 


5.32. 


*5.33. 


5.34. 


5.35. 


If a polynomial f(x) with integral coefficients can be decomposed over R, say, 


[ἃ = ara” + ar-raTt + c++ + ae 
= (bsx* ἘΣ ὃ.-} ἀπ τ 11: +f bo) (crt -ἰ- Ct-1 7 diate + <--> + Co) 


where r=s+t and s=t=1, and pf adn, but p|dn-1, ..., p|ao, then 
p | αε-, p* αἱ-.», ἐν p* | ao 


Find, by Supplementary Problem 5.21 above, an integer k for which f(x) = αὐ +5x2+5k is irre- 
ducible over 1. 


Given the three roots a,b,c of αὐ Ὁ px*+qut+r = 0, find an equation whose roots are a’, δ", ο5, 


If the three roots of 2*°+qx+7r=0 area, b,c, then the six roots of 77°(x?+a44+1)3 + g’a2(x+1)? = 0 
are ὅλα, c/a, a/b, c/b, a/c, b/c. 


Given an equation with real coefficients, 
f(x) = wa + pra ™"1 + poe" 2? +--+ +p = 0 (1) 


and a root r of (1), find (i) an equation whose root is 1/r, (ii) an equation whose root is —7, 
(111) an equation whose root is kr, (iv) an equation whose root is r+. 


If Qo" + aix*"'+ +++ +a, = 0 is a reciprocal equation, then either 
do — Qn, αι = GQn-1, G2 = An-2,..6; 
or ado — --ὥῃ, αι ~— ~Qan-1; Gd2 -- ~An-2,... 


If αὐ τ αχτ ὃ Ξ 0, where a,beI, has roots in R, then they are in J. 
Solve σα —92?+ 865 - 48 = 0. 
Solve «*— 17x? — 84. —30 = 0. 


Determine the discriminant of (i) the cubic equation αὐ Ἔ ρα -Ἐφ = 0, 
(ii) the quartic equation «2+ px?+qutr — 0. 


Find the necessary and sufficient condition that the polynomial 


ax? + 3ba? + 3ca +d 
be transformed to 
ρία -- )ό.σ  α(α -- υὐ - r(ia-w) = 0 


where u,v,w are the three roots of οα -Ὁ 3[χ --ἰ Α ὅσα ἢ = 0. 


If αἷ" -- 1, then find ἃ quintic equation whose roots are a+a!, α + a, α - αδ, at+a’, a+ a’, 


If m =a, ἄς =atd, ..., M%-1=a+((n—1)—1)d, and 2, = a+(n—1)d are the n roots of 
ee + pia) + poe? + oss + om = Ὁ 
then there exists the following relation among roots: 
do = (2/n)V(3((n — 1)pi — 2npeo)/(n? — 1) 
and a = —~(p:/n) — ({(n—1)d)/2 
If 1,@1,d@2,...,@n-1 are the n roots of «*—1 = 0, then find an equation whose roots are 1 -- αι, 
1 — ae, ie ey 1 ~ Ga-1. 
If an equation 
}()ὺ = nt” + An-1 2" 14+ +++ +a = 0, fe, αι,..«.«ακε] 


has an integral root r, then for some meI, (r—m) | f(m). 
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5.86. 


ὅ.37. 


5.38. 


5.39. 


5.40. 


Ἐ5.41. 


5.42. 


5.43. 


5.44. 


5.45. 


5.46. 


5.48. 


5.49. 


5.50. 


*5.51. 


5.52. 


PART 5— ALGEBRA OF FIELDS [CHAP. 5.3 


Find, by Supplementary Problem 5.35 above, an integral root of 
αὐ — 11χ΄ + 65° — 22%? — 1482 — 507 = 0 


Given a quartic equation xt+asz3+4+ be? t+textd = 0, the product of two roots equals the product 
of two other roots iff a?d—c? = 0. 


If f is a polynomial in wi,a2,...,2,, and if it is symmetric over R, so is f°. 


A polynomial f(x,y,z) can be expressed as 
Fala, ye" + fri (au, ye"? + +++ + file,y)e + folx, y) 


where each of the f(x,y), k=0,1,...,n, is a polynomial in x and ψ. 
Any multiple algebraic extension of a field is a simple algebraic extension. 


If a polynomial f(x) of degree n over a field F is irreducible over F’, but reducible over an extension 
FiVa] of F, where ae F and Va¢F, then ἢ is an even number and f(x) can be decomposed into two 
factors of degree n/2 which are irreducible over ΕἾ ναὶ. 


An algebraic extension Εἰ, which is created by adjoining γ᾽ --ϑῷ to R[V2I, is of degree 6 and coincides 
with an extension EH’ = R(V2+ Vs. 


The set of all numbers of the form a+ bV3, where a,be R, forms an algebraic number field, and 
any number field which contains V3 consists of the numbers of the same form. 


If p.qe ΕΙΝ2] and q~0, then there exist rse R[V2] such that 
p = sqrty, where |N(r)| < |N(q)/ 


If m= 1 (mod 4), then every algebraic integer in R[Vm] is of the form 
a + b((1+ Ym)/2), where a,bceR 


Every rational integer is an algebraic integer in ΕἸ νι], and conversely, any integer in R{Vm] 
which is a rational number is a rational integer. 


- Every element r in R/V¥m) is an algebraic integer if there exists a nonzero algebraic integer s 


such that 2 3 
sr, sr*, sr’, 


are also algebraic integers. 


If g is a Gaussian integer, then N(g)=0 if g9=0, Nig) =1 if g=+1 or +i, and otherwise 
N(g) > 1. 


If a and ὃ are relative primes in the domain G* of all Gaussian integers, i.e. if a and ὃ have no 
common divisors except units, then there exist cdeG* such that ac+bd = 1. 


If a,b,ce G*, where G* is the integral domain of all Gaussian integers, and if a|be when a and ὃ 
are relatively prime, then a|c. 


The unique factorization theorem holds in G*. 


The set J of all algebraic integers forms an integral domain. 


Answers and Hints 


to Supplementary Problems 


Part 1 
TAUTOLOGIES 
1.1. Cf. 81.1.1, Prob. 6ff. 
1.2. Use truth-tables (cf. 81.1.1, Prob. 8). 
1.3. Cf. §1.1.1, Prob. 12. 
1.4. By truth-tables, or by deduction (cf. §1.1.1, Prob. 15-18). 
1.5. p-q = »!(ᾳ) ᾳ), ρτθῦᾳ = (( ψῳ»)}[4) ψΨ (|p) φ): 
pq = {(ρ| (ᾳ4] 4)) | (4! (pl p)} | {lai} 4))} | (ᾳ] @! »)}, 
pq = [{(ᾧ ψ») 4) ᾧ Gla lao) {(ᾧ ψΨ»)4 4) Ψ (ῳ 4») lo} 
L [{((φ ψ 4) ψ»ὴ)ψΨ ((ᾳ ψ 4) ψ φῊ)} {. {((φΨ φὴ ψ»}Ψψ ((φψ 4) py. 
(Note. Check the validity of this answer by truth-tables; cf. 81.1.1, Prob. 2.) 
1.6. Piq = (plp) Lala) ψ (plv) | (a) ), 
PLY = (pip)! (alq)) | (lp) | (a! 4)). 
(Note, As above, check the validity of this answer by truth-tables.) 
1.7. Cf. 81.1.1, Prob. 6, (iii). 
1.8. {a > (a(bve)} > (av be). 
1.9. Cf. §1.1.1, Prob. 12 (break the negation lines as often as possible until the right-hand side of 
the tautology is obtained). 
1.10. Gf. §1.1.1, Prob. 11, then Prob. 15-18. 
1.11. As above. 
1.12. (i) False. (ii) True. (iii) False. 


1.13-15. Cf. 81.1.1, Prob. 15-18. 


QUANTIFICATIONS 
1.16-19. Cf. 81.1.2, MTh. 1.1.2.6-7, Prob. 2ff. 


1.20. 


2.1. 


2.2. 
2.3. 


Proceed the proof indirectly, starting with Hyp., i-e., 
() 1.) > (O(a) > I(x*) O(a*))} 
where I and O predicate an integer and an odd integer respectively, and denying the con- 
ee αὐ) > (I(x) Οὐ + Οὐ} 
If the last step is of the form pj, then the proof is complete. 


Part 2 


Cf. Df.2.1.7 and, by indirect method, assume that, for every set S, “Q@cS” is false, which 
implies the existence of a set S’ such that @¢S’, which in turn implies, by Df.2.1.1b and 
Df. 2.1.2, an element x such that x¢S’ and xe, contradicting Df. 2.1.7. 


Cf. §2.3, Prob. 7. 


(i) AN(BNC) = (ANB)NC, Gi) ANB = BONA, (iii) AN(BUC) = (ANB) uU (ANC). 
(Cf. §2.3, Prob. 7.) 


ὅδ 
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2.5. 


2.6. 


2.7. 


2.8. 


2.9. 


2.11. 


2.12. 
2.18. 


2.14. 


2.15. 


2.16. 


ANSWERS AND HINTS [Part 2 


Let xe B; then the hypothesis ANB = @ implies x¢A. But also xc C, since obviously BCC; ie. 
“ΕΑ and weC, meaning σεῦ -Α. Hence BC(C—A). Likewise, (C—A)CB, and alto- 
gether B= C—A. 


If a =e and c=d, then trivially, {{a}, (a, b}} = {{c}, {c,d}}. Conversely, since {a} = {a}n{a, b} 
and {a,b} = {a}U{a,b}, and since, by hypothesis, {a} = {a}nN{a,b} = {e}n{e,d} = {el, it 
follows that a=c. If, furthermore, 6c, then ὃς {c,d}, and this implies b=d. If, finally, 
b=c, then a=~b=c=d. 

(i) XXX = {(p°p), (p,q), (ᾳ,Ρ), (ᾳ,4)}}, and likewise (ii). 

(iii) XXY = {(p,r), (p,8), (p,¢), (4,7), (ᾳ,8), (¢,¢)}, and likewise (iv). 


E.g. for A: (x){f(z) > σία) = (a){(wea) > (web)} = (Ex){(xea)(xeb)} = (Ex)(xeab). 
Hence ab=0. Justify these steps, then do likewise for 3.1.0. 
E I O 
(Ε α)ζ( ε a)(x ε b)} (Ex){(x ε a)(x ε b)} (Ex) {(s © a)(x © b)} 
ab = 0 ab Ξ 0 αὖ τε 0 


Gi) ρν(φλίῴῳνγρ)ν φλίρν 4ὴ = py (ρλῴν γ}Ρ}»ν (AND) V (qr 47) 
= ρν(ρλίρν γ)»ν ((ᾳ κα »ὺ}ν 0) = py (DA(PV γ))ν (GA p) 
= pvypv(qnp) = pv(qrp) = Pp 


(Specify which one of B1-6 has been employed to justify each step taken above, referring 
to Df. 2.4.2.1.) Do likewise for the rest; 


(ii) 0, (ἢ (DAQv(p’adas' at). 
Cf. §1.1.1, Prob. 7 note and Prob. 8; also Prob. 15-18. 
Cf. Prob. 2.10 above; (i) (DAQV(piadq’)vr, (ii) ρ»ν ᾳφ, (iii) ρλᾳ. 


o(A) = o(ANB) + of ANB’), since (ANB)N(ANB’) = ὦ and A = (ANB)U(ANB’). Likewise, 
o(B) = o(ANB)+ o(A’NB). Adding these equations, 


o0(ANB’) + of(A’NB) = of(A) + 0(B) — 20(/ANB) 
But, since (AN B)N(ANB’)N(A’NB) = © and also 
AUB = (AN(BUB’'))U(BN(AVA')) = (ANB)U(ANB’)U(ANB)U(A'NB) 
= (ANB)U(ANB’)U(A’NB) 


which implies o(A UB) = o(ANB) + of ANB’) + o(A’NB), a substitution yields the conclusion. 
(The reader should notice, then prove, a more generalized form: 


o(AUBUC) = ofA) + 0o(B) + o(C) — of ANB) — ofBNC) — of CNA) + AANBNIC) 
Further generalization can be carried out, of course.) 
By hypothesis, B = Bn(Ai1VUA2U:::UA,) = (BNA1)U(BNA2)U:::U(BNA,), which immedi- 
ately yields the theorem. 


Let Ri and Rs be given as in the text, and 


ΒΕ, = (we A)a (we B) a (ἡ αὶ ΟἹ ΚΞ = (x«@¢A)a (ae B) a (aeC) 

Rs; = («xe A)an (x¢B) A ί(α ε ΟἹ Re = (x¢A) a (we B) a (σε ΟὉ 

Re = (te A)a (x ¢B) a (uC) R, = (a@¢A)a (e@¢B) a (xeC) 

then (i) U = R,UR.U:::URs (vi) AUB = RiVR.UR3UR,URSURs 

(1) A = R,URLUR UR, (vii) ANB = RVR, 

iii) B= R,URLUR;sUR. (viii) A’N(ANB) = (ὁ 

(iv) C = R,UR;URsUR, (ix) (AUB)NC = R,UR3UR; 

(v) A’ = RsUR.UR,URs (x) (ANBYNC’ = Rs 


(i) 10, (ii) 20 


Part 3] 


2.17. 


2.18. 


2.19. 


2.20. 


3.1. 


3.2. 


3.3. 


3.4. 
3.5. 


3.6. 
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a+b+e—d—e-—f+g, where g = ofANBNC) (since 
o(AUBUC) = of(AUB) + o(C) — o((AUB)NC) 
= o(A) + o(B) — o(AUB) + o(C) — 0 (ANC)U(BNC)) 
o{(A) + o(B) + o(C) — of AUB) — (e(AUC) + of BUC) -- AANBNC) 
= o(A) + 0(B) + o(C) — o( AUB) — o(AUC) — o(BUC) + of ANBNC) 
ef. Prob. 2.13 above and also Prob. 2.19, (iii), below). 


(i) 


r (ii) Ῥ ————q r 
.--- 
8 
ὃ ---ῦ 
t re 
fas t——u 


Verbally, (i) if an event x is impossible to occur, it has probability 0; note that the converse 
does not hold, since it cannot be said that x is impossible to occur if P(x)=0. (ii) If x is any 
event, it has any probability between absolute impossibility and absolute certainty. (iii) The 
probability that at least one of two events x and y occurs is the sum of the probability that x 
occurs and the probability that y occurs, from which the probability that both « and y occur 
is subtracted. 


As above, verbally, (iv) if x and y are mutually exclusive events, then the probability that x 
or y occurs, ie. at least one of x and y occurs, is the sum of their individual probabilities. 
(v) Either an event occurs or it does not; i.e. the probability that an event x does not occur is 
the difference between 1 (certainty) and the probability that x does occur. 


“ΠΡ 


Part 3 


There are four (exhaustive and mutually exclusive) types A1,A:,A3,A4 of symmetries with 
respect to the four different axes of symmetries, viz., 


(i) Au: two opposite vertices; 

(ii) As: two centers of opposite faces; 

(ili) As: one vertex and the center of its opposite edge; 

(iv) As: two centers of opposite edges. 

The regular tetrahedrons, hexahedrons, octahedrons, dodecahedrons, and icosahedrons have, 
respectively, Ai = 0,4,3,10,6, As = 0,3,4,6,10, As = 4,0,0,0,0, As = 8, 6,6,15,15. 

There are three exhaustive and mutually exclusive types of rotations: 


(i) 1, with respect to A: (cf. Prob. 3.1 above), which yields, counting in the same order as 
above, 3, 3, 4, 3,5, respectively; 


(ii) 1052, dually with respect to 4.2 and As, which yields, respectively, 3, 4, 3, 5, 3; 


(ili) Hs, with respect to As, where Rs= As. Hence, counting the original position as 1, the 
total number is 


R = 1+ Ai\(Ri—1) + 4.(1ς: -- 1) + As(R2—-1) + Ag 
and & of the regular octahedron, for instance, is 
1+ 8(4 -- 1 + 4(8 -- 1Ὲ + 0(8-—1) +6 = 24 
By C2-3, ab = a(be) = (ba)e = ba, yielding G5, which in turn implies a(bc) = (θα) = (ab)c, 
proving G2; the rest follows immediately, completing the proof. 
Construct the multiplication table of the given functions under the prescribed operative rule. 


(i) By cancellation law. (ii) By induction, (bab74)*+1 = (bab~')*bab-! = ba*b-!bab-! = 
ba***b-*. (If n<0, then bab-'ba~'b-' = e, which implies (bab-')-? = ba-!b-', hence 
(bab~?)" = (δα δ᾽)" = b(a~")-"b-! = ba b-.) (1) By induction, as in (ii). 

Cf. Th. 3.1.2.6, (ii). 
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3.7. 


3.8. 
3.9. 


3.10. 


3.11. 
3.12. 
3.13. 
3.14. 
3.15. 


3.16. 


3.17. 


3.18. 
3.19. 


3.20. 
3.21(a). 


3.21(b). 


ANSWERS AND HINTS [Part 3 


Actual transpositions: (a δ), (Ὁ 6), (¢ a) in (i), (ii), (ili) leave them invariant; hence, by definition, 
the proof is complete. 


Cf. Prob. 3.7 above. 


Since the product of a symmetric polynomial and an alternating polynomial yields the change 
of signs by a transposition, it is by definition an alternating polynomial; likewise, by definition, 
the product of two alternating polynomials is a symmetric polynomial, since the sign is un- 
changed here by transpositions. 


In general (1 2 α) (1 2 α) (1 2 δ) = (lab) = (1 α) (1 δ), which evidently belongs to G if a¥2 
and 6#2. Also a#2 implies (1 2)(1a) = (124) and (1 a)(1 2) = (la2) = (la@2)(1 2a); 
hence (1 2) (1 α) and (1 α) (1 2) belong to G and every even permutation belongs to G. If G 
contains even one odd permutation, then every odd permutation is the product of itself and an 
even permutation. Hence G is an alternating group or a symmetric group (cf. Df. 3.1.2.16,18). 


Cf. Prob. 3.10 above. 
Cf. Th. 3.2.1.4. 
Cf. Prob. 3.12 above. 
Cf. Prob. 8.18 above and Th. 3.2.1.2. 
Since, by hypothesis, there exist two integers p and q such that d = pm+qn, it follows 
(9“)? = (gPm™tanys = (g™)Ps (gn)as 
and also since there exist m’ and n’ such that m=dm/’ and n= dn’, it follows 
9 Ὁ) ΞΞ ge ee ne 


By Th. 3.2.2.10, the orders of the proper subgroups of Ss is either 2 or 3, which implies transpo- 
sitions of either (a 6), (Ὁ c),(c a) or (a ὃ ὁ), (ac δ), which in turn yield the following four 
subgroups: 


Gi: (1), (@ 6); Ga: (1), (ὃ ©); Gs: (1), (ce α) Ga: (1), (a ὃ 6), (ac δ) 


The transpositions which leave the polynomial as it is are: (1), (α δ), (e d), (a δ) (e d), and the 
transpositions which interchange the terms of the polynomial are: (a 6) (6 ὦ), (a d) (bc), (a ἃ bo), 
(a c ὃ d), which altogether do form a subgroup of δι. In either case the polynomial remains 
unchanged. 


Cf. Prob. 3.17 above. 


This is a direct result from Prob. 3.18 above, since the number of permutations belonging to S, 
is 4! = 24, which is exhausted, mutually exclusively, by M, M(be), and M(bd). 


E.g. (ac) = (be)~'(ab)(be), ete. 4 
1 

As can be readily verified, the subgroup Οἱ of the octahedral 

group O corresponds to the set of 4 rotations with A: fixed 

(cf. the figure at right). Also, in general, if P; represents a rota- 

tion which moves A: to Ai, i=1,2,...,6, then every rotation 

which belongs to the right-coset 0;P: moves A: to Ai, and con- As 

versely (since QP; ἡ, where Q is the rotation which moves A: to Ai, 

moves A: to A, and consequently belongs to O1, which implies 

Q.eO:P:). Hence 


OO: = ΟΡ, ΡΟ. ΚΦ) ΟῚ }ς 


which implies the order of O is 4 (ie. the order of ΟἹ) times 6 
(1.6. the number of right-cosets), i.e. 24. 


A4 


As 


Let Vi, i1=1,2,...,5, be the number of the vertices of the regular tetrahedron, hexahedron, 
octahedron, dodecahedron, and icosahedron, respectively, i.e. 4,6,8,12,20, and P be the number 
of edges which go through a vertex in rotations (cf. Prob. 3.21 above); then the set of 
P,, 1=1,2,...,5, represents the orders of the subgroups formed by rotations with respect to 
the given regular polygons, respectively, which also corresponds to the set R; of Prob. 3.2; 1.6, 
3,3,4,3,5. The total number R of rotations, in this context, is then given by 


R= Pv, 4 A ach 
yielding 12, 24, 24, 60,60 for the five regular polygons, respectively. 


Part 3] 


3.22. 


3.23. 
3.24, 


3.25. 


3.26. 


3.27. 


3.28, 
3.29. 


3.30. 


3.31. 
3.32. 
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Cf. §3.1.2, Prob. 5 and Fig. 3.1.2c, where Ὁ and 7 forms a right coset C, while 1 and 751, 2 
and 7°2, 3 and 7°38, constitute the right-cosets ΟἹ, C2, C3, respectively. Since the order of Dz is 8, 


Dy =] Cowell vU-C2sG3 


On the other hand, there are five conjugate classes with respect to D4; i.e., in the same context, 
(i) 0, (ii) 1 and 8, (iii) 2, (iv) 4 and 5, (v) 6 and 7. 


For every abe R, ab > |ab| = |aj |b). 
Use the x diagonals of the regular 2n-gon which connect the n pairs of opposite vertices. 
If a and ὃ are the generators of the cyclic groups of order m and ἢ, then correspondence 


αἷ τὸ δ' is unique, since α᾽ =a! implies 7=7 (mod m), hence i= 7 (mod7n), which in turn 
implies δ' = δ, Thus aiai = ait! > 6'*t? = bb) is the prescribed homomorphism. 


a σι αι 92Gi «°° grGi 
agiGi ageG:i .:: agnGi 
and b .» σι Gi g2G1 es 9nrGi = agi Gi age G1 eee aguGi 
bg σι bg2 Gi ee b9n Gi τ αὖσι G1 abge Gi cece αὖσι Gy 
do imply a homomorphism: 
ab ~ giGi ei σαι = giGi es gnGi agiGi ee αι 
abgiGi ..: αδριΟ,) ~ \agiGi +++ αρ,6Ε, abgiGi «+: abg.G, 


Cf. Fig. 3.1.2e (§3.1.2, Prob. 8), where the tetrahedron has two types of rotations, viz., 


(i) #1, with respect to the symmetric axis which goes through the vertices A,B,C, D: 
(1), (BCD),(BDC); (1),(ACD),(ADC); (1),(ABD),(ADB); (1), (ABC), (ACB); 


(ii) Ke, with respect to the axes connecting the midpoints of AB and CD, AD and BC: 
(1),(AB)(CD); (1),(AD)(BC). Since these are exactly what As represents, the isomorphism 
is established. 


G2 is the cyclic subgroup generated by c”. 


Since g™'cgeg™'Gig = G: for every element ¢ which belongs to the normal subgroup Gi of G, 
every element which belongs to the conjugate classes of ¢ belongs also to Gi. 


Cf. §3.1.2, Prob. 4,6, where (1) forms a subgroup; so does each of {(1), (12)}, {(1), (13)}, {(1), (23), 
{(1), (123), (182)}, and the last subgroup alone is the normal subgroup of S;. Let A = {(1), (13)}, 
for instance; then, since (123)A = {(128),(23)} and (132)A = {(182), (12)}, 


Ss = {A, (123)A, (182)A} = {A, A(123), A(132)} 


Also, since (13)(1) = (18), (18)(128) = (12), (13)(132) = (23), it follows that B = {(1), (123), (182)} 
implies S, = {B,(13)B} = {B, B(13)}; likewise 


Ss = {B,(12)B} = {B,B(12)}, and 85 = {B,(23)B} = {B, B(23)} 


Cf. §3.2.4, Prob. 9, (ii) (and also Prob. 3.21(a) above, giving reasons for “why not”). 


Let A:,A2,As be moved to A(R), A:(R), As(R) by a rotation R 

which belongs to the octahedral group O; then the correspondence 
R Ai As A3 

Ai(R) A(R) As3(R) 


uniquely maps O onto Ss of A1,A2,As; and another similar cor- 
respondence R’, together with RR’, establishes the desired homo- 
morphism (cf. Prob. 3.26 above) of O onto the subset K of Ss, 
corresponding to Vs. Since the orders of O and 55 are 24 and 6, 
respectively, the order of the kernel Καὶ is 4, by Th. 3.2.3.7 and 
Th. 3.2.6, 15, coinciding with that of V1, of course. 
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3.33. 


3.34, 


*3.35. 
*3.36. 


*4.1. 


*4.2, 


4.3. 


4.4-5, 
4.6. 
4.7. 


4.8. 


4.9. 


4.10(α). 
4.10(b). 


4.11, 


4,12, 
4,13. 
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G/N is ἃ cyclie group since it is of order p. Let one of its generators be N a; then all cosets of N 
are N,Na,...,Na®~'. If ee N and τέο, then ca'=a'‘e, since a-'Nai = N. Since every 
element of G can be expressed as either a‘ or ca‘, while aica' = caiai = ca‘a}, caica' = ccaiai = 
cea'a) = ca‘ca’, the proof is complete. 


Since G has a subgroup G; of order 2, let the right-cosets be Giai, Giad2,Gias, and let the 


permutation 
Gidi Gide Gias 
Ge Gi dec cae) 
correspond to ce G, yielding a homomorphism H of G onto Ss. If K is the kernel of G and σε ᾷκ, 
while ce, then Gia: = Giaic, which implies ατ΄σιαι = ar'Giaie, which in turn implies 
cea;'Gia. Likewise ce a>" Gia2, δὲ ας τας. Hence ce Gi, and Gi: = {e,c}, which implies 
αὐ ᾽ Gia: = a; Gia: = a,*Gids, which in turn makes G; a normal subgroup of order 2 and also 


commutative (cf. Prob. 8.88 above), contradicting the hypothesis. Hence K = {e}, and since G 
is of order 6, it is now isomorphic to Ss. 


Cf. Th. 3.2.7.9. *3.37. Cf. Prob. 3.36 above. 
Cf. Df. 3.2.7.8a. *3.38. Cf. Th. 3.2.7.3. 


Part 4 


Consider two sets Ni and Nez which satisfy N1-4, establishing an isomorphism between them. 
(Note. Rings in general, on the other hand, offers many examples of an incomplete axiomatic 
system, for there do exist non-isomorphic rings, e.g. finite and infinite rings.) 

Find, for each of N1-4, a set (or model) which does not satisfy it while it satisfies all the rest. 
(E.g. if N consists of three elements a,b,c such that 


a’ = ὃ, b’ = 6, =a 


then N1 cannot be satisfied here while N2-4 (or some equivalents) can. 


Prove, first, that there exists at most one mapping which establishes a correspondence between 
every ae N and a number aa, given be N, such that αι το δ’ and also aa = (xa)’. Prove, then, 
the existence of a correspondence between every acWN, given be N, and a+b such that 
b+1= δ' and b+a/ = (6+ a)’ for every a and some b. 


Cf. Prob. 4.3 above. 
Cf. §4.1.2.8, Prob. 13. 


If NCS, where every element of S is a difference between two elements of N , then S is a minimal 
ring, i.e. J, since any subring which contains N contains all differences in N (cf. Th. 4.1.1.7) and 
thus coincides with 5. Conversely, if S is a minimal ring (i.e. I), then Prob. 18 of §4.1.1 leads to 
the desired conclusion. 


Cf. Prob. 4.7 above, then consider two rings R, and R: which contain N, establishing: an 
isomorphism between them. 


The meet of all subrings of R which contain N is also a subring (cf. §4.2.1, Prob. 5), in fact a 
minimal subring; for it is contained in any subring which contains N, and this is indeed J. 


Verify D1-11 with respect to J, in particular D11, and finally prove that a1 -- a for any ael. 


Let a,beI and a>b; then a-b -- ι ὁ isa positive integer (cf. Df. 4.1.2.2.5), ie. ce N. On the 

other hand, if a,b¢N, then a = δ το, which means a> 6 in N (ef. Df. 4.1.2.3.2). 

(i) a< 6+1 implies xe N, where x«=1, such that a+x = b+1, and if x=1, then a=b, 
while if x >1, then there exists ΜῈΝ such that ᾧ = y+1, which implies (a+y)+1 = 
at+(y+1) =a+ea= 6+1, which in turn implies at+y = δ, ie. a<b. 

(ii)-(iii) By induction. 

Cf. Df. 4.1.2.3.5; also Prob. 18-22 of §4.1.2.3. 

Since (a,b) = d divides ax + by for any x,yel, din if ax+by = n has a solution at all 

(cf. §4.1.2.38, Prob. 32). Conversely, if d|n, then let »n = μια, yielding n = n’(ax’+ by’) = 

a(n'a’) + b(n’y’), which reveals that x = n’x’ and y = n'y’ constitute a solution of the equation. 


4.15. 


4.16. 
4.17. 


4.18. 


4.19. 
4.20. 
4.21. 
4.22. 
4.23. 


4.24. 


4.25. 


*4.26-31. 
4.32. 
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(i) Cf. §4.1.2.3, Prob. 33. 
(ii) Prove, first, that p|,C, (since ~C, = (p(p—1)-**(p—rt 1))/r! 
= (p/r)\(((p— 1): + (p—rt1))/(r—1)! ete.). 
Then, expanding by the Binomial Theorem, 
(a+ b)? Ξ τ αὖ oa bP = pCia?-1b Ἔ pC2aP-* b? Ἔ ἐξα Ἔ pCp=1 αὖτ 3 

where, since it is now known that p|,Ci, etc., p| ((ω +b)? — αἢ -- δῆ). Likewise, letting 

(a — b)? = pn? by hypothesis, p’ | (a? — δῆ). 
Let (a+b,a—b) = d; then, since (a,b) = 1 by hypothesis and d(a,b) = ἃ = (da, db), it follows 
that (a+b,a—b) = (da,db), implying a+b = ad and a—b = bd, which yield a=d(a+ b)/2, 
b = d(a—b)/2. Hence 2|d, and since a+ δ and a—b cannot be both simultaneously even, 
d=2 (since if d=2k, then a = k(a+b), ὃ = Κία -- ὃ), and (4,6) =k Ξ 1, eontradicting the 
given hypothesis). 


By induction and Df. 4.1.2.3.18. 


By hypothesis p | (a+6)(a—b) = a?—b?, which implies p|(a—)) or Ὁ | (a+b), 1.6. a = ὃ (mod p) 
or a=-—b (mod p). 


Several proofs are available (e.g. cf. Th. 3.2.6.13) for this Fermat’s theorem, and the following 
is one of the most elementary and direct approach: by the Multinomial Theorem, 


ἀπ Ἐν Ἐ τ.) = arty? ters + S(pt/(mint---))amy™ > 
.----.ο-ο--..----’ VT 
a a 
where p| S(p!/(m!n!---)), and letting «=y=-:: =1, 


a = it it---+1+ S(pt/(mint---)) = atkp, ie a?—a = kp 


a 
where p | (αν ' -- 1) since (a,p) = 1. 


By induction and Df. 4.1.2.3.18. 

x =5 (mod 11). 

x = 75 (mod 88). 

x = 67 (mod 90). 

(i) By the Binomial Theorem, (a+b)? = a? + ,Cia®~'b + +++ + pCp-1ab?-* + δῦ, where 
oe = (p(p—1)::-(p—k+))/k!, k= 2,3,...,p—1 


which must be a multiple of p as a whole while its denominator is not divisible by p. 
Hence, by hypothesis, 


pCra?-* bk = Ομ ea? "δ᾽ = 0, ie. (a+b)? = a? + bP 


(ii) Substitute (a — δ) for a in (i), and the desired result is immediately obtained. 
(iii) Generalize (i) by induction. 


- Since a field F contains at least one subfield (e.g. itself), the meet M of all subfields of F' is 


always obtainable, which is a subfield of F itself (cf. §4.2.1, Prob. 5). Let M’ be a subfield of M 
and different from M; then M’CF, yet M ¢M ’, which is evidently a contradiction; M is thus a 
prime field. 

Furthermore, if M” is also a prime field of F, then MNM” = LCF, while LCM and 
LCM”, which imply that L is a subfield of both M and M”, i.e. two prime fields. Hence 
M = M" = L, proving its uniqueness. 


Let acF and a0; then, by Th. 4.1.2.4.18, there exists ne N such that na>0 if a>0O, and 
na#0 for any nel, n¥0, since (—n)a = —na. If a<0, then —a>0, and likewise n(—a) = 
—na ~ 0 for any nel, τε. In either case a+~0 and τε imply πα τεῦ. 


Cf. Th. 4.1.2.5.19. 


By matric multiplication, 
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a 1: ἘΞ ey gag Τ᾿ 
= O+i O+0 
while ——— : 


likewise, jk =i, kj =—i, ki=j, ik=—-j, verifying Df. 4.1.3.1.3. 
4.33. Cf. Df. 4.1.3.1.5, Df. 4.1.3.1.11, and carry out actual computations. 
4.34. (i) (—5/2, 1, —3/2), (ii) (0, —13/4, 1/4), (iii) 2b. 


4.35. Assume a(1,2,7) + b(—2,5,4) + e(—1,4, 5) = 0, then solve it for a,b,c, which in this case 
turn out to be not all zero; hence the vectors are linearly dependent, by Df. 4.1.3.2.4. 


4.36. By Df. 4.1.3.2.4, 7, 


4.37. By actual scalar and matric multiplication in F(A). 


4.38. Let « = |%* : , and find the relation among a,b,c,d; 1.6. 2 = τ b P 
ca —2a —2b 


a’ 0 0 
4.39. Any matrix of the form: X = 0 b’ 0 
0 0 ς΄ 


4.40. Cf. Df. 4.1.3.2.19, 20, 21. 
4.41. Cf. §4.1.3.2, Prob. 33. 
4.42. (i)-(iv) Cf. §4.1.3.2, Prob. 38-41. 


—9 2 1 
443. |A|=-2, A*=| 2 2-2], |A*}=4, A-t=—A*/2, 
1-2 1 


4.44, —2/3 —1/3 —2/3 


| 1/38 —14/15 2/3 
2/3 2/15 —11/15| 


4.45. AX = B > A-\(AX) = A7'B > X = A-!B, while A(A7~'B) = (AA~’)B = B. Hence A™'B | 
uniquely satisfies AX=B. Likewise ΒΑ! uniquely satisfies YA=B. Hence A-'B = BA", | 
1.6, X=Y, if AB=BA. 


4.46. Let M be a minimal subfield of a field Ε΄; then the elements of the form: ne, n =0,1,2,..., belong 
to M. Furthermore, if n#0, «2M such that nex = me can be expressed as (n,m) and, likewise, 
«eM such that nex =—me may be represented as (n,—m). Consider, then, R as the quotient 
field whose elements are of the form: (p,q), pogel. 


4.47, Cf. the following addition and multiplication table for I/E: 


4.48. Since 28 = θ, 2°5 -Ξ 10, and 6,0ε (2), it follows that 3 and 5 are also ring elements in 1, 
which implies (6,10) C (2), while also (2) Ὁ (6,10) since 2 is of the form: 62+ 10y (x=2 and 
y = —1, in this case). 

4.49. Utilize the fact that every cyclic subgroup of a cyclic group is again cyclic. 

4.50. Cf. Df. 4.2.3.7. 

4.51-53. Cf. Df. 4.2.2.11. 


*4.54-58. Cf. 84.2.3. 
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5.1. 


5.2. 


5.3. 


5.4. 


5.5. 
5.6. 


5.7. 
5.8. 


5.9. 


5.10. 
5.11. 
5.12. 


5.18. 


5.14. 


5.15. 
5.16. 
*5.17. 
*5.18-21. 
Ἐ5.22. 
5.28. 
5.24. 


5.25. 
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Part 5 


Cf. Th. 4.1.2.4.6, and prove that there uniquely exists (x/y), x,yel, such that (i) (a/b) — (a/y) = 
(c/d), (ii) (a’/b’)/(a/y) = (e’/d’), where x/y # 0. 


If A+C =B, then it is trivially true that ACB (since ate = δ, for acA,be B,ceC, implies 
a<b and ACB, while there exists some ae A for every reC such that a+reA’, implying 
AB). Conversely, if ACB, define C to be the set of all elements of the form: cz — ci, where 
δι « κ᾿. and ¢1,¢2¢ A’NB. Then, for every ac A, a+ (c2—¢1) = ὁ. -- (δι — a) < 55, which implies 
at+(e—¢e)eB, ie. A+CCB. Likewise, BCA+C can be proved, and A+C = B. 


Choose neN such that n>1/s, ie. ns>1 for some seS, then use Th.5.1.2.2 by letting 
r = (p—1)/n. 


By induction. 


Cf. Df. 5.1.2.1 and Th. 5.1.2.13. (Note. R is the only ordered field which satisfies this theorem.) 


Cf. Df. 5.1.2.15, and verify the existence of sequences without limits over A (ef. also Prob. 24-26 
of 85.1.2). Or, more directly, consider the set FR’ of all rational numbers less than, say e 
(=2.71...), which then has an upper bound (e.g. 2); further, assume FR’ to have a |.u.b., say r. 
Then, by Th. 5.1.1.5, 7 is not even an upper bound of R’ if r<e, and also if r<e, it is not the 
l.u.b., either. 


Cf. Prob. 48-44 of §5.1.2. 


By hypothesis n* > 0, and also by hypothesis, since F is Archimedean ordered, there exist r,seN 
such that rn* >a, sn* >—a, the latter of which implies (—s)n* < a, which further implies that 
a set S of integers ἐ such that tn* = a contains —s and is consequently not empty. Also, since 
t<yr, S is bounded above and contains the greatest integer m, excluding m+ 1 from S; hence 
the conclusion. 


Prove, by induction, n* >k, where n>1 by hypothesis, which implies ‘a> 1, since a>0 and 
there exists ke N such that κα 1. 


By induction. 
Use the result of Prob. 5.10 above. 


Verify, first n/(1/a.+++++1/an) = Ψαι τ τα, = (αι τ τ: Ὁ αὐ) ες then replace ai,...,dn by 
1/{s—a1),...,1/(s—an). 


If it is not irreducible, then it must have rational roots which in this case must be +1, *+1/2, +1/4 
(cf. Th. 5.2.3.8), none of which is a zero of the given polynomial, however. 


If there exist a factor with the roots 7:,...,7%m, then r= 71°+'?m is rational and r*=a™, which 
implies that r must be a rational root of «*— a”, which is impossible if m<n, however. 


Cf. Prob. 5.14 above. 

Assume it to be reducible, then consider the homogeneity of the polynomial. 

Cf. Th. 5.2.1.12. 

Cf. Prob. 5.17 and Th. 5.2.1.12. 

k = —55™-175 — 5™,, where m is a positive integer and r is any integer which is not divisible by 5. 
x? + (p? + 8pq + 8r)a? + (87? — 8pqr+ gx +7? = 0 

Cf. Prob. 27 of §5.2.3. 


(i) pny® + pa-iy®™ }+ e+: tpiytl = 0 

(1) τ" — piy"™* + poy™*® — +++ + (—1)"pa = 0 

(iit) μὴ + kpiy™ πὶ kpey™* + oes +h  pa-1y + k"*pr = 0 
(iv) (y-m)*+ pily—m)"* + ++ + pr-ily—m) +p = Ὁ 
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5.26. 


5.27. 


5.28. 
5.29. 
5.90. 
5.91. 
5.32. 
*5.33. 
5.34, 
5.35. 
5.36. 
5.37. 


5.38. 
5.39. 


5.40. 


Ἐ5.41. 


5.42. 


5.43. 


5.44, 


5.45. 


5.46-47. 
5.48-51. 
5.52, 
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By hypothesis f(a) = f(1/x), which immediately yields ao/dn = ai/dn-1 = +++ = ἀκ “(αι = On/ a1, 
leading to the desired conclusion. 


Let q/p, where p > 0 and (p,q) = 1, be a rational root of the equation; then (q’/p’) + a(q/p) + ὃ = 0, 


le. g?+apqt+ bp? = 0, or —q = p(aq + bp), which implies p iq? if p>1, hence p |g, eontra- 
dicting the assumption; hence p = 1, yielding the desired conclusion. 


3 + γῆς - V9, 38+ V3e - V9 ο", 3+ V3 οἷ — Voc, where ὁ is the imaginary cubic root of 1. 
<3, 0s 14. 
(i) δ = —(4p* + 279°), (ἡ D = (ἀφ᾽ + 12r)® — (2p3 — 72 pr + 27q*))/27. 
ah — 3bg + 8cf —de = 0 
μ᾽ Ὁ yt - ἀν — 8y2? + By +1 = 0 
Use ὧἱ Ἔ tet +++ tan = nat (πίη -- 1)/2)d = --ρι. Cf. Th. 5.2.3.4. 
eh — nar? + (n(n — 1),21).5-3 — ee 4 (-ἢ) τ = Ὁ 
f(%) = («—r)g(x), yielding at once f(m) = (m—r)g(m), where f(m),m—r,g(m) el. 
3. 
If αἱ, %2, 8, χὰ are the given four roots, then by hypothesis 
(στα — %3%4)(%1%3 — χεχα)αιας — Xe%3) = 0 


which is symmetric; apply, therefore, Th. 5.2.3.4, to get the desired result. 
Cf. Df. 5.2.2.1a, and consider the problem in terms of permutations. 
Cf. Th. 4.1.2.5.19. 


Prove, first, that F'|\a,b|] is simple when a and ὃ are algebraic over ΕΠ, i.e. Fla,b] = Fle] for 
some ὁ algebraic over Κ΄; then generalize. 


Since ΕἾ γα] has elements of the form ὃ + c/a, where bee F, let 
g(a) = a + (δι + διγία)α""" Ὁ .-. Ὁ (bn + CnVa ) 


and consider 


g(x) αὖ + (δι — ava er . ... (ec να) 


Cf. Th. 5.3.1.15. 


The first part of the theorem is readily verified, and since R is the minimal subfield of F, any 
number field containing 3 must contain every number of the given form. 


Let p/q = a+bV2, where a,beR, and take u,veR such that ja—u| = 1/2, |b—v| = 1/2; 
then s = u+vyV2 is an integer. Since r = p—qs is also an integer and p/q—s = (a—u)+ 
(b—v)V2, it follows 


ΝῊ = |Nq*N((p/q) —8)| = [Ν4} |(a—u)? — 2(b—v)?| = |Nq\/2 < \Nq| 


If (¢+dVm)/2 = (e—d)/2+d(1+VWm)/2 is a rational integer, so are (¢ —d)/2 and d, since 
c =d (mod 2). Conversely, if a and ὃ are any rational integers, then 


a+ b11+Vm)/2 = ((2α - δ) Ὁ δγγη ))/2 
which is a rational integer, since 2a+b = ὃ (mod 2). 
Cf. Df. 5.3.2.18. 
Cf. Df. 5.3.2.11. 
Cf. Th. 5.3.2.12. 
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Abel’s theorem, 284 
Abelian group, 66 
Absolute value, 143 
of complex numbers, 237 
in ordered domains, 143 
of quaternions, 176 
Absorption law, 50, 56 
Abstract group (ie. group in general), 65 


Addition (see Disjunction, Join, Sum, Union), 32 


of complex numbers, 236 

of (Dedekind) cuts, 220 

of matrices, 181 

of natural numbers, 147 

of polynomials, 165 

of quaternions, 175 

in quotient field, 160 

of sets, 40 

of vectors, 179 
Additive group, 66, 69, ete. 
Additive inverse, 69, 131 
Adjoint, 184 
Adjunction, 165, 301 
Aleph-null, 26 
Aleph-one, 26 
Algebraic 

element, 301 

extension, 301 

integer, 313 

number, 312 
Algebraically complete (closed), 312 
Alternating group, 75 
Anti-automorphism, 176 
Anti-symmetry, 49 
Archimedean (ordered), 152, 161, etc. 
Argument, 237 
Associate, 148 
Associative law, 32 

for Boolean algebras, 58 

for fields, 159 

for groups, 65 

for lattices, 50 

for matrices, 188 

for quaternions, 177 

for rings, 131 

for sets, 41 

for transformations, 37 

for vectors, 185 
Automorphism, 36 

anti-, 176 

identity, 214 

inner, 106 

order, 214 

outer, 106 

reciprocal, 176 
Axiom 

of choice, 51 

of completeness, 222 

of extension, 24 


Basis 

for Abelian groups, 124 

for finite extensions, 302 

of vector spaces, 181 
Bijective transformation (see Transformation) 
Binary 

connective, 2 

operation, 31 
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Binomial 
equation, 282 
theorem, 27 
Boolean 
algebra, 56 
ring, 139 
Buniakovski’s inequality (see Cauchy-Schwarz 
inequality) 


Cancellation law, 
additive, 132 
for congruences, 149 
for groups, 66 
for integral] domains, 141 
multiplicative, 141 
Cantor sequence, 222 
Cap (see Meet) 
Cardano’s theorem, 287 
Cardinal number, 5 
Cartesian product (see Direct product) 
Cauchy-Cantor sequence (see Cantor sequence) 
Cauchy-Schwarz inequality (see Schwarz 
inequality) 
Caylay table (cf. Multiplication table) 
Caylay’s theorem, 84 
Cell, 42 
Centralizer, 101 
Center of a group, 102 
Chain rule (see Syllogism principle) 
Characteristic, 142 
Cireuit (designs), 
parallel, 56, 61 
series, 56, 62 
Class, 41 
equation, 96 
Closure, 32, 65, 131, ete. 
Coefficient, 165 
Cofactor, 184 
Column matrix, 181 
Commutative 
group (see Abelian group) 
ring, 131 
sfield, 175 
Commutative law, 32 
for Boolean algebras, 58 
for fields, 159 
for groups, 66 
for lattices, 50 
for matrices, 188 
for quaternions, 177 
for rings, 131 
for sets, 41 
for vectors, 185 
Complement 
in a Boolean algebra, 56 
in a lattice, 50 
of a set, 40 
Complete ordered field, 222 
Complex, 66 
Complex number, 236 
field, 236 
plane, 237 
Component (or coordinate) 
of a complex number, 236 
of a quaternion, 175 
of a vector, 179 
Composite (number), 148 
Composite (see Product) 
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Composition 
index, 122 
series, 122 
Condition, 
necessary, 20 
sufficient, 20 
Conformability, 182 
Congruence, 116, 149f., etc. 
Conjugate 
complex numbers, 237 
Gaussian integers, 312 
quaternions, 176 
subgroups, 96 
Conjunction, 2 
Connective (see Logical connective) 
Constant, 18 
_ term, 167 
Contradiction, 3 
Contrapositive (or opposite converse), 10, 21 
Coordinate (see Component) 
Correspondence, 
many-one, 35 
one-one, 25 
Coset, 
left, 95 
right, 95 
Countable (see Denumerable) 
Cramer’s Rule, 192 
Cubic 
equation, 283 
field, 161 
Cup (see Join) 
Cut (see Dedekind cut) 
Cycles, 74 
Cyclic 
group, 90 
permutation, 136 


Decimals, 30 
Decomposition, 
left, 96 
right, 96 
Dedekind cut, 219 
Deductive inference (see Logical inference) 
Degree 
of algebraic elements, 303 
of finite extensions, 302 
of permutations, 72 
of polynomials, 181 
De Moivre theorem, 237 
Demonstration, 19 
Denumerable, 26 
Dependence, 
functional, 272 
linear, 180, 302 
Determinant, 183 
of Mobius mappings, 249 
Diagonal matrix (see Matrix) 
Difference, 142, 147 
group, 116 
Dihedral group, 77 
Dimension 
of indeterminates, 168 
of vectors, 181 
Direct (or Cartesian) 
product, 34, 123 
sum, 203 
Discriminant 
of cubic equations, 323 
of quadratic equations, 283 
of quartic equations, 323 
Disjoint, 42 
cycles, 75 
Disjunction, 2 
Distributive lattice, 50 
Distributive law, 32 
for Boolean algebras, 56 
for fields, 159 
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Distributive law (cont.) 
for integers, 147 
for lattices, 50 
for matrices, 188 
for quaternions, 177 
for rings, 131 
for sets, 41 
for vectors, 179 
Divisibility, 148 
Division algorithm 
for integers, 148, 202 
for polynomials over a field, 251 
for polynomials over a ring, 167 
Division ring, 175 
Divisor, 148 
zero, 131 
Domain, 
Gaussian, 252 
integral, 141 
of function, 34 
Dot product, 182 
Duality principle, 32 


Eisenstein’s theorem, 252 
Elementary symmetric function, 271 
Embedded, 198 
Endomorphism, 36 

of groups, 105 

of rings, 132 
Equivalence, 

of algebras, 56 

relation, 25 
Euclidean algorithm 

for Gaussian integers, 324 

for integers, 149, 156 

for polynomials, 252 
Euclidean 

geometry, 21 

ring, 208 

(vector) space, 179 
Even permutation, 75 
Existential quantification, 13 
Extension 

finite, 302 

multiple algebraic, 302 

simple algebraic, 302 

transcendental, 302 


Factor, 148 
group, 115 
ring, 206 
Factor theorem, 168 
Fermat’s theorem, 117, 211 (Prob. 4.17) 
Ferrari-Euler’s theorem, 283 
Field, 159 
algebraic (number), 311 
Archimedean ordered, 161 
complete ordered, 222 
complex number, 236 
cubic, 161 
Gaussian number, 312 
noncommutative, 175 
number, 160 
ordered, 161 
prime (or minimal), 159 
quasi-, 175 
quotient, 160 
rational number, 214 
real number, 221 
skew, 175 
sub-, 159 
Finite 
extension, 302 
field, 160 
group, 67 
induction, 33 
set, 26 
Finite induction principle, 33 
Form, 166 


Four group, 76 
Fraction, 160 
Function, 34 
polynomial, 166 
Functional 
ealculus, 13 
dependence, 272 
independence, 272 
Fundamental Theorem 
of algebra, 281 
of arithmetic, 149 


Galois field, 160 
Gauss’ theorem, 252 
Gaussian 
domain, 252 
integer, 313 
number, 312 
Generalization principle, 15 
Generator 
of field extensions, 301 
of groups, 90 
of ideals, 202 
of vector spaces, 180 
Greatest common divisor (g.c.d.), 149 
Greatest lower bound (g.l.b.), 49, 221 
Group, 65 
Abelian (or commutative), 66 
additive Abelian, 66 
alternating, 75 
composition-quotient, 122 
demi-, 66 
difference, 116 
dihedral, 77 
factor, 115 
finite, 67 
four, 76 
Hamiltonian, 110 
infinite, 67 
loop, 66 
monoid, 66 
octic, 108-9 
of quaternions, 108, 110, 115 
of transformations, 72 
of translations, 77 
permutation, 73 
quasi-, 66 
quotient, 115 
semi, 66 
simple, 110 
symmetric (permutation or substitution), 74 
sub-, 66 
Groupoid, 31 


Hamilton 
group, 116 
number couple, 236 
quadruple, 175 
Height, 29 
Homogeneous polynomial, 168 
Homographic mapping, 238 
Homomorphism, 35 
improper, 206 
of groups, 83 
of rings (and similarly, of domains, fields, 
etc.), 132 
proper, 206 
Hypercomplex number, 179 


Ideal, 201 
improper, 202 
left, 202 
maximal, 207 
prime, 206 
principal, 202 
proper, 202 
right, 202 
two-sided, 202 
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Ideal (cont.) 
unit, 202 
zero, 202 
Idempotent law 
for Boolean algebras, 57 
for lattices, 50 
for sets, 41 
Identity, 33 
element, 50, 56, 65, 131, 159, 187, etc. 
of indiscernibles principle, 1 
left, 65 
matrix, 183 
operation, 105 
permutation, 74 
right, 65 
transformation, 37 
Image, 34 
Imaginary part (or component), 236 
Inclusion, 24, 56 
Independence 
functional, 272 
linear, 180, 302 
Indeterminate, 165 
Index, 96 
composition, 122 
Induction principle, 33 
Inequality 
Schwarz, 143 
triangle, 143 
Inference principle, 4 
Infimum (see Greatest lower bound) 
Infinite 
characteristic, 142 
group, 67 
set, 26 
Injective transformation, 34 
Inner automorphism, 106 
Inner product, 182 
Integers, 147 
algebraic, 313 
rational, 147 
Integra] domain, 141 
Intersection, 40 
Into, 35 
Invariant subgroup, 110 
Inverse, 33 
element, 50, 56, 65, 131, 159, 187, etc. 
left, 65 
matrix, 185 
permutation, 74 
right, 65 
transformation, 37 
Irrational number, 30, 220 
Irreducible polynomial, 252 
Isomorphism, 35 
of groups, 84 
of rings (integral domains, fields, etc.), 132 


Join, 40 

of classes, 31-2 

of cosets, 96 

of subsets, 40 
Joint denial, 9 
Jordan-Hdlder’s theorem, 123 


Kernel, 111 
Klein’s group (see Four group) 
Kronecker delta, 184 


Lagrange’s theorem, 96 
Lattice, 50 

Boolean, 50 

complemented, 50 

distributive, 50 

modular (or Dedekind), 50 
Leading coefficient, 167 
Least common multiple (l.c.m.), 149 
Least upper bound ({l.u.b.), 49, 221 
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Left Operand, 31 
coset, 95 Operator, 31, 105 
decomposition, 96 Order 
ideal, 202 automorphism, 214 
identity, 65 isomorphism, 221 
inverse, 65 of an element of a group, 90 
Linear of a group, 67 
combination, 149, 180 of a square matrix, 183 
dependence, 180, 302 Ordered 
independence, 180, 302 Archimedean, 161 
space, 179 domain, 142 
sum, 180 . field, 221 
Lower bounds, 49, 221 partly, 49 
Ordering, 50 
Map, 34 partial, 51 
Mapping (see Transformation) simple, 51 
Mathematical induction, 33 well-ordering, 33, 51 
Matric product, 182 Outer automorphism, 106 


Matrix, 181 
column, 181 


diagonal, 183 Parallel, 21 
identity, 183 Partial fraction, 252 
multiplication, 182 Partition, 42 
nonsingular, 184 Peano axioms, 146 
row, 181 Permutation, 73 
scalar, 183 circular, 74 
square, 183 eyclic, 73 
sub-, 184 even, 75 
zero, 183 identity, 74 
Maximal inverse, 74 
ideal, 207 odd, 75 
normal subgroup, 122 symmetric, 74 
Meaning, 1 Polynomial, 165 
Mean-value theorem, 281 elementary symmetric, 271 
Meet, 40 function, 166 
of classes, 41-2 homogeneous, 168 
of sets, 40 irreducible, 252 
of subfields, 200 monic, 167 
Metatheorem (see Introduction) prime, 252 
Minimal primitive, 252 
field, 159, 198 reducible, 252 
generating system, 124 relatively prime, 252 
Minor, 184 symmetric, 270 
Mobius (or linear or homographic) mapping, 238 Positive integers, 142 
Modular lattice, 50 Prime, 149 
Module, 66 field, 159 
Modulus, 149, 237 | ideal, 206 
Monic polynomial, 167 relatively, 149 
Monoid, 66 Primitive (or postulate or axiom), 4 
Multinomial Theorem, 331 Principal ideal, 202 
Multiple, 148 Principia Mathematica, 4 


algebraic extension, 302 Product (or composite), 
Multiplication table, 75 nie aera es 
Multiplicity, 280 mire 183 : 
of elements of a group, 65 


Negation, 2 of subsets of a set, 95 
Negative inference (or contrapositive) principle, 4 of transformation, 36 
Nilfactor, 189 scalar, 179, 181 
Norm Proof, 19 

of Gaussian integers, 318 Proper 

of Gaussian numbers, 312 divisor, 148 

of quaternions, 176 homomorphism, 206 
Normal subgroup, 110 ideal, 202 
Normalizer, 101 subgroup, 66 
Null subset, 25 

operator, 105 Proposition (or statement), 1 

set, 25 existential, 13 

space, 181 universal, 13 


Number field, 
algebraic, 311 


complex, 236 Quadratic 
rational, 214 equation, 283 
real, 221 field, 161 

Odd Permutation (cf. permutation) Quantification, 13 

One-to-one (or one-one) correspondence, 25, 35 Quantifier, 

Onto, 35 existential, 13 
into (i.e. onto and into), 35, 84, etc. universal, 13 


or into, 83, ete. Quartic equation, 283 


Quasi- 

field (see Sfield) 

group, 66 
Quaternion group (see Group) 
Quaternions, 175 
Quintic equation, 284 
Quotient, 160, 167, 251 

field, 160 

group, 115 

ring, 206 


Radical (root extraction), 283 
Range, 34 
Rational 
form, 257 
integer, 147 
number, 29, 214 
number field, 214 
Real 
number field, 221 
numbers, 29, 221 
part (component), 236 
Reciprocal automorphism, 176 
Reducible polynomial, 252 
Referent, 34, 49 
Reflection, 77 
Reflexive law, 25 
Relation, 34 
Relative prime, 149 
Relatum, 34, 49 
Remainder class, 116 
Remainder theorem, 168, 251 
Residue class, 116 
domain, 142 
group, 116 
ring, 135, 198 
Right 
coset, 95 
decomposition, 96 
ideal, 202 
identity, 65 
inverse, 65 
Ring, 131 
adjunction, 165 
commutative, 131, 139 
division, 175 
noncommutative, 131, 175 
principal ideal, 202 
sub-, 132 
with unity, 131 
with zero-divisors, 131 
Root (or zero), 168, 251 
of cubic equations, 283 
of quadratic equations, 283 
of quartic equations, 283 
Rotation, 76 
Row matrix, 181 


Scalar 
matrix, 183 
multiplication, 179, 181 
product, 179, 181 
Schwarz inequality, 143 
Sequence, 
Cauchy-Cantor, 222 
logical, 19 
Set, 24 
Sfield, 175 
Sign, 1 
Descartes’ rule, 282 
Simple extension, 302 
Singleton, 24 
Skew field, 175 
Spanned (or generated), 180 
Specialization principle, 15 
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Square matrix, 183 
Subdomain, 141 
Subfield, 159 

minimal (or prime), 159, 198 
Subgroup, 66 

common, 90 

conjugate, 110 

cyclic, 90 

invariant, 110 

maximal normal, 122 

normal, 110 

self-conjugate, 110 
Subring, 132, 198 
Subspace, 180 
Substitution principle, 3 
successor, 147 
Sum (see Join, etc.) 

direct, 203 

linear, 180 
Supremum (see Least upper bound) 
Surjective transformation, 35 
Syllogism principle, 5 
Symmetric, 25 

anti-, 49 

group, 74 

polynomial, 270 


Tautology, 3 
Total matric algebra, 185 
Transcendental, 301 
Transform, 31, 96 
Transformation, 34 

bijective, 35 

injective, 35 

linear, 238 

surjective, 35 
Transforming element, 96 
Transitive, 25 
Translation, 77 
Transpose, 184 
Transposition, 75 
Triangle inequality, 143 
Trichotomy, 142 
Truth table, 2 


Unary operation, 31 
Union (see Join, ete.) 
Unique factorization theorem, 149, 252 
Unit, 148 
Unit set, 24 
Unity, 131 
Universal 
bounds, 50 
proposition, 13 
quantifier, 13 
Upper bounds, 49, 221 


Variable, 13 
bound, 13 
free (flagged), 18 | 
Vector, 179 
space, 179 
Venn diagram, 14 
Vierergruppe (see Four group) 


Well-ordering principle, 33 | 
Wronskian, 194 


Zermero’s postulate, 33 | 
Zero 

divisor, 131 

ideal, 202 | 

matrix, 183 

subspace, 180 

vector, 180 | 
Zorn’s lemma, 51 
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